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Foreword 


This  collection  of  technical  reports  addresses  the  following 
topics:  efficient  evaluation  of  attenuation/minimum-phase  pairs 
by  means  of  two  fast  Fourier  transforms;  evaluation  of  integrals 
and  sums  involving  powers  of  the  ratio  sin(Mx ) /sin( x ) ; 
determination  of  operating  characteristics  of  weighted  energy 
detectors  with  Gaussian  signals;  alias-free  smoothed  Wigner 
distribution  functions  and  their  properties;  and  an  investigation 
of  the  filtered  complex  envelope  for  improved  behavior. 

Some  of  the  material  presented  here  is  heavily  based  on  the 
author's  earlier  work,  which  can  be  found  in  the  following 
volumes  in  addition  to  the  referenced  technical  reports: 

Performance  of  Detection  and  Communication  Systems, 

NUSC  Scientific  and  Engineering  Studies,  1974; 
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NUSC  Scientific  and  Engineering  Studies,  1986; 

Signal  Processing  Studies, 
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NUSC  Technical  Report  8667 
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Evaluation  of  Attenuation/Minimum-Phase  Pairs 
by  Means  of  Two  Fast  Fourier  Transforms 

Albert  H.  Nuttall 


ABSTRACT 

A  numerically  efficient  method  of  obtaining  the  minimum-phase 
characteristic  corresponding  to  a  measured  attenuation  (or 
decibel  gain)  response  of  a  linear  network,  by  means  of  two  fast 
Fourier  transforms,  is  presented  and  programmed  in  BASIC.  A 
method  of  extrapolating  the  measured  attenuation  to  very  small 
and  large  frequencies,  as  required  by  the  theoretical 
transformations,  is  suggested.  The  attendant  logarithmic 
singularities  in  the  attenuation  are  subtracted  out  and  handled 
separately,  leaving  a  residual  which  is  well  behaved  for 
numerical  Fourier  transformation. 
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EVALUATION  OF  ATTENUATION/MINIMUM-PHASE  PAIRS 
BY  MEANS  OF  TWO  FAST  FOURIER  TRANSFORMS 

INTRODUCTION 

It  is  often  important  to  determine  whether  a  given  linear 
device  is  minimum-phase  [1],  because  if  so,  it  is  then  possible 
to  compensate  the  filter  characteristic  with  reciprocal  pole-zero 
locations  and  obtain  an  overall  all-pass  characteristic  with  flat 
amplitude  and  linear  phase  responses.  A  relatively  simple  way  of 
making  this  determination  is  to  measure  the  attenuation  (or 
decibel  gain)  and  actual  phase  shift  of  the  given  linear  device 
and  then  compute  the  minimum-phase  corresponding  to  the  measured 
attenuation.  If  this  latter  calculated  phase  agrees  with  the 
actual  measured  phase,  then  the  filter  is  minimum-phase. 

The  minimum-phase  corresponding  to  a  given  attenuation 
function  is  determined  analytically  by  a  Hilbert  transform 
[2;  chapter  6,  article  22]  or  (3;  section  10-3].  However,  this 
direct  integral  evaluation  is  computationally  unattractive  due  to 
two  poles  on  the  line  of  integration  [3;  (10-67)].  In  addition, 
it  yields  only  a  single  value  for  the  phase  after  each  numerical 
integration.  We  will  circumvent  both  of  these  difficulties  by 
first  subtracting  the  singularities  (which  will  be  handled 
analytically)  and  then  employing  fast  Fourier  transforms  for 
efficient  numerical  evaluation  of  the  entire  phase  response. 
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TRANSFER  FUNCTION  RELATIONS 

FILTER  CHARACTERIZATIONS 

A  linear  time-invariant  filter  is  characterized  by  its 
impulse  response  h{T)  or  by  its  transfer  function  H{f)  according 
to  Fourier  transform 

H(f)  -  J  dT  exp(-i2nfT)  h(T)  >  F{h(T)}  .  (1) 

(Integrals  without  limits  are  over  the  range  of  nonzero 
integrand.)  Both  the  impulse  response  h(T)  and  the  transfer 
function  H(f)  can  be  complex  functions  of  time  delay  t  and 
frequency  f,  respectively. 

The  transfer  function  will  be  represented  in  terms  of  its 
real  and  imaginary  parts  according  to 

H(f)  -  Hj,(f)  +  i  H.(f)  ,  (2) 

where 

Hj.(f)  -  i(H(f)  +  H*(f)l  , 

Hi(f )  -  x|[H(f )  -  H*(f ) J  .  (3) 

It  can  also  be  represented  in  terms  of  its  even  and  odd  parts  as 

H(f)  -  Hg(f)  +  H^(f)  ,  (4) 

which  are  generally  defined  according  to 
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Hg(f)  -  y(H(f)  +  H(-f)]  »  J  cos{2nfT)  h(T)  , 

-  |(H(f)  -  H{-f)]  -  -ij  dr  sin(2nfT)  h{T)  .  (5) 


Functions  H  (f)  and  H  (f)  ace  both  complex  generally,  whereas 

C  vJ 

H^(f)  and  are  always  real.  Impulse  response  h{T)  can  be 

complex . 

(In  the  special  case  where  impulse  response  h(T)  is  real, 

then 


H^(f) 

Ho{f) 


Hj.(f ) 

i  H.(f) 


J  dx  cos(2nfT) 
-iJ  dx  sin(2nfx) 


h(x)  , 

h( x)  .  ) 


(6) 


CAUSAL  FILTER 

A  filter  is  said  to  be  causal  when  its  impulse  response  h(x) 
is  zero  for  negative  arguments;  that  is, 

h(x)  -  0  for  X  <  0  .  (7) 

However,  h(x)  can  still  be  a  complex  function  of  x.  In  this 
causal  case,  the  real  and  imaginary  parts  of  the  transfer 
function  H(f)  satisfy  a  pair  of  Hilbert  transform  relationships, 
provided  that  h(x)  does  not  contain  any  impulses  at  the  origin; 
see  also  13;  page  198].  The  Hilbert  transform  of  an  arbitrary 
complex  function  G(x)  is  defined  as 
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H{G(x))  ■  I  -f  du  -  -i  ®  G(x)  ,  (8) 

-  n  J  x-u  Rx 

where  the  tic  mark  on  the  integral  sign  denotes  a  principal  value 
integral  (4;  section  3.051  and  S  denotes  convolution.  Principal 
value  integrals  are  considered  in  appendix  A. 

In  order  to  derive  the  Hilbert  ..elations  of  interest,  let 
U(x)  be  the  unit  step  function, 

fl  for  X  >  O'! 

U(x)  -I  [  .  (9) 

lo  for  X  <  Oj 

Then,  because  h{T)  is  causal,  transfer  function  (1)  becomes 

H(f)  •  J  dr  exp(-i2nfT)  h(T)  U(t)  -  P{h(T)  U{t)}  « 

-  r{h(T)}  9  F{U{t)}  -  H(f)  9  +  j2Rf]  " 

-  I  H(f )  -  I  H{H(f )}  .  (10) 

Here,  we  used  the  Fouri^.r  transform  of  the  unit  step  function 
U(t)  13;  (3-13)1  and  definition  (8).  Equation  (10)  yields 

H{f)  -  -i  H{H(f)l  (11) 

or,  more  explicitly, 

Hj.{f  )  -  B{H.  (f )  1  -  ®  H.  (f  )  , 

H.(f)  -  -  H{Hj.(f))  -  -  ®  Hj.(f)  .  (12) 
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We  repeat  that  transfer  function  relations  (12)  hold  true  even 
when  impulse  response  h(T)  is  complex;  only  causality  is  used. 
Analogous  properties  to  (12)  hold  between  the  even  and  odd  parts, 
Hg{f)  and  H^(f),  of  the  transfer  function  H(f)  as  well.  Namely, 
because  the  Hilbert  transform  of  an  even  (odd)  function  is  odd 
(even),  there  follows,  for  a  causal  (but  possibly  complex)  h(t), 

Hg(f)  -  -i  e{H^(f)}  ,  H^(f)  -  -i  H{H^(f)}  .  (13) 

If  h(T)  contains  an  impulse  at  the  origin,  both  parts  of 
(12)  are  false,  even  though  h(T)  may  be  causal.  Consider 

h(T)  «  (a  +  ib)  S(t),  a  and  b  real  .  (14) 

Then  (1)  yields  constant  transfer  function 

H(f)  -  a+ib,  -  a,  H^(f)  -  b,  Hg(£)  -  a+ib,  H^{f)  -  0.  (15) 

But  since  the  Hilbert  transform  of  a  constant  is  zero 

(4;  section  3.05],  neither  part  of  (12)  is  satisfied,  and  the 

first  part  of  (13)  is  false.  On  the  other  hand,  if 

h(T)  “  (a  +  ib)  5(t  -  T)  ,  a  and  b  real  ,  (16) 

then  (12)  and  (13)  are  satisfied  only  if  T  >  0.  Here,  we  used 
the  facts  that 

H{cos(2nfT>}  «  sin(2nf|Tl),  H{6in(2nfT)}  «  -sgn(T)  cos(  2itfT) ,  ( 17 ) 

where  sgn(T)  is  the  polarity  of  T.  Henceforth,  we  assume  that 
components  like  (14)  and  (15)  are  not  present  in  the  filters  of 
interest;  see  also  (3;  page  198]. 
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For  a  causal  filter,  (2)  and  (12)  afford  a  method  of 
obtaining  the  complete  transfer  function  from  its  real  part 
alone,  according  to 

H(f)  -  H^(f)  +  i  H.{f)  « 

-  H^(f)  -  i  B{Hj.(f)}  .  (18) 

However,  a  more  attractive  approach,  computationally,  is  to  use 
Fourier  transforms,  as  follows.  Define  inverse  Fourier  transform 

h(T)  ■  r"^{Hj.{f)}  -  J  df  exp(i2iifT)  Hj.(f)  (19) 

i 

1  for  any  real  part  H  (f).  (The  notation  h  (t)  cannot  be  used 

I 

instead  of  h(T),  because  h(T)  is  not  the  real  part  of  h(T),  nor 

f 

I  is  h(T)  necessarily  real.)  Substitution  of  (3)  into  (19) 

immediately  yields 

h(T)  -  h*(-T)j  ;  ^(-T)  -  h*(T)  .  (20) 

I 

I 

(These  particular  relations  in  (20)  actually  hold  true  for  any 
filter  h(T),  noncausal  as  well  as  complex.)  Then  because  h(T)  is 
causal,  there  follows  directly 


f2h(T) 

for  T  > 

h( t)  -  ^ 

>  -  2  h( T)  U( T)  . 

(21) 

1  0 

for  T  < 

oj 

,  In  summary,  the  method  for  obtaining  the  complete  transfer 

function  H(f)  from  just  its  real  part  Hj.(f),  for  a  causal  filter, 

I 
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is  to  perform,  in  order,  the  following  operations: 

h(T)  -  F"^{Hj.(f)}  , 

h{  t)  -  2  h(  -t )  U(  T)  , 

H(f)  -  F{h(T))  .  (22) 

This  procedure  requires  two  Fourier  transforms,  which  can  be 
accomplished  very  quickly  and  efficiently  by  means  of  two  fast 
Fourier  transforms.  Furthermore,  a  fast  Fourier  transform 
output  sweeps  out  the  complete  range  of  argument  values,  whereas 
the  brute  force  Hilbert  transform  integral  of  (18)  and  (8) 
requires  an  additional  numerical  integration  for  each  frequency  f 
of  interest.  Functions  h(T)  and  h(T)  in  (22)  can  be  complex. 

An  accuracy  check  on  the  procedure  in  (22)  is  afforded  by 
comparing  the  real  part  output  of  the  Fourier  transform  in  the 
bottom  line  with  the  input  H^(f)  utilized  in  the  top  line.  The 
complete  set  of  function  values  of  Hj.(f)  for  all  f  is  required 
for  this  procedure;  in  return,  the  complete  set  of  values  of 
H^(f),  for  all  f,  results.  The  operations  in  (22)  are  linear 
insofar  as  the  overall  transformation  of  Hj.(f)  is  concerned,  and 
so  superposition  can  be  used  for  any  breakdown  of  Hp{f)  into 
components,  if  desired. 

The  rule  for  obtaining  H(f)  or  H^(f)  from  H^(f),  as  given  in 
(22),  applies  whether  filter  H(f)  is  minimum-phase  [IJ  or  not. 

The  only  prerequisite  for  the  validity  of  (22)  is  the  causality 
of  impulse  response  h(T). 

If  only  Hg(f)  were  available  (instead  of  H^(f)),  a  more 
attractive  procedure  for  obtaining  H(f)  or  Hj^(f)  than  using  (4) 
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and  Hilbert  transform  (13),  is  to  observe  that,  in  general,  for 
any  filter,  the  inverse  Fourier  transform 

r"^{Hg(f))  -  J  df  exp(i2nfT)  H^if)  -  |[h{ T)+h( -t) )  -  (23) 

Here,  we  used  (5),  the  inverse  to  (1),  and  the  general  definition 
of  the  even  part  of  an  arbitrary  complex  function.  Then,  if  h(T) 
is  causal,  we  have 

h(T)  -  2  h^(T)  U(T)  .  (24) 

Thus,  the  procedure  for  obtaining  H(f)  is  identical  to  (22)  if  we 
replace  H^(f)  and  h(T)  by  H^(f)  and  hg(T),  respectively. 

ONE-SIDED  SPECTRAL  FUNCTIONS 

The  analogous  situation  in  the  frequency  domain  (to  causality 
in  the  time  delay  domain)  is  as  follows:  if  (complex  function) 
A(f)  is  zero  for  negative  arguments,  that  is, 

A(f)  -  0  for  f  <  0  ,  (25) 

then  a  procedure  similar  to  (lO)-(ll)  reveals  that  the  inverse 
Fourier  transform  of  A(f)  is  given  by 

■  i:"^(A(f)}  -  i  H{a(T))  .  (26) 

That  is,  in  terms  of  real  and  imaginary  parts, 

a|^(T)  -  -  H{a^(T))  ,  a^(T)  -  H{a^(T))  .  (27) 

The  function  a(T)  is  called  an  analytic  waveform,  for  reasons  to 
become  apparent  shortly. 
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GENERAL  SPECTRAL  RELATIONS 

For  future  purposes,  the  Hilbert  transform  of  a  completely 
arbitrary  complex  waveform  b(T), 

b„(T)  >  H{b(T)}  -  ®  b(T)  ,  (28) 

n  —  HT 

has  spectrum  (Fourier  transform) 

7-i  B{f)  for  f  >  0] 

'  F{b„(T))  -  -i  sgn(f)  B(f)  «  <  S  ,  (29) 

“  I  i  B(f)  for  f  <  Oj 

where  B(f)  is  the  spectrum  of  b{T).  Here,  we  used  the  fact  that 
the  following  two  functions  are  a  Fourier  transform  pair 
[3;  apply  (2-34)  to  (3-9)]: 

-i  sgn(f)  .  (30) 

iiT 

The  left-hand  side  of  (29)  is  the  Fourier  transform  of  the 
Hilbert  transform  of  b(T}.  It  cannot  be  labeled  as  Bg(f),  which 
is  the  Hilbert  transform  of  the  Fourier  transform  B(f)  of  b{T). 
The  two  operations  of  Hilbert  transformation  and  Fourier 
transformation  are  not  interchangeable,  in  general. 

It  follows  from  (29)  that 

F{b(T)  +  i  2 

which  is  a  one-sided  spectrum.  Also,  b(T)  +  i  bjj(T)  is  an 
analytic  waveform.  Waveform  b(T)  is  completely  arbitrary  here. 
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ANALYTICITY  OF  TRANSFER  FUNCTION 

Consider  the  causal  exponential  impulse  response 

h{T)  -  exp(-T)  U(t)  .  (32) 


The  corresponding  transfer  function  is 


H(f)  - 


1  +  i2iif  ' 


(33) 


which  has  a  pole  in  the  upper-half  f-plane  at  f  «  i/{2n),  but 
which  is  analytic  in  the  lower-half  f-plane.  (The  lower-half 
f-plane  corresponds  to  the  right-half  s-plane  of  Laplace 
transforms . ) 

This  analyticity  of  the  transfer  function  H(f)  in  the  lower- 
half  f-plane  is  generally  true  for  causal  finite-energy  filters, 
as  may  be  seen  by  the  following  argument.  Let  frequency  f  be  a 
complex  variable  with  real  and  imaginary  parts  according  to 
f  -  fj,  Then,  for  a  causal  filter,  (1)  can  be  expressed 

more  explicitly  as 


H(f)  -  dx  exp(-i2nf  x)  exp(2rif.x)  h(x)  .  (34) 

J  *  A 


The  first  exponential  in  (34)  has  magnitude  1  for  all  x  on  the 
contour  of  integration.  And  if  f^  <  0,  the  second  exponential 
term  in  (34)  decays  with  increasing  x,  keeping  the  integral 
convergent,  as  it  was  for  fj^  -  0.  That  is,  transfer  function 
H(f}  is  analytic  in  the  lower-half  f-plane  for  a  causal  impulse 
response  h(x).  Notice,  however,  that  no  statements  can  be  made 
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about  the  locations  of  the  zeros  of  transfer  function  h(f)  in  the 
complex  f-plane.  Thus  we  have 

causal  h(T)  — y  analytic  H(f)  in  lower-half  f-plane  .  (35) 

The  converse  is  also  true,  namely,  that  analyticity  implies 
causality.  To  develop  this  point,  express  the  inverse  Fourier 
transform  to  (1)  in  the  form 


h(T)  -  J  df  exp(i2nfT)  H(f)  • 

^1 

-  J  df  exp(i2nfpT)  exp(-2rtf^T)  H(f)  ,  (36) 


where  contours  and  C2  are  depicted  in  the  complex  f-plane  in 
figure  1.  Because  transfer  function  H(f)  is  analytic  in  the 
( crosshatched )  region  between  contours  and  C2#  we  are  allowed 
to  move  the  integration  freely  between  them,  as  done  in  (36), 


Figure  1.  Complex  f-Plane  Contours 
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without  altering  the  value  h(T)  of  the  integral.  On  contour  €2* 
we  have  f^  <  0  everywhere.  Therefore,  if  x  <  0  in  (36),  the 
second  exponential  decays  to  zero  as  contour  C2  is  moved  farther 
down  in  the  f-plane.  Because  H(f)  is  analytic  in  the  lower-half 
f-plane,  we  can  move  C2  arbitrarily  far  down,  causing  the 
integrand  of  (36)  to  go  to  zero,  thereby  leading  to  a  zero  value 
for  h(T)  whenever  x  <  0.  Thus,  we  have 


analytic  H(f)  in  lower-half  f-plane  — y  causal  h(x)  .  (37) 


This  equation  is  the  converse  to  (35). 

Because  we  have  already  shown  in  (10)-(12)  that  a  causal 
impulse  response  h(x)  leads  to  a  transfer  function  H(f)  with 
Hilbert  transform  relations  between  its  real  and  imaginary  parts, 
it  follows  from  (37)  that  an  analytic  transfer  function  H(f) 
leads  to  the  same  conclusions.  This  means  that,  for  an  analytic 
transfer  function  H(f)  in  the  lower-ha‘ £  f-plane,  we  can  use  the 
efficient  procedure  given  in  (22),  in  terms  of  two  (fast)  Fourier 
transforms,  to  find  the  imaginary  part  H^(f),  given  only  the  real 
part  Hj,(  f )  . 

For  the  example  given  earlier  in  (33),  we  have  real  part 


Hj.(f ) 


1 

1  +  (2Jtf)^ 


Then  from  (22),  we  obtain,  in  order. 


h(x)  -  I  exp(-|x!>  ,  h(x)  -  exp(-x)  U(x)  ,  H(f)  «  j-- . /2;tf  ' 

which  corroborates  (32)  and  (33). 
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MINIMUM-PHASE  TRANSFER  FUNCTIONS 

From  this  point  on,  we  presume  that  impulse  response  h(T)  is 
causal  and  that  transfer  function  H(f)  contains  only  poles  and 
zeros.  It  then  follows  from  (35)  that  transfer  function  H(f) 
has  no  poles  in  the  lower-half  f-plane.  We  also  assume  now  that 
H(f)  has  no  zeros  in  the  lower-half  f-plane;  that  is,  the  filter 
is  minimum-phase  [1,2,3].  In  this  case,  the  function 

Q(f)  -  -  In  H(f)  (38) 

is  analytic  in  the  lower-half  f-plane,  because  the  function  In  z 
is  nonanalytic  only  at  z  »  0  and  z  -  *  in  the  complex  z-plane. 
Accordingly,  by  analogy  to  (37),  inverse  Fourier  transform 

q(T)  -  J  df  exp(i2iifT)  Q(f)  (39) 

is  causal.  (An  example  is  given  in  appendix  B.)  Therefore,  just 
as  shown  in  (10)-(12),  the  real  and  imaginary  parts  of  Q(f), 

Q(f)  -  Q^(f)  +  i  Qi(f)  ,  (40) 

can  be  found  from  each  other  by  means  of  Hilbert  transforms.  In 
particular,  as  in  (12), 

Qj.(f)  -  H{Q.(f))  ,  Q.(f)  -  -  H(Qj.(f)}  .  (41) 

Alternatively,  according  to  the  sequel  to  (37),  because  Q(f) 
is  analytic  in  the  lower-half  f-plane,  the  imaginary  part  Q^(f) 
can  be  found  from  real  part  Qj,(f)  according  to  procedure  (22) 
involving  two  Fourier  transforms. 
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Interesting  interpretations  of  minimum-phase  filters,  in 
terms  of  their  group  delay  and  rate  of  energy  flow  through  the 
filter,  ate  given  in  (5;  pages  132  -  133].  In  particular,  the 
minimum-phase  filter  has  the  smallest  group  delay  of  any  stable 
filter  with  specified  magnitude  transfer  function. 


ATTENUATION  AND  PHASE 


There  is  another  way  of  describing  a  transfer  function  H(f) 
rather  than  by  its  real  and  imaginary  parts,  which  is  very  useful 
in  some  applications.  Namely,  let 


H(f)  -  expl-a(f)  -  i  8(f)]  , 


(42) 


where 


a(f ) 
8(f) 


attenuation 
phase  shift 


of  filter  . 


(43) 


Reference  to  (38)  and  (40)  immediately  reveals  that 

a(f)  -  Q^(f)  ,  8(f)  -  Q.(f)  .  (44) 

Therefore,  if  filter  H(f)  is  minimum-phase,  according  to  the 
discussion  in  (38)-(41),  o(f)  and  8(f)  can  be  found  from  each 
other  by  means  of  Hilbert  transforms.  In  particular, 

8(f)  -  -  e{a(f)}  -  -  ®  «(f)  •  (45) 

(Strictly,  this  relation  is  not  usable  and  must  be  modified  to 
allow  for  attenuations  a(f)  with  logarithmic  singularities;  for 
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example,  see  [3;  pages  206  -  208].  This  manipulation  is 
discussed  in  appendix  c.) 

Alternatively,  the  procedure  in  (22)  can  be  employed  in  the 
form 

3(t)  ■  F“^{a{f )}  , 
q(T)  -  2  3(t)  U{t)  , 

a(f)  +  i  B(f)  -  P{q(T)}  .  (46) 

The  function  3(t)  is  defined  by  the  inverse  Fourier  transform  in 
the  top  line  of  (46).  Phase  shift  B(f)  for  a  minimum-phase 
filter  is  given  by  the  imaginary  part  of  the  Fourier  transform  in 
the  bottom  line  of  (46). 

A  common  alternative  descriptor  of  the  frequency  behavior  of 
a  filter  is  the  gain  G(f)  in  decibels,  defined  as 

G(f)  -  20  log^Q  |H(f)|  .  (47) 

Because  the  attenuation  follows  from  (42)  as 

a(f)  -  -  In  |H(f)j  ,  (48) 

the  gain  G(f)  and  the  attenuation  a(f)  are  related  by 

20 

G(f)  -  -  a(f)  -  -  8.686  a(f)  .  (49) 

Measurement  of  either  one  is  sufficient  to  find  the  other  and  to 
thereby  determine  the  phase  shift  B(f)  of  a  minimum-phase  filter. 
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EXAMPLE  AND  LIMITATION 

We  again  consider  the  example  given  in  (32)-{33),  namely 

h{T)  -  exp{-T)  U(T)  ,  H(f)  -  ^  12 rtf  ' 

The  attenuation  and  phase  follow  from  (42)  according  to 

a(f)  -  I  ln(l  +  4ii^f^)  , 

e{f)  ■  arctan(2xf)  .  (51) 

If  we  attempt  to  apply  the  inverse  Fourier  transform  in  the  top 
line  of  (46)  to  the  attenuation  a(f)  in  (51),  we  encounter  a 
divergent  integral  because  a(f)  -  ln)f|  as  f  -»  ±®. 

More  generally,  if  filter  H(f)  has  a  zero  at  a  frequency  f 
equal  to  any  finite  real  value,  the  attenuation  a(f)  has  a 
logarithmic  singularity  at  that  real  frequency,  and  the  inverse 
Fourier  transform  in  (46)  diverges.  Because  typical  filters  very 
often  have  this  feature  (and  almost  always  at  f  »  0  and  f  *  +•), 
a  way  must  be  found  to  circumvent  cne  divergent  part  of  the 
inverse  Fourier  transform  integral,  so  that  the  efficient 
procedure  of  (46)  can  be  salvaged. 
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SUBTRACTION  OF  SINGULARITY 


The  procedure  to  be  used  here  is  one  commonly  adopted  to 
numerically  evaluate  convergent  integrals  with  singular 
integrands;  it  is  illustrated  by  the  example 

a 

I  -  [  dx  ,  V  <  1  .  (52) 

0 


If  V  is  positive,  the  integrand  has  an  infinite  cusp  at  the 
origin,  yet  the  integral  converges,  because  v  <  1.  We  express 


I 


cosx  -1+1 


X 


V 


cosx  -  1 


(53) 


which  is  allowed,  because  both  integrals  converge.  The  last 
integral  in  (53)  can  be  done  in  closed  form,  yielding  a^"V(l-v). 
Also,  the  middle  integrand  now  behaves  as  x^~^  as  x  +  0+,  which 
is  zero  at  the  origin,  because  2-v  >  1;  this  behavior  enables  a 
straightforward  numerical  evaluation  of  the  middle  integral. 

The  key  to  this  procedure  is  to  find  a  component  that  can  be 
integrated  in  closed  form  and  that,  when  subtracted  from  the 
given  integrand,  yields  a  well-behaved  residual  for  numerical 
integration , 
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APPLICATION  TO  FILTERS 

The  way  we  apply  this  subtraction  procedure  to  a  given 
attenuation  a(f)  with  logarithmic  singularities  is  to  break  it 
into  two  parts, 

a(f)  -  aj(f)  +  a2(f)  ,  (54) 

where  attenuation  aj,(f)  contains  all  the  singular  components  and 
has  a  known  closed  form  minimum-phase  pair  3^(f).  (An  example  is 
furnished  oy  (50)  and  (51);  some  additional  examples  are  listed 
in  appendix  D.)  Then  residual  attenuation  ot2{f)  is  found 
according  to 

a2(f)  -  a(f)  -  o^(f)  (55) 

and  is  well-behaved  for  all  f.  Residue'  -,(f)  is  subjected  to 
the  repeated  Fourier  transfor*"  pi.ocedure  detailed  in  (46), 
resulting  in  phase  shift  ^unction  0,(f).  Finally,  the  complete 
minimum-phase  corresponding  to  the  given  attenuation  a(f)  is 
obtained  from 

&{f)  -  ej^(f)  +  02(f)  •  (56) 

The  procedure  can  be  summarized  as  follows: 

a(f)  — ►  0(f)  desired  ; 

a^(f)  +  <x2if)  — ►  0^(f)  ■!»  02(f)  used  .  (57) 

The  exact  choice  of  attenuation/minimum-phase  pair  aj^(f), 
0jl^(f)  is  not  critical,  except  that  residual  a2(f)  ®u6t  not  have 
any  singularities  and  must  decay  (rapidly)  to  zero  for  large  f. 
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Of  course,  the  given  attenuation  a(f)  must  be  known  for  all  f  in 
order  to  apply  this  {or  any)  procedure  for  obtaining  minimum- 
phase  shift  3(f),  whether  obtained  directly  by  Hilbert  transforms 
or  by  means  of  a  Fourier  procedure.  The  actual  numerical 
evaluation  of  the  Fourier  procedure  delineated  in  (46)  is 
accomplished  by  means  of  fast  Fourier  transforms;  the  details  are 
presented  in  appendix  E. 

SHORTCOMING  OF  HILBERT  TRANSFORM 

Suppose  that  two  minimum-phase  filters  H^(f)  and  Hj^(f)  differ 
only  by  a  complex  scale  factor: 

Hb(f)  -  c  H^(f)  .  (58) 

Then 

ajj(f)  -  a^(f)  -  ln|c|  , 

3j^(f)  -  “  arg(c)  +  2nn  ,  n  integer  .  (59) 

However,  if  o_(f)  and  3,(f)  are  a  Hilbert  transform  pair,  a.  (f) 
and  0jj(f)  cannot  possibly  be  (unless  c  -  1  and  n  -  0)  because  the 
Hilbert  transform  of  a  constant  is  zero.  Functions  and 

3j^(f)  are  both  "incomplete,"  in  that  attenuation  ajj(f)  contains 
no  information  about  arg(c),  while  phase  3jj(f)  contains  no 
information  about  |c|.  This  means  that  the  Hilbert  transform  of 
a  given  attenuation  (phase)  yields  a  phase  (attenuation)  function 
that  can  differ  from  the  actual  phase  (attenuation)  of  a  minimum- 
phase  filter  by  an  arbitrary  additive  constant.  Some  information 
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is  inherently  absent  from  a  given  attenuation  (phase)  function. 

In  addition,  because  the  Hilbert  transform  of  a  constant  is  zero, 
additive  constants  are  lost  through  this  transformation.  (The 
situation  is  somewhat  similar  for  the  Fourier  tiansform  procedure 
given  in  ( 46 ) . ) 

Alternatively,  suppose  that 

hb(T)  -  h.^(T  -  T)  ,  H^(f)  -  H3(f)  exp(-i2nfT)  .  (60) 

Then  filter  Hj^(f)  contains  a  transfer  function  component  of 
exp{ -i2iifT) ,  with  corresponding  attenuation  0  and  phase  2nfT. 
Thus,  the  attenuation  contains  no  information  about  a  pure  time 
delay.  However,  it  should  be  noted  that  this  component 
exp(-i2fifT)  does  not  possess  poles  and  zeros  ’•t  all,  but  in  fact 
has  an  essential  singularity  at  f  «  •. 
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APPLICATION  TO  MEASURED  DATA 

In  this  section,  we  will  apply  the  previous  Fourier  procedure 
to  a  measured  pair  of  attenuation  and  phase  shift  functions  in 
an  effort  to  determine  if  the  filter  is  minimum-phase.  The 
particular  filter  is  a  J15-1  transducer  used  as  a  continuous-wave 
source  in  the  10  to  900  Hertz  range.  The  transmitting  current 
response  of  this  device  is  defined  as  the  ratio 

output  pressure  - 

input  current 

and  is  the  transfer  function  of  interest.  The  reference  level  is 
taken  as  1  ^/Pa/Amp.  The  measurements  procedure  include  a 
water-path  propagation  delay  (of  unknown  value)  between  the 
transducer  and  a  calibrated  receiving  hydrophone. 

The  measured  decibel  gain,  (47)-(49),  of  transfer  function 
(61)  is  displayed  in  figure*  2  for  the  range  of  frequencies  from 
30  to  500  Hertz,  on  a  logarithmic  frequency  abscissa.  Also 
superposed  are  the  decibel  gain  responses  of  filters  with  1  or  2 
or  3  poles  at  the  origin,  which  plot  as  straight  lines  on  this 
type  of  paper.  This  information  is  required  for  determining  the 
behavior  of  the  filter  from  30  Hertz  down  to  f  «  0  and  is 
necessary  because  the  Hilbert  and  Fourier  procedures  both  require 
knowledge  of  the  complete  attenuation  (or  gain)  for  all 
frequencies,  in  order  to  determine  the  value  of  the  corresponding 
minimum-phase  shift  at  just  one  frequency.  It  may  be  reasonably 
concluded  from  the  fits  in  figure  2  that  the  transducer  of 

A 

Figures  2  through  11  are  collected  at  the  end  of  this  section. 
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interest  here  has  a  double  zero  at  f  »  0. 

In  addition,  the  same  fitting  procedure  has  been  attempted  in 
the  neighborhood  of  500  Hertz  in  figure  2,  as  may  be  seen  by  the 
superposition  of  responses  for  filters  with  decays  corresponding 
to  0  or  1  or  2  or  3  poles  at  f  «  «».  However,  the  situation  is 
rather  poor  at  this  upper  end  of  the  measured  frequency  range, 
because,  as  seen  in  figure  2,  the  transducer  has  not  yet 
developed  its  asymptotic  behavior  at  f  -  500  Hertz.  This 
behavior  is  consistent  with  the  information  mentioned  above, 
which  describes  the  use  of  this  device  as  a  source  up  to  900 
Hertz,  Thus,  we  have  a  situation  where  we  have  insufficient 
measurements  to  fully  apply  the  theoretical  developments 
presented  earlier.  Nevertheless,  we  will  attempt  to  circumvent 
the  inadequacy  by  extrapolating  the  given  measurements  into  the 
frequency  range  above  500  Hertz  and  then  using  the  combination  of 
measured  and  extrapolated  gains  to  determine  the  minimum-phase 
response . 


PHILOSOPHY  OF  EXTRAPOLATION 

A  situation  of  frequent  occurrence  is  the  following.  We  have 
a  measured  residual  attenuation  02(f),  but  it  is  available  only 
for  0  <  fjj^  <  f  <  f2;  see  (54)-(  57).  We  presume  that  attenuation 
a2(f)  is  even  about  f  «  0.  Call  this  total  frequency  range  of 
Itnown  values,  K.  Denote  the  remainder  of  the  frequency  range, 
where  *2^^^  unknown,  by  U, 

We  want  to  evaluate  the  minimum-phase  corresponding  to  02(f), 
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namely 


^^(f)  -  -  HC«2(f))  -  -  U  du  ^ 


(62) 


Our  approach  is  to  extrapolate  a2(f)  beyond  K  into  the  unknown 
frequency  range  U.  Call  this  extrapolated  function 
exists  for  all  f.  This  extrapolation  must  be  rather  close  to  the 
true  (unknown)  attenuation  *2^^^  in  U,  but  «2e^^^  need  not  agree 
with  a2^^^  inside  K.  In  particular,  “2e^^^  “2^^^  should 

match  in  value  and  slope  at  the  boundaries  of  K. 

Then,  we  can  obtain  the  following  approximation  to  phase 
(62),  namely 


(f) 


a2(u) 
f  -  u 


du 


+• 


f  -  u 


-M 


du 


f  -  u 


(63) 


The  first  (finite)  integral  in  (63)  is  done  numerically,  by 
employing  the  Fourier  procedure  presented  here.  The  second 
integral  in  (63)  is  actually  divergent  and  is  instead  replaced  by 
use  of  a  known  attenuation/minimuro-phase  pair,  °i2e^^^'  ^2e^^^’ 

The  key  to  this  procedure  is  a  shrewd  choice  for  the 
extrapolated  attenuation  «2g(f).  Several  candidates,  along  with 
the  corresponding  minimum-phase  functions,  are  listed  in  appendix 
D. 
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LAPLACE  TRANSFORM  NOTATION 

For  convenience  of  notation,  we  employ  here  the  Laplace 
transform  of  the  impulse  response,  namely 

+• 

L(s)  -  J  dx  exp(-ST)  h(T)  ,  (64) 

0 

where  we  have  specifically  limited  consideration  to  causal 
filters.  The  connection  with  the  Fourier  transform  (1)  is 

H(f)  -  L(i2iif)  .  (65) 


EXAMPLE  A 


The  first  attempted  fit  to  the  measured  gain  in  figure  2  is 
by  means  of  filter 


L(s) 


c  8 


(  s  +  a ) ( s  +  b) 


(66) 


with  constants  a  •  260,  b  ■  330,  and  c  -  -  .55E6.  This  filter 
has  the  desired  double-order  zero  at  the  origin,  but  does  not 
decay  for  large  frequencies.  The  gain  of  (66)  is  superposed  on 
the  measured  gain  in  figure  3;  it  is  seen  that  the  constants  have 
been  chosen  to  give  a  fit  that  matches  in  value  and  slope  for 
small  frequencies  and  that  matches  the  measured  gain  value  at 
500  Hertz. 

The  difference  in  decibels  between  the  measured  gain  and  the 
fitted  gain  is  displayed  in  figure  4;  it  goes  to  zero  at  30  and 
500  Hertz  and  is  assumed  to  be  zero  outside  this  range.  This 
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assumption  is  not  likely  to  be  correct  for  f  greater  than  500 
Hertz,  but  it  is  necessary  in  order  to  proceed  with  the  numerical 
manipulations.  The  difference  in  attenuations,  (55),  is 

available  by  dividing  the  result  in  figure  4  by  -8.686;  see 
(  47  )-(  49)  . 

The  residual  attenuation  subjected  to  the  cascaded 

Fourier  procedure  of  (46),  and  the  resultant  phase  ^2^^^  is  added 
to  the  minimum-phase  (3^  { f )  corresponding  to  (66).  The  final 
total  phase  0(f)  is  shown  in  figure  5,  with  the  label  A&T, 
meaning  analytic  and  transform,  that  is,  0j^(f)  plus  02^^)* 
Superposed  on  this  figure  is  the  measured  phase,  with  the  label 
M&D,  meaning  measured  and  time-delay  adjusted.  Recall  in  the 
discussion  surrounding  (61)  that  there  is  an  unknown  time  delay, 
between  the  transducer  and  receiving  hydrophone,  included  in  the 
measurements  taken.  Accordingly,  a  selection  of  time  delay  was 
made  that  yielded  the  best  eyeball  fit  of  the  two  phases  over 
the  range  of  frequencies  from  0  to  400  Hertz  in  figure  5;  this 
corresponds  to  an  additive  linear  phase  function  of  frequency,  as 
indicated  by  example  (60).  The  time  delay  was  1.43  ms. 

The  agreement  between  the  minimum-phase  and  the  measured 
results  in  figure  5  allow  us  to  conclude  that  the  J15-1 
transducer  is  indeed  a  minimum-phase  filter,  at  least  over  the 
frequency  range  up  to  400  Hertz.  The  difference  between  the  two 
results  is  17“  at  500  Hertz,  which  is  significant.  However,  the 
reason  for  this  discrepancy  is  undoubtedly  due  to  the  fact  that 
(66)  is  not  the  correct  fit  for  f  >  500  Hertz,  because  (66)  has 
no  decay  for  large  frequencies. 
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EXAMPLE  B 

In  an  effort  to  find  a  better  phase  match,  another  fit  was 
also  tried,  namely  filter 

c 

L(s)  -  - — - 5 - ,  (67) 

(s  +  aQ)((s  +  a)^  +  b^l 

with  constants  a^  -  4000,  a  -  260,  b  -  400,  and  c  -  -  .275E12. 

The  measured  and  analytical  decibel  gains  are  plotted  in  figure 
6,  while  the  decibel  difference  is  plotted  in  figure  7.  The 
corresponding  two  phase  plots,  obtained  by  an  identical  procedure 
to  that  described  in  example  A  above,  are  presented  in  figure  8. 
Now,  the  difference  in  the  two  phase  curves  at  500  Hertz  has 
decreased,  but  only  slightly,  to  14®.  Apparently,  the  unmeasured 
decibel  gain,  in  the  frequency  range  above  500  Hertz,  is  causing 
inaccurate  calculations  of  the  minimum-phase  in  the  region  just 
below  500  Hertz,  due  to  our  inability  to  correctly  extrapolate, 
by  means  of  (66)  and  (67),  to  what  the  filter  gain  truly  was  in 
that  frequency  range.  This  supposition  is  consistent  with  the 
observation  that  the  minimum-phase  at  a  particular  frequency  is 
largely  governed  by  the  (rate  of  change  of  the)  attenuation  in 
the  neighborhood  of  that  frequency  {2;  page  345].  The  agreement 
in  phase  results  for  the  lower  frequencies  comes  about  because 
errors  in  gain  measurements  above  500  Hertz  have  a  much  reduced 
effect  on  the  calculated  phase  at  low  frequencies. 
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EXAMPLE  C 

In  an  attempt  to  justify  this  conjecture,  an  estimate  of  the 
unmeasured  gain  in  the  frequency  range  from  500  to  900  Hertz  was 
made  and  is  illustrated  in  figure  9.  A  droop  of  7  dB,  centered 
at  565  Hertz,  has  been  added  and  is  annotated  by  the  phrase 
"augmented".  The  fit  is  again  (66),  with  the  same  constants  as 
used  for  example  A,  and  is  superposed  in  the  figure. 

The  two  phase  curves  are  illustrated  in  figure  10.  Now,  the 
discrepancy  between  the  two  results  is  negligible  (within 
measurement  error)  all  the  way  up  to  500  Hertz,  the  maximum 
frequency  at  which  the  phase  was  measured.  Thus,  we  feel 
justified  in  concluding  that  the  device  under  investigation  is 
indeed  a  minimum-phase  filter,  at  least  over  the  measured 
frequency  range  up  to  500  Hertz. 

LIMITED  FREQUENCY  RANGE 

It  has  been  stated  above  that  the  measured  filter  appears  to 
be  minimum-phase  in  a  particular  frequency  range.  Strictly,  this 
is  not  a  valid  concept;  but  it  is  necessary  to  allow  for  it  in 
practice,  where  filter  responses  cannot  possibly  be  measured  for 
all  frequencies.  For  example,  suppose  that  the  transfer  function 
H(f)  has  a  collection  of  poles  and  zeros  in  the  upper-half 
f-plane,  all  fairly  near  the  origin  f  -  0.  In  addition,  let  H{f) 
have  a  pole-zero  pair  far  away  from  the  origin,  but  symmetrically 
located  about  the  real  f  axis,  so  as  not  to  affect  the  gain  or 
attenuation;  see  the  pair  near  f  «  f2  in  figure  11. 
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Obviously,  the  filter  in  figure  11  cannot  be  minimum-phase, 
because  it  has  a  zero  in  the  lower-half  f-plane.  Yet,  its 
measured  phase,  for  frequencies  less  than  f^^,  would  be 
indistinguishable  from  that  of  the  minimum-phase  filter  that 
does  not  contain  that  extra  pair.  Thus,  we  would  reasonably 
conclude,  upon  the  basis  of  the  measurements  made,  that  the 
filter  is  "minimum-phase  for  f  <  fj-"  Furthermore,  this  is  a 
practically  useful  concept  because  compensation  of  the  filter  in 
this  same  frequency  range  is  certainly  possible  and  allowable. 

In  other  words,  measurement  in  a  limited  frequency  range  only 
allows  us  to  make  conclusions  in  that  same  range;  in  fact,  the 
situation  is  slightly  worse  than  that,  because  the  edges  of  the 
range  may  also  be  .  •  .1  to  question. 
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SUMMARY 

For  a  minimum-phase  filter,  the  phase  shift  |3(f)  can  be  found 
from  the  attenuation  a(f)  by  means  of  two  cascaded  fast  Fourier 
transforms,  once  the  logarithmic  singularities  in  a(f)  have  been 
subtracted  out  and  handled  analytically.  A  partial  accuracy 
check  is  automatically  built  into  the  procedure,  because  the  real 
part  of  the  output  should  agree  with  the  given  input;  the 
imaginary  part  of  the  output  is  the  desired  minimum-phase  result. 
This  Fourier  approach  yields  the  entire  phase  curve  for  all 
frequencies,  not  just  a  point-by-point  output,  as  a  Hilbert 
transform  numerical  integration  would  give. 

In  order  to  use  this  procedure,  the  attenuation  must  be 
measured  for  all  frequencies,  or  at  least  for  large  enough  and 
small  enough  frequencies  that  the  asymptotic  behavior  is  well 
developed  and  obvious.  A  plot  of  the  attenuation  {or  decibel 
gain)  on  a  logarithmic  frequency  abscissa  is  recommended  for  this 
purpose,  because  the  filter  magnitude  characteristic  should 
approach  a  straight  line  with  a  decay  equal  to  a  multiple  of 
6  dB/octave  in  the  neighborhood  of  zero  and  infinite  frequencies. 
Failure  to  make  a  complete  set  of  measurements  will  lead  to  the 
need  for  extrapolation  and  the  attendant  errors  that  can  occur 
with  such  a  procedure,  as  illustrated  here.  Furthermore, 
statements  about  the  minimum-phase  behavior  of  a  particular 
filter  can  only  be  made  (with)in  that  same  frequency  range. 
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APPENDIX  A.  PRINCIPAL  VALUE  INTEGRAL  EVALUATION 


Through  a  change  of  variable,  a  principal  value  integral  can 
be  put  in  the  form 


b 

I  «  J  dt  ^  where  g(0)  #0  .  (A-1) 

-b 

Limit  b  can  be  finite  or  infinite.  (For  example,  (8)  fits  this 
form  when  we  let  g(t)  «  G(x-t)/Ji.)  Although  (A-1)  is  a  principal 
value  integral,  it  can  be  expressed  as  (ordinary  integrals) 


I  « 


I  dt  ^  -  2 


-b 


dt 


90^) 


dt 


lg( t)  -  g(-t) )  , 


(A-2) 


where  gQ(t)  is  the  odd  part  of  g(t);  see  definition  (5).  This 
form  can  be  used  for  numerical  evaluation  whether  b  is  finite  or 
not.  If  b  is  infinite,  the  integrand  of  the  last  integral  in 
(A-2)  maintains  the  same  decay  with  t  as  original  integral  (A-1) 
This  is  not  true  of  the  sometimes  recommended  alternative  form 


I 


dt  lLt)-^.2|0)  ^ 
-b 


(A-3) 


which  decays  very  slowly  with  t,  although  it  is  finite  at  the 

I 

origin  t  «  0.  However,  another  alternative  that  advantageously 
uses  this  subtraction  device  is  given  later  in  (A-11). 

A  simple  example  of  (A-l)-(A-2),  for  b  finite,  is  furnished 

i  by  the  integral 

I 

I 

I 
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.  I  dt  .  2]  dt 


sinh( t ) 


(A-4) 


the  latter  of  which  has  a  well-behaved  integrand  at  t  «■  0. 


DERIVATIVE  EVALUATION 


In  general,  the  last  integrand  in  (A-2)  behaves  as 


[(t)  -  q(-t) 


-2gM0)  ast->0. 


(A-5) 


Therefore,  in  order  to  use  {A-2),  it  is  necessary  to  have  g'(0). 
If  all  we  can  easily  evaluate  is  g(t),  and  not  its  derivative 
g'(0),  a  good  approximation  is  available  through  the  following 
device.  We  know  that  g'(0)  is  approximated  by 


[(c)  -  g(-e) 


for  small  e  . 


(A-6) 


However,  if  c  is  too  large,  this  is  a  poor  approximation,  whereas 
if  c  is  too  small,  round-off  errors  cause  numerical  stability 
problems.  But  we  know  that 


"  g'(0)  +  I  g"M0)  c^  +  O(e^)  as  c  ->  0 


(A-7) 


So,  letting  F(c)  be  the  left-hand  side  of  (A-7),  we  have,  to 
second  order. 


F(e)  -  4  A^  c^  ] 

-  >  where  A  and  A.  are  unknown  .  (A-8) 

F(c/2)  -  Aq  +  e^/4j 
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This  procedure  is  an  extrapolation  to  the  limit;  it  uses  e/2  as 
the  smallest  argument  of  F. 

A  program  for  the  evaluation  of  g'(t)  at  general  t  is 
furnished  here  in  BASIC;  it  requires  specification  of  a  tolerance 
Tol  in  line  70  of  the  function  subroutine  FNDerivl. 


10 

INPUT  T 

20 

Derl-FNDerivl(T) 

30 

PRINT  T,Derl 

1 

t,g' ( t) 

40 

END 

50 

1 

60 

DEF  FNDerivl(T) 

I 

~g'(t)  via  extrapolation 

70 

Tol-l.E-6 

1 

tolerance 

80 

E-.2 

1 

epsilon  (start) 

90 

E-E*.5 

100 

V1-V2 

110  V2-(FNG(T+E)“FNG(T-E) )/(2.*E) 

120  V-V2+(V2-Vl)/3. 

130  IF  ABS(V2/V-1. )>Tol  THEN  90 
140  RETURN  V 
150  FNEND 
160  I 

170  DEF  FNG(T) 

180  RETURN  EXP(T)  I  example  exp(t) 
190  FNEND 


An  application  of  this  program  to  the  exp(t)  example  in  line  180, 
at  argument  t  «  1.1,  yielded  an  error  of  -7.8E-13. 

If  we  instead  kept  terms  to  fourth  order  in  (A-7),  an 
extension  to  (A-8)  yields  approximation 

g'(0)  S  ~[64  f(|]  -  20  f[|]  +  F{e)]  .  (A-10) 

This  procedure  uses  c/4  as  the  smallest  argument  of  F. 
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AN  ALTERNATIVE  SUBTRACTION  PROCEDURE 
We  now  express  (A-1)  in  the  form 

I  -  I  dt  J  dt  J  '  (A-11) 

-b  -a  R 

where  limit  a  is  chosen  for  convenience  and  R  is  the  union 
{-b,-a)  u  (a,b).  Then,  as  done  in  (A-3), 

I  -  J  dt  I.  g<01  +  J  dt  .  (A-12) 

-a  R 

These  are  both  ordinary  integrals  now.  The  first  integrand  is 
finite  at  t  ■  0,  with  value  g'(0),  while  the  second  integrand 
maintains  its  original  decay  as  x  -♦  +b. 

SECOND  DERIVATIVE  EVALUATION 

The  procedure  presented  in  (A-5)-(A-9),  for  the  approximate 
evaluation  of  first  derivative  g'(0),  can  be  extended  to  the 
second  derivative  g"(0)  as  follows.  We  know  that 

gl-g.) .  g(0)  +  1  g"(0)  +  O(e^)  as  e  0  .  (A-13) 

Therefore, 

g<g.)  ^  ^  (A-14) 
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Letting  D(e)  be  the  left-hand  side  of  {A-14),  we  have,  to  second 
order , 


D(e)  -  B  +  B,  c  'I 

»  >  where  B  and  B.  are  unknown 

D(c/2)  -  B„  +  B,  e  /4j  ° 

o  1 


(A-15) 


The  desired  solution  is 


.  ^.P<e/2.L-  Dje)  s  g..(0) 


(A-16) 


This  is  an  extrapolation  to  the  limit;  it  uses  e/2  as  the 
smallest  argument  of  D.  A  program  for  the  evaluation  of  g”(t)  at 
general  t  is  given  below  in  BASIC;  it  requires  specification  of  a 
tolerance  Tol  in  line  70  of  the  function  subroutine  FNDeriv2. 


10  INPUT  T 

20  Der2-FNDeriv2(T) 

30  PRINT  T,Der2  I  t,g’’{t) 

40  END 

50  ! 

60  DEF  FNDeriv2(T)  I  ~g"(t)  via  extrapolation 

70  Tol-l.E-6  I  tolerance 

80  E-.2  I  epsilon  (start) 

90  G2-2.*FNG(T) 

100  E-E*.5 

110  V1-V2 

120  V2-(FNG(T+E)+FNG(T-E)-G2)/(E*E) 

130  V-V2+(V2-Vl)/3, 

140  IF  ABS(V2/V-1. )>Tol  THEN  100 
150  RETURN  V 
160  FNEND 
170  ! 

180  DEF  FNG(T) 

190  RETURN  EXP(T)  I  example  exp(t) 

200  FNEND 


An  application  of  this  program  to  the  exp(t)  example  in  line  190, 
at  argument  1.1,  yielded  an  error  of  1.6E-11. 
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APPENDIX  B.  FOURIER  TRANSFORM  OF  GENERALIZED  FUNCTION 


We  are  interested  in  finding  the  Fourier  transform  of  the 


generalized  function 


exp( -ax) 


U(t)  ,  a  >  0  , 


(B-1) 


where  U(t)  is  the  unit  step  function.  Letting  ta  -  2nf,  the 
integral  of  interest  is 


I  -  J  ~  exp(-aT)  U(t)  exp(-ia>T)  » 

J  ^  texp(-ax)  -1  +  1]  U(T)  exp(-ia)T)  - 


-  exp(-aT)l  expt-iwT)  +  j  “  U{t)  exp(-iwT: 


-  -  -  N  '9n(jf)  *  Inljf  *  C']  .  (B-2) 


»  -  ln(a  +  id))  +  In(iw)  -  i~  sgn(d))  -  ln|t»)|  +  ln(2n)  -  C' .  {B-3) 


In  (B-2),  we  used  [4;  page  334,  3.434  2]  and  {6;  page  43,  row  3, 
column  3,  with  m  -  1],  But  since 


(  in/2  +  Injwl  for  to  >  O'] 
ln(i(o)  -  j  I  +  i2nn 

l-in/2  +  ln|<o|  for  to  <  oj 


-  ij  sgn(<o)  +  ln|u)j  +  i2nn  ,  n  integer  ,  (B-4) 
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we  can  express  (B-3)  as 


I  -  -  ln(a  +  iw)  +  C  ,  where  C  «  ln(2Ji)  -  C'  +  i2nn  .  (B-5) 


Thus,  we  have  the  Fourier  transform  pair 


exp( -ax) 


U(T) 


ln(a  +  i2iif)  +  C  , 


(B-6) 


where  C  is  an  arbitrary  constant.  The  reason  for  the  presence  of 
C  is  that  the  generalized  function  ^  U(x)  is  indeterminate  within 
an  additive  arbitrary  multiple  of  the  delta  function  i(x). 

For  the  example  in  (33)  of  H(f)  «  1/(1  +  i2iif),  we  have 
Q(f)  «  ln(l  +  i2iif).  Application  of  pair  (b-6),  with  a  -  1,  to 
(39)  then  yields  causal  function 


q(  T) 


exp(-T) 


U(T) 


(B-7) 


46 


TR  8667 


APPENDIX  C.  HILBERT  TRANSFORM  MANIPULATION 

It  was  noted  below  (45)  that  the  Hilbert  transform  of 
attenuation  a(f)  encounters  integrals  with  logarithmic  infinities 
and  must  be  handled  more  carefully.  This  problem  is  treated  in 
[3;  pages  206  -  208],  by  dividing  the  attenuation  by  a  factor 
that  is  quadratic  in  f,  rather  than  linear.  In  current  notation, 
that  result  is  [3;  (10-67)] 

+® 

3(f)  -  f  f  du  .  (C-1) 

n  J  u^  -  f2 
—  0» 

If  we  utilize  the  property  employed  in  [3;  page  208,  line  2], 
namely  that  attenuation  a(f)  is  even,  we  can  develop  (C-1)  as 


+  ® 


3(f) 


du 


a(u) 


1 

n 


du  a(u)  - 1 

if  -  u  f  +  u; 


40# 


+® 


-  .  i  [  du  -  H  du 

nj  f-u  nj  f  +  u 


+® 


1 
n  j 


du 


g(u) 

f-u 


dv 


a(-v) 

f  -  V 


4.® 


-H 


du 


<x(u) 

f-u 


-  H{a(f)) 


{C-2) 


{C-3) 


(C-4) 
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The  step  leading  from  (C-2)  to  (C-3)  presumes  that  both  of 
the  latter  integrals  converge  separately,  which  need  not  be  the 
case  for  attenuations  a(f);  this  is  the  reason  for  the  quadratic 
denominator  adopted  in  (C-1),  which  guaranteed  convergence  of 
that  integral. 

Rather  than  using  Hilbert  transforms  and  having  to  employ  the 
method  of  (C-1),  we  have  resorted  instead  to  the  use  of  Fourier 
transforms,  as  outlined  in  (46),  Of  course,  a  similar  problem 
arises  ther*>,  as  mentioned  in  the  sequel  to  (51).  The  method  of 
circumventing  the  difficulty,  in  the  Fourier  approach,  is  to 
subtract  out  the  singularities  and  handle  them  analytically,  as 
described  in  (54)-(57). 

The  justification  of  this  procedure,  using  modified  Hilbert 
transform  (C-1)  as  a  starting  point,  is  as  follows.  Express 
given  attenuation  a(f)  in  two  parts,  as  in  (54),  where  residue 
a2(f)  has  a  convergent  Hilbert  transform  integral 

^  J  du  -  H{a2(f)}  for  all  f  .  (C-5) 

The  phase  shift  8(f)  corresponding  to  attenuation  a( f )  is  then 
given  by  sum  (56),  where,  following  (C-1), 

a-,  (u ) 

du  -2^^ - 2 

u  -  f  ^ 

and  ^2^^^  available  as  the  negative  of  (C-5).  The  proof  of 
this  last  claim  follows  immediately  from  the  derivation  in 
(C-l)-(C-4)  if  we  replace  a(f)  and  e(f)  everywhere  by 


-  H 
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82(f) »  respectively.  This  is  legitimate  because  the  existence  of 
(C-5)  for  residual  attenuation  *2^^^  allows  the  separation 

into  two  convergent  integrals,  as  done  in  (C-3). 

We  do  not  actually  use  (C-5)  or  (C-6).  Instead,  (C-6)  is 
accomplished  by  using  known  closed  form  attenuation/minimum-phase 
pairs  for  aj^(f)  and  8^(f),  while  (C-5)  is  replaced  by  the  Fourier 
approach  given  in  (46),  with  ^2^^^  substituted  for  a(f) 

and  8(f),  respectively.  The  inverse  Fourier  transform  integral 
in  the  top  line  of  (46),  but  now  in  terms  of  a2(f),  is 
convergent . 

(For  interest,  an  example  of  the  application  of  {C-6)  is 
afforded  by  attenuation-phase  pair  (51).  This  fact  is 
immediately  verified  by  use  of  (4;  4.295  8).) 
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APPENDIX  D.  EXAMPLES  OF  ATTENUATION/M INI MUM- PHASE  PAIRS 


In  this  appendix,  we  list  a  few  attenuation/miniroum-phase 
pairs  that  can  be  used  in  the  subtraction  procedure  ptebented  in 
{54)-(57)  to  eliminate  the  divergent  integrands  encountered.  For 
convenience  of  notation,  we  employ  the  Laplace  tr.^.  sturm  of  the 
impulse  response,  namely 


L(s) 


+® 

dx  exp(-ST)  h(T)  , 


(D-1) 


where  we  have  specifically  limited  consideration  to  causal 
filters.  The  connection  with  the  Fourier  transform  (1)  is 


H(f)  -  L(i2nf)  .  (D-2) 

In  the  following,  a,  b,  and  c  are  real  positive  constants,  and 
(I)  »  2nf . 

EXAMPLE  1: 


a(f)  -  I  ln(a^  +  <o^)  -  ln(c)  ,  e(f)  -  arctan(w/a)  .  (D-3) 


In  the  limit  as  a  -»  0+, 


a(f)  -  Injwl  -  ln(c)  ,  P(f)  -  ^  sgn(w)  . 


(D-4  ) 
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EXAMPLE  2: 


L(s) 


s  +  a  ' 


o{f)  «  4  ln(a^  +  -  ln}a>|  -  ln(c)  , 


P{f)  >=  arctan{<*)/a)  -  j  sgn(w)  . 


EXAMPLE  3: 


L(s) 


( s  +  a ) ( s  +  b)  ' 


(x(f)  ■  ^  ln(a^  +  )  +  4  ln(b^  +  <a^)  -  ln|u)|  -  ln(c)  , 


3(f)  »  arctan(w/a)  +  arctan(w/b)  -  j  sgn{(*>) 


This  attenuation  reaches  a  minimuro  at  w  »  (ab)**,  at  which  point 
the  phase  goes  through  zero. 


EXAMPLE  4 : 


L(S) 


2  2  ' 
(s  +  a)^  +  b^ 


a(f)  «  j  ln[(a^  +  (o)  +  b)^]  +  ^  ln[a^  +  (to  -  b)^]  -  ln(c)  , 


6(f)  -  arctan  f-— +  arctan  v  -1  . 
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APPENDIX  E.  NUMERICAL  EVALUATION  OF  (46) 


We  repeat  here  the  cascaded  Fourier  transform  operations 
listed  in  (46): 

g(T)  ■  F"^{o(f ) }  ,  (E-1) 

q( t)  -  2  £( t)  U( t)  ,  ( E-2 ) 

o{f)  +  i  8(f)  -  F{q(T))  .  (E-3] 


We  limit  consideration  to  the  case  where  attenuation  o(f)  is 
even,  which  is  the  typical  practical  situation.  Also,  we  weight 
the  inverse  Fourier  transform  in  (E-1)  by  real  symmetric  window 
W(f),  which  is  zero  for  |f|  >  MA.  We  then  get  approximation 

+« 

3^(t)  ■  J  df  exp(i2nfT)  a(f)  W(f)  « 


-  2  Re 


df  exp(-i2BfT)  o(f)  W(f)  - 


HA 

-  2  Re  J  df  exp(-i2nfT)  o(f)  W(f)  - 
0 

M 

-  2  Re  YU  ®n  ^  exp(-i2nnAT)  o(nA)  W(nA)  ■ 
n-0 

where  we  sample  in  frequency  f  with  increment  A.  We  also  use 
some  integration  rule  like  trapezoidal  or  Simpson;  for  example, 
the  trapezoidal  rule  has  -  1,  except  for  -  Sj^j  «  1/2. 
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The  approximation  ajj{T),  defined  by  the  bottom  line  of  (E-4), 
has  period  1/t  in  x.  Therefore,  we  compute  it  at  the  points 

T  «  ~  for  0  <  m  <  N  -  1  ,  (E-5) 


which  cover  a  full  period  of  Sjjt'r)-  There  follows 


H 


ab(j5f)  “  Re  s^  exp(-i2nnm/N)  a(nA)  W(n6)  , 

n«*0 


(E-6) 


which  is  an  N-size  fast  Fourier  transform  of  M  +  1  data  points. 
Any  surplus  points  can  be  collapsed,  if  desired,  without  loss  of 
accuracy;  see  [7;  pages  4-5],  for  example. 

Operations  (E-2)  and  (E-3)  can  be  combined  to  read 


Q(f)  «  a(f)  +  i  0(f)  »  2  J  dx  exp(-i2nfx)  a{x)  .  (E-7) 

0 


Because  all  we  have  available  is  approximation  SjjCt)  from  (E-4), 
we  adopt  the  following  approximation  to  Q(f),  based  on  (E-7)! 

+® 

Q^(f)  ■  2  J  dx  exp(-i2nfx)  ^^^(t)  - 
0 


.5/A 

2  J  dx  exp(-i2nfx)  3jj('r) 


(E-8) 


^  %  NA  3b  (na) 

m»u 


Qb(f) 


(E-9) 
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where  w^^^  is  an  integration  weight.  The  integral  in  {E-8)  was 
limited  to  .5/A  in  t,  because  approximation  in  (E-4)  is 

only  available  up  to  that  limit  without  aliasing. 

The  period  of  the  final  approximation  Q^(f)  in  (E-9)  is  NA  in 
f.  Therefore,  we  limit  its  computation  to  the  values 

Qb(nA)  -  ijf  if]  Wn,  exp(-i2nnm/N)  Sb  (fJi)  for  0  <  n  <  N-1  .  (E-10) 

This  can  be  accomplished  as  an  N-size  fast  Fourier  transform  of 
N/2  +  1  data  points.  The  final  approximation  to  desired  phase 
8(f)  in  (E-7)  is  available  as  the  imaginary  part  of  (E-10),  at 
frequencies  f  -  nA.  In  addition,  the  real  part  of  (E-10)  should 
be  in  very  good  agreement  with  specified  attenuation  values 
{a(nA)  W(nA)}  used  in  (E-6);  this  serves  as  an  accuracy  check  on 
the  complete  procedure.  Equations  (E-6)  and  (E-10)  are  the  final 
results.  Strictly,  (E-6)  should  be  applied  only  to  the  residual 
attenuation  a2(f)  defined  in  (55);  then  (E-10)  furnishes  an 
approximation  to  a2 ( f )  +  i  @2 ^ ^ ^ ^  program  in  BASIC  for  the 
Hewlett  Packard  9000  computer,  for  the  procedure  given  above,  is 
presented  below. 
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10  !  NUSC  TR  8667,  FOURIER  PROCEDURE  fiPPLIED 
20  !  TO  REAL  EVEM  FUHCTIOH  OF  FREQUENCY 


30 

DeH.af  =  5. 

1 

SAMPLING  INCREMENT  IN  FREQUENCY 

40 

Ftnax  =  900. 

! 

MAXIMUM  FREQUENCY 

50 

N» 16384 

! 

SIZE  OF  FFT 

60 

8*260. 

! 

FILTER  PARAMETERS 

70 

B*330. 

1 

FOR 

80 

C*-. 55E8 

! 

EXAMPLE  C 

90 

COM  fl,B,C 

100 

REDIM  Cos<0;H/4>,X<0! N-1 ), Y<0:H- 

1) 

110 

DIM  Cos<4096) ,X( 16384) ,Y< 16384), 

Realeue n <25000 >,Ph as e<6:  100) 

120 

DOUBLE  H,M,Hs,Ms,N2,N2 

( 

INTEGERS 

130 

T=2. *PI/H 

140 

FOR  Ns=0  TO  N/4 

150 

Cos<Hs)=COS<T*Ns) 

1 

QUARTER-COSINE  TABLE 

160 

NEXT  Ns 

170 

M=Fiftax/De 1 1  af 

180 

REDIM  Real  siv>en<0:  M) 

190 

CALL  Input  real  euen <! De  1 1  af  ,  Fmax 

,Realeven<*)>  •  RESIDUAL 

200 

MAT  X=<0.  ) 

1 

ATTENUATION  RLPHA2 

210 

MAT  Y=<0.) 

220 

X<0)=.5»Rea1 ewen<0) 

230 

Ms*M  MODULO  H 

240 

X<M£)=. 5»R€a1 6ven<N) 

250 

FOR  Ns»l  TO  M-1 

260 

ms=N£  modulo  H 

1 

COLLAPSING 

270 

X<Ms)*X<Ms)+Rea1euen<Ns) 

280 

NEXT  Ns 

290 

CALL  Fftl4<N,Cos<*),X<*),Y<«)) 

1 

FOURIER  TRANSFORM 

300 

N2«Hx2 

f 

INTO  TIME  DOMAIN 

310 

GINIT 

320 

PLOTTER  IS  "GRAPHICS" 

330 

GRAPHICS  ON 

340 

WINDOW  -H2,N2,-6,2 

350 

LINE  TYPE  3 

360 

GRID  Hx8, 1 

370 

PRINT  "FOURIER  TRANSFORM  <TIME 

DOMAIN)" 

380 

FOR  Ns=-H2  TO  N2 

390 

Ms=Ns  MODULO  N 

400 

PLOT  Ns,LGT<ABS<X<Ms)  )-*-l  .E-99) 

! 

TIME  DOMAIN  FUNCTION 

410 

NEXT  Ns 

420 

PENUP 

4  30 

PAUSE 

440 

MAT  Y*<0.  ) 

450 

T=4, xN 

1 

2  Deltaf  »  2  /  <N  Deliaf) 

460 

FOR  M5*0  TO  N2 

470 

X(M£)=X<M£)*T 

! 

DOUBLE  FOR  POSITIVE  TIME 

480 

NEXT  Ms 

490 

X<0)=X<0>».5 

500 

X<N2)=X<N2)». 5 

510 

FOR  M£=N2+1  to  N-1 

520 

X<Ms>=0. 

! 

ZERO  FOR  NEGATIVE  TIME 

530 

NEXT  Ms 

540 

CALL  Fft  i4<H,Cos<*),X<:*),Y<*)) 

! 

FOURIER  TRANSFORM 

550 

M2*M*2 

! 

INTO  FREQUENCY  DOMAIN 
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560  GCLERR 

570  WINDOW  0,M2,-I, 1 

580  LINE  TYPE  3 

590  GRID  N/16, .2 

€00  PRINT  ''ORIGINAL  INPUT  (FREQUENCY  DOMAIN)" 

610  FOR  Ns=0  TO  MIN(M,N2> 

620  PLOT  Ns,Realeuen<Ns)  !  ORIGINAL  INPUT 

630  NEXT  Ns 

640  PENUP 

650  PAUSE 

660  LINE  TYPE  1 

670  FOR  Ns=0  TO  M2 

680  PLOT  Ns,X<Ns)  !  F-T-F  APPROXIMATION 

690  NEXT  Ns 

700  PENUP 

710  PAUSE 

720  DATA  -38.6, -48.2, -54.8,-60.4,-76.2,-82.  1,-94.5,-103.8,-109.  1,-1  17.1 

730  DATA  -124.1,-134.0,-143.1,-152.9,-163.1,-172.4,179.1,171.1,164.2,157.9 

740  DATA  152.8,147.1,142.8,135.8,131.9,128.7,122.8,118.7,115.1,110.6 

750  DATA  105.9,103.4,102.8,99.9,98.6,93.8,93.1,91.2,89.6,89.5 

760  DATA  89.6,89.6,89.2,88.1,85.6,84.5,82.0,81.1,79.0,74.7 

770  DATA  71.4,66.5,61.3,55.1,48.1,41.6,34.0,29.3,22.0,16.1 

780  DATA  12. 2, 5. 7, 2. 4, -3. 1,-6. 5, -11. 3, -16. 2, -21. 2, -25. 7, -29. 7 

790  DATA  -33.4,-37.0,-40.7,-43.5,-47.0,-49.5,-51.6,-54. 1 , -56. 2, -59. 4 

800  DATA  -61.0,-62.4,-64.2,-66.7,-68.7,-71.4,-74.6,-78. 1 , -8 1 . 4 , -83 . 8 

810  DATA  -88.7,-91.3,-95.0,-98.7,-103.1 

820  READ  Phase<*)  !  MEASURED  PHASE  IN  DEGREES 

830  FOR  Ns*22  TO  100 

840  Phase<Ns)»Phase<Ns)-360.  !  UN-WRAPPING  OF  PHASE 

850  NEXT  Ns 

860  MAT  Phas«*Pha5e*(-PI/180. )  «  MEASURED  PHASE  IN  RADIANS 

870  T*2.*Pl*De1taf 

880  FOR  Ns*0  TO  N2 

890  W=T*Ns 

900  Phas©app  =  ATN<<W-B)/'A)+RTN<<W+B)-'A>  !  PHASE  BETAl  OF  APPROX. 

910  X<Ns)=Phas©app+Y<Ns)  !  CALCULATED  PHASE  IN  RADIANS! 

920  NEXT  Ns  !  BETA  »  BETAl  ♦  BETR2 

930  GCLEAR 

940  WINDOW  0, 180,0, PI«1. 25 

950  LINE  TYPE  1 

960  GRID  20,PI».25 

970  PRINT  "PHASE  (FREQUENCY  DOMAIN)" 

980  FOR  Ns=0  TO  180 

990  PLOT  N5,X(Ns)  !  PHASE  VIA  FOURIER  PROCEDURE 

1000  NEXT  Ns 

1010  PENUP 

1020  LINE  TYPE  3 

1030  FOR  Ns*6  TO  100 

1040  PLOT  Ns,Phas©(Hs)-Ns».0448  •  MEASURED  PHASE  WITH 

1050  NEXT  Ns  «  TIME  DELAY  CORRECTION 

1060  PENUP  \  OF  1.43  MILLISECONDS 

1070  PAUSE 

1080  END 

1090  ! 
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1100  SUB  Ff i MCDOUBLE  N.REfiL  Cos < » ) , X< » > , Y( * ) )  !  N< «2- 1 4» 1 6384 }  0  SUBS 
1110  DOUBLE  Log2n,Nl,N2,M3,N4,  J,K  !  INTEGERS  <  2^31  «  2,147,483,648 
1120  DOUBLE  II, 12, 13, 14, 15, 16, 17, 18, 19, 110, 111, 112, 113, 114, L(0il3> 

1130  IF  N=1  THEN  SUBEXIT 

1140  IF  N>2  THEN  1220 

1150  fl»X<0)+X<l) 

1160  X< I )=X(0>-X< 1 ) 

1170  X<0)*fl 

1180  fl=Y<0)+YU> 

1190  Y< 1 >=Y<0>-Y< n 

1200  Y<0>*fi 

1210  SUBEXIT 

1220  R*L0G(N)^L0G<2. > 

1230  Log2n»fl 

1240  IF  HBS<:fi-Log2n)<l.E-8  THEN  1270 

1250  PRINT  "N  ="|Nj"IS  NOT  fl  POWER  OF  2j  DISALLOWED." 

1260  PAUSE 

1270  N1=1V4 

1280  N2=N1+1 

1290  N3*H2+1 

1300  H4=M3+N1 

1310  FOR  11=1  TO  Log2n 

1320  I2=2''<Log2n-1 1  ) 

1330  13=2*12 

1340  14=tV13 

1350  FOR  15=1  TO  12 

1360  I6=<I5-1)*I4+1 

1370  IF  I6<=N2  THEN  1410 

1380  Al  =  -Cos<M4-I6-n 

1390  fi2=-Cos< I6-N1-1 ) 

1400  GOTO  1430 

1410  fll=Cosa6-l> 

1420  fl2*-Cos<H3-I6-l ) 

1430  FOR  17=0  TO  H-I3  STEP  13 

1440  18=17+15-1 

1450  19=18+12 

1460  T1=X<I8) 

1470  T2=XCI9) 

1480  T3=Y(I8) 

1490  T4=Y<I9) 

1500  fl3=Tl-T2 

1510  A4»T3-T4 

1520  X(I8)=T1+T2 

1530  YCI8)*T3+T4 

1540  X< I9)*AI*R3-R2*fl4 

1550  Y<I9)«A1*R4+R2*fl3 

1560  NEXT  17 

1570  NEXT  15 

1580  NEXT  11 
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1590  ll=Log2n+l 

1600  FOR  12*1  TO  14 

1610  L<12-1>=1 

1620  IF  I2>Log2n  THEN  1640 

1630  L<I2-n«2''<Il-I2) 

1640  NEXT  12 

1650  K=0 

1660  FOR  11=1  TO  L<13) 

16?0  FOR  12=11  TO  L<12)  STEP  L<13) 

1680  FOR  13=12  TO  L<11)  STEP  L<12) 

1690  FOR  14=13  TO  L<10)  STEP  L<11) 

1700  FOR  15=14  TO  L<9)  STEP  L<10) 

1710  FOR  16=15  TO  LCS)  STEP  L<9> 

1720  FOR  17=16  TO  L<7)  STEP  L<8> 

1730  FOR  18*17  TO  L<6)  STEP  L<7) 

1740  FOR  19=18  TO  L<5>  STEP  L<6) 

1750  FOR  110=19  TO  L<4)  STEP  L(5) 

1760  FOR  111=110  TO  L<3>  STEP  L<4) 

1770  FOR  112=111  TO  L<2)  STEP  L<3) 

1780  FOR  I13»I12  TO  L<1)  STEP  L<2> 

1790  FOR  114=113  TO  L<0>  STEP  L<1> 

1800  J=I14-1 

1810  IF  K>J  THEN  1880 

1820  fl=X<K) 

1830  X<K)=X<J) 

1840  X<J)=« 

1850  fi=Y<K) 

I860  Y<K)=Y<J) 

1870  Y<J)=fl 

1880  K=K+1 

1890  NEXT  114 

1900  NEXT  113 

1910  NEXT  112 

1920  NEXT  Ill 

1930  NEXT  110 

1940  NEXT  19 

1950  NEXT  18 

I960  NEXT  17 

1970  NEXT  16 

1980  NEXT  15 

1990  NEXT  14 

2000  NEXT  13 

2010  NEXT  12 

2020  NEXT  II 

2030  SUBEND 

2040  I 
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2050  SUB  Inp<.n_re*l_«w«n<De  1 1  aif ,  Fm*x,  Real  «ven<*>  ) 

2060  DOUBLE  Ns  If^TEfER 

2070  flLLOCRTE  Db<6: 180)  «  30j900  HZ 

2080  DflTR  41.3,44.3,46.1,47.6,49.9,51.4,52.9,54.4,54.8,56.3 

2090  DflTfi  57.0,57.4,57.9,58.6,59.0,59.1,59.0,58.9,58.9,58.8 

2100  DRTfi  58.6,58.1,58.2,58.1,58.0,57.9,57.8,57.2,56.9,56.7 

2110  DRTR  56.6,56.4,56.3,56.2,55.7,55.6,55.4,55.0,54.9,55.2 

2120  DRTR  55.2,55.7,55.7,56. 1,56. 1,56.6,56.9,57.5,58.3,58.6 

2130  DRTR  59.0,59.7,60.3,60.7,60.9,61.1,61.1,61.2,61.0,60.9 

2140  DRTR  60.7,60.6,60.4,60.2,60.0,59.9,59.6,59.4,59.3,58.7 

2150  DRTR  58.5,58.3,57.8,57.5,57.3,57.0,56.7,56.3,56.1,55.9 

2160  DRTR  55.7,55.5,55.6,55.6,55.4,55.3,55.4,55.3,55.6,55.3 

2170  DRTR  55.4,55.0,55.0,55.0,54.8 

2180  REDIN  Db(6i 100) 

2190  RERD  Db<*) 

2200  MRT  Db=Db+':  100.  )  !  MERSURED  DB  GRIN 

2210  REDIM  Db<6{ 180) 

2220  FOR  Ns»101  TO  180  !  RUGMENTED  DB  GRIN 

2230  F»Deltaf*Ns 

2240  Tl=<F-550. )*.04 

2250  T2*<F-580. )*.04 

2260  Db<Ns)  =  154.8-5.*EXP<-Tl*Tl)-5.*EXP<:-T2*T2) 

2270  NEXT  Ns 

2280  MRT  Rea1euen»<0. ) 

2290  COM  R,B,C 

2300  fl2*R*fl 

2310  B2»B»B 

2320  C2=C»C 

2330  D1=<R2+B2)*<fi2+B2) 

2340  D2»2. *<R2-B2) 

2350  T»2.»PI»DeUaf 

2360  FOR  Ns*6  TO  180 

2370  W=T*Ns 

2380  W2=W*M 

2390  W4=W2*W2 

2400  P  =  C2»W4-'<D1+D2*W2  +  W4) 

2410  Rttenapp=-. 5*L0G<P)  !  RPPROX.  RTTEN.  RLPHRl 

2420  RttensDb<Ns)/'<-8.686)  !  RTTENURTION  RLPHR 

2430  Real  ever(<Ns)»Rtten-flttenapp  !  RESIDURL  RTTEN.  flLPHR2 

2440  NEXT  Ns 

2450  SUBEND 
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ABSTRACT 

The  response  of  equispaced  arrays,  either  linear,  planar,  or 
volumetric,  to  distributed  spatial  fields,  typically  encounters 
integrals  which  involve  the  kernel  sin{Mx)/sin(x)  or  its  square. 
Since  this  kernel  oscillates  rather  fast  with  x  for  large  N  and 
does  not  decay  with  x,  numerical  integration  of  such  functions 
can  be  very  time  consuming.  By  resorting  to  Parseval's  theorem, 
such  integrals  can  be  significantly  simplified,  requiring  only 
the  Fourier  transform  of  the  complementary  part  of  the  integrand. 
This  procedure  is  investigated  and  applied  to  several  typical 
examples;  programs  for  the  examples  are  also  included. 
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EVALUATION  Of  INTEGRALS  AND  SUMS 
INVOLVING  l8in(Mx)/sin(x) j" 

INTRODUCTION 

The  response  of  an  equiweighted  equispaced  line  array  to  a 
distributed  field  involves  the  kernel  sin(Mx)/sin{x)  or  its 
square,  depending  on  whether  the  voltage  or  power  response, 
respectively,  is  of  interest  (1,2].  Numerical  evaluation  of  such 
integrals  can  be  very  time  consuming  for  two  reasons:  this  kernel 
oscillates  quickly  with  x  for  large  N,  and  it  does  not  decay  with 
X.  This  necessitates  fine  sampling  in  x  and  large  integration 
regions,  both  of  which  can  lead  to  a  significant  computational 
burden,  especially  for  two-dimensional  or  three-dimensional 
arrays.  The  object  of  this  report  is  to  give  an  alternative 
numerical  procedure  that  can  be  very  advantageous  in  some  cases, 
and,  in  fact,  leads  to  closed  forms  for  some  examples. 

The  procedure  is  also  applied  to  summations  involving  the 
same  kernel.  Its  utility  depends  on  the  rate  of  decay  of  the 
complementary  part  of  the  original  integrand,  as  compared  with 
the  Fourier  transform  of  this  component.  In  any  event,  an 
alternative  is  presented  for  the  user  to  consider  in  any 
numerical  investigation. 
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GENERAL  APPROACH 

For  arbitrary  function  g(t),  define  its  Fourier  transform  as 

G{w)  -  J  dt  exp(-iwt)  g(t)  .  (1) 

(Integrals  without  limits  are  over  the  range  of  nonzero 
integrand.)  Then  Parseval's  theorem  states  that  the  following 
two  alternative  integrals  are  equal; 

V  -  J  dt  g(t)  h*(t)  -  ^  J  dco  G{oi)  H*(w)  ,  (2) 

Here,  H(w)  is  the  Fourier  transform  of  h(t).  Now,  if  H(w)  takes 
on  a  noticeably  simpler  form  than  h(t),  then  the  second  integral 
in  (2)  can  offer  an  attractive  alternative  to  the  first  integral 
in  (2).  That  will  indeed  be  the  case  here. 
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This  result  indicates  that  if  G((»>),  the  Fourier  transform  of 
g(t),  can  be  evaluated,  then  the  t  integral  in  (5A)  is  given  by  a 
finite  sum  of  equispaced  samples  of  G((»>)  at  increment  2y.  The 
(complex)  function  g(t)  in  (5A)  is  arbitrary,  except  that  the 
integral  must  converge.  When  G(w)  cannot  be  analytically 
evaluated,  then  proper  application  of  a  fast  Fourier  transform 
procedure  to  g(t)  can  be  tailored  to  yield  precisely  the  equi¬ 
spaced  samples  required  for  the  right-hand  side  of  (5A);  this 
technique  and  a  program  is  detailed  in  appendix  A. 
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An  alternative  more  explicit  form  of  (5A)  illustrates  the 
calculations  required: 


'(M-l)/2 


G(2Yn)  for  M  odd 


n-(l-M)/2 


(5B) 


M/2-1 


n— M/2 


G(Y+2Yn)  for  M  even 


If  function  G(w)  is  even  in  m,  then  (5A)  simplifies  to 


n- A 

E' 


G(0)  +  2  /  G(y®)  for  M  * 


n— X 

E' 


G( Ym)  for  M  -  2,4,6,.. 


A  program  for  (6)  is  given  in  appendix  B. 


CASE  2 


For  integer  M  >  1  and  constant  y  >  0,  consider  the 
alternative  special  choice  of  h(t)  as 


h2(t) 


'sin(MYt; 
.sin(  Yt ) 


M-1 

^  ^  expl i Yt ( 2n-2k ) J 
n,  k«0 


(7A) 


n*"X 

(M  -  |m|)  exp(i2Ytm)  , 


m-l-M 


(7B) 
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where  we  used  (3).  There  is  no  prime  on  the  summation  in  (7B) 
because  all  terms  from  1-M  to  M-1  are  to  be  included.  The 
Fourier  transform  of  h2{t)  is 


H2(«) 


m»l-M 


m|  )  4( w  -  2Yni)  . 


(8) 


The  use  of  (7A)  and  (8)  in  (2)  yields 


dt  g(t) 


rsin(MYt )r 
Lsin(Yt)  J 


M-1 


■  E -  |m|)  G{2Ym) 


(9) 


m-l-M 


Again,  the  integral  of  interest  is  given  by  a  finite  sum  of 
samples  of  the  Fourier  transform  of  g(t),  also  at  increment  2y 
in  (0.  The  fast  Fourier  transform  technique  and  program  presented 
in  appendix  A  is  relevant  here  also.  If  G(6))  is  even  in  u,  then 
we  can  express  (9)  as 

M-1 

V2  -  M  G(0)  +  2  ^  {M  -  m)  G(2Ym)  for  all  M  >  1  .  (10) 

m-1 

A  program  for  (10)  is  given  in  appendix  B. 


CASE  3 

For  arbitrary  weights  and  frequencies  with 

h3^t)  ■  exp(iYj^t)  ,  (llA) 

m 

then  we  have  a  generalization  of  (3),  with 
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H2(w)  -  2n  ^  S(cD  - 


r_)  . 

hI 


(llB) 


(Summations  without  limits  are  over  the  range  of  nonzero 
summand.)  Use  of  these  expressions  in  general  result  (2)  yields 


dt  g(t)  ^  w 

«w 


m  “P<-IV> 


_  G(y  ) 
m  m 


(lie) 


Again,  the  Fourier  transform  of  g(t)  is  required,  but  now  at 
general  arguments  {Yjjj}. 


CASE  4 


Function  h2(t)  in  (7)  is  a  special  case  of  the  weighted  array 


power  response 


E2  r — I 

Wj^  exp(-i2Ytk)  -  y  ♦(m)  exp(-i2Ytm)  ,  (12A) 


where  ^(m)  is  the  autocorrelation  of  the  weights: 


“>  -  E  "k  "k-m  ■ 


(12B) 


The  integral  in  (9)  is  then  generalized  to 
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t 

dt  g(t) 


exp( -i2Ytk ) 


♦(m)  G(2Ym)  , 


U3A) 


upon  use  of  (IZA),  where  g(t)  can  be  complex  and  nonsymmetric. 
Thus,  integral  requires  the  autocorrelation  of  weights  {Wj^} 
and  the  Fourier  transform  of  g(t)  for  its  evaluation.  The 
earlier  result  in  (9)  corresponds  to  weights  Wj^  -  1  for 
1  <  k  <  M. 

When  function  g(t)  is  real  (but  possibly  nonsymmetric)  and 
the  weights  are  real,  (13A)  can  be  simplified  to 


♦  (0) 


Gj.(0) 


Gj.(2Ym) 


(13B) 


where  C^(<a)  is  the  real  part  of  Fourier  transform  6((i>)  in  (1). 
A  program  for  (13B)  is  given  in  appendix  B. 
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EXAMPLES 


EXAMPLE  A 


The  first  example  of  interest  is 


ga(t)  - - 5 - 2 

Its  Fourier  transform  is 


,  8  >  0 


Ga(w)  -  ^  exp(-i//w-8|a)|  )  , 


for  which  the  real  part  is 


Gar(w)  ”  ^  cos(/iw)  exp(-8|w|)  . 


Since  integral  (5)  is  obviously  real  for  example  (14),  we 


obtain 


r  .  _ ^ 


_  sin(MY 
,2  sin(Yt 


n—x 

If —■■■■» 

r  ‘  £'  • 


m«l-M 


Substitution  of  (16)  in  (17)  yields  the  closed  form  result 


_ dt  sin(MYt ! 

(t-^)2  ^  ^2  sin(Yt) 


^  E  C 
8D  M+3  M-1 


®M+1  ^M+1 


Cj^  Ej^  (1  -  E2)  for  M  even 


j  (1  -  E^ )  for  M  odd 


where 


*  exp(-8Y»)  »  -  cos(//Ym)  ,  D  »  1  -  2  C,  +  E.  . 
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A  program  for  (18)  and  (19)  follows;  it  is  written  in  BASIC  for 
the  Hewlett  Packard  9000  computer. 


10  INPUT  M, Bet a, Gamma, Mu  !  Beta  >  0,  Gamma  >  0 

20  B»Beta*Gamma 
30  C*Mu*Gamma 
40  E-EXP(-B*2) 

50  IF  (M  MODULO  2)-l  THEN  80 
60  F-COS(C)*SQR(E)*( 1-E) 

70  GOTO  90 
80  F-.5-.5*E*E 

90  A-E*COS(C*(M-l) )-COS(C*(M+l) ) 

100  A-A*EXP(-B*(M+1) )+F 

110  Vla-A*2*PI/(Beta*(l-2*E*COS(C*2)+E*E) ) 

120  PRINT  Via 
130  END 


When  we  instead  substitute  (14)  and  (16)  in  (9),  there 
follows 

V  -  dt  rsin(MYt)l^  ^ 

^  p2  Isin(Yt)  J 


M-1 

E 

1-1- 


(M 


|m|)  co8(2yt/Ym)  exp(-23Y|m|  ) 


(20) 


This  finite  sum  can  be  written  in  compact  form  by  use  of 
{3;  0.113].  Namely,  define  here 


E  -  exp(-23Y)  »  C  •  cos(2^y)  t  S  *  sin(2/t/Y)  t 

Ejj  -  exp(-2eYM),  Cpj  ■  cos(2;/yM),  «  sin(2/UYK), 

A-l-E^,  B«l+E^,  D=B-2EC.  (21) 


Then 
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V 


2a 


dt 


rsin(MYt  )1 

LsinCrt)  J 


inf” 

PD 


[f  ^  ®  2  ®m]]  • 


A  program  for  (21)  and  (22)  follows. 


10  INPUT  H, Beta « Gamma , Hu  I  Beta  >  0,  Gamma  >  0 

20  Tb=2*Beta*Gamma 
30  Tm»2*Mu*Gamma 
40  E-EXP(-Tb) 

50  A»E*E 
60  B-l+A 
70  A-l-A 
80  C«COS(Tm) 

90  D=B-2*E*C 

100  Em-EXP(-Tb*M) 

110  T-(C*B-2*E)*( l-Em*COS(Tm*M) ) 

120  T«T+SIN(Tm)*A*Em*SIN(Tm*M) 

130  T*. 5*M*A-T*E/D 

140  v2a»T*2*PI/(Beta*D) 

150  PRINT  V2a 
160  END 


EXAMPLE  B 

The  next  example  ‘■o  be  considered  is 

g.U)  -  - 5 - 5-  ,  8  >  0  ,  a  >  0  .  (23) 

Since  gjj(t)  is  a  product  of  two  functions,  its  Fourier  transform 
Gj^(w)  is  given  by  a  convolution  of  the  individual  transforms. 

The  Fourier  transform  of  the  first  term  in  (23)  has  already  been 
encountered  in  (15),  and  the  Fourier  transform  of  the  second  term 
in  (23)  is  a  rectangle  located  on  interval  (-a,  a)  in  w. 
Therefore,  G.  (w)  is  given  by  convolution 
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(•)+« 


Gb(<*>)  *  2^8  J  exp(-i^u--p|u|  ) 


(24) 


w-a 


Since  g^(t)  in  (23)  is  real,  we  need  only  evaluate  the  real  part, 
Gbr^w),  of  Gb(«).  With  the  aid  of  auxiliary  variables 


<a 


COSifJlJi)  ,  S 


(«> 


sin(/ya)), 


coshOw), 


sinh(  0a>) , 


C  «  cos(/ia),  S  -  sin(/ia),  C  «  coshOa),  S  «  sinh(Pa) 
ot  a  ~"a  ~oc 

B, 


B. 


c 

—Oi 

(P 

C  - 
a 

^  s^) 

+  s, 

—CO 

^co 

(fJ 

C  + 
a 

P 

S 

—a 

C 

a 

(P 

- 

+  C 
—a 

S 

a 

(/J 

C  + 
(0 

P 

W 


(25) 


we  find  that  Gbj(w)  is  given  by 


=br<“' 


op 


'fi  -  exp(-Po)  for  0  <  w  <  o' 

exp(-P(«))  B2  for  o  <  (0  | 


.  (26) 


To  complete  the  description,  we  observe  that  Gbr^“^  even  in  w 
because  gb^t)  is  real.  A  program  for  Gbp(»)  follows,  where  we 
have  made  the  following  identifications:  W  ■  u>,  A  ■  o,  B  ■  P, 

U  m  fj . 


10 

DEF  FNGbr(W,A,B,U) 

100 

20 

Wa-ABS(W) 

110 

30 

F*PI/(A*B*(B*B+U*U) ) 

120 

40 

Ea»EXP(-B*A) 

130 

50 

Ew-EXP(-B*Wa) 

140 

60 

Ca-COS(U*A) 

150 

70 

Cw-COS(U*Wa) 

160 

80 

Sa»SIN(U*A) 

170 

90 

Sw-SIN(U*Wa) 

180 

190 

IF  Wa<A  THEN  150 
Ra*l ./Ea 

T-(Ra-Ea)*Ca*(B*Cw-U*Sw) 
B2-.5*(T+(Ra+Ea)*Sa*(U*Cw+B*Sw) ) 
RETURN  F*EW*B2 
Rw-1 ./Ew 

T-(Rw+Ew)*Cw*(B*Ca-U*Sa) 
Bl«.5*(T-»-(Rw-Ew)*Sw*(U*Ca  +  B*Sa)  ) 
RETURN  F*(B-Ea*Bl) 

FNEND 
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If  we  now  employ  (23)  in  (5),  we  obtain 


{t-/y) 


s i n ( at )  sin( Myt ) 
at  sin(Yt) 


ri— A 

E' 

m-l-M 


Gbp(Yro)  , 


(27) 


where  Gj^^(a»)  is  given  by  (25),  (26),  and  its  even  property. 

Since  there  is  a  break  in  the  analytic  form  for  Sr^  w)  at  <»)  »  +a, 
it  is  not  reasonable  to  perform  the  summation  in  (27)  in  closed 
form;  those  terms  in  (27)  for  Y|ni|  <  a  utilize  the  upper  line  of 
(26),  while  those  for  Y|m|  >  o  utilize  the  lower  line  of  (26). 
However,  since  G^^(a))  is  even  in  »,  the  simplification  in  (6)  is 
applicable . 

Instead,  when  (23)  is  substituted  in  (9),  there  follows 


,  (t-//; 


sirt(  at) 
at 


.sin(  rt ) 


■■  E 


m»l-M 


-  |ml  )  Gj^^(  2Ym) , 


(28) 


where  Gjj^(co)  is  given  by  (25)  and  (26).  Again,  the  break  in  form 
of  Gj^j,(w)  at  «  -  ±a  precludes  a  closed  form  result  for  the 
summation  in  (28);  also,  the  simplification  in  (10)  is 
immediately  applicable  to  (28). 
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EXAMPLE  C 

The  final  example  is 


g^tt) 


j-sinj^j 


$  >  0 


>  0 


(29) 


The  Fourier  transform  of  the  second  term  in  (29)  is  a  triangle 
located  on  interval  (-2a,  2a)  in  w.  Therefore,  G^(u)  is  given  by 
convolution 


00+ 2  a 

Gc(w)  -  2^  J  exp(-i//u-8|u  1  )  -  I— .  (30) 

00— 2  a 


Because  g_(t)  is  real,  only  the  real  part  of  (30)  is  needed. 
This  tedious  calculation  has  been  carried  through,  with  the 
following  result;  define  auxiliary  variables 


R  =  I  =  23/y,  D  =  3^+#/^, 

C  «  cosh{23a)»  S  “  sinh(23a)/ 

—a  —a 

»  cosh(3oo)  ,  «  sinh(3oo)  , 


C, 

(R  C  - 

I 

S  ) 

*  s,. 

S  , 

— w 

00 

a 

a 

—00 

C 

C 

(R  C,,  - 

I 

s,  ) 

+  S 

S 

— o  o 

R  C  - 
00 

00 

I  S 

00 

00 

—a 

a 

Then  we  find  that  real  part 


II 

3 

u 

exp(-3oo)  , 

E^  =  exp(-23a)  , 

C  - 
a 

cos ( 2^a) , 

-  sin(  2/ua)  , 

cos(//oo)  , 

S„  =  sin(//oo)  , 
00 

(R  S 

+  I  C  )  , 

a 

a 

^  I  ' 

(31) 


=cr'“' 


2  2 
2o^3D^ 


fD  3  (2a  -  00)  -  C  +  E^  for  0  <  oo  <  2a'| 


-  E  C  +  E  C-,  for  2a  <  w 
00  00  2 


.(32) 
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Also, 

=cr'“' 

is  even  in 

w.  A  program 

for 

^cr 

where 

3 

■ 

A  >  a,  B  ■ 

3,  U  ■  /tf. 

10 

DEF  FNGcr (W,A,B,U) 

!  A  >  0 

,  B 

>  0 

20  Wa-ABS(W) 

30  Tb-2.*A*B 

40  Tu-2.*A*U 

50  Bw-B*Wa 
60  Uw-U*Wa 
70  B2-B*B 
80  U2-U*U 
90  R»B2-U2 

100  I-2.*B*U 

110  D-B2+U2 

120  EW*EXP(-BW) 

130  Ea-EXP(-Tb) 

140  Ca«COS(Tu) 

150  Sa»SIN(Tu) 

160  Cw-COS(Uw) 

170  Sw-SIN(Uw) 

180  C-R*Cw-I*Sw 

190  IF  Wa<2.*A  THEN  250 

200  Ra*l./Ea 

210  C2*=.5*(Ra+Ea)*Ca*C 

220  C2«.5*(Ra-Ea)*Sa*(R*Sw+I*Cw)+C2 

230  T=Ew*(C2-C) 

240  GOTO  250 
250  Rw«1./Ew 

260  Cl-.5*(Rw+Ew)*Cw*(R*Ca-I*Sa) 

270  Cl-.5*(Rw-Ew)*Sw*(R*Sa+I*Ca)+Cl 
280  T-D*{Tb-Bw)-Ew*C+Ea*Cl 
290  RETURN  PI*T/( Tb*A*D*D) 

300  FNEND 


( <*)) 


is  listed  below. 


We  now  substitute  (29)  into  (5)  and  get 


I 


t 


dt 

■sin(at)' 

^  sin(MYt) 

.  (t-//)^  --  3^ 

L  at  J 

5in( yt ) 

M-1 


m-l-M 


G^,(Ym) 


(33) 


where  G^j.(w)  is  given  by  (31),  (32),  and  its  even  character.  The 

I 

j  break  in  form  in  (32)  at  w  -  +2a  precludes  a  closed  form  for  the 

sum  in  (33).  iiowever,  (6)  is  still  applicable. 

I 
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When  (29)  is  utilized  in  (9),  there  follows 


2c 


dt  rsin(ttt)]^  rsin(MYt)]^ 
{t~u)^  +0^  at  J  isin(Yt)  J 


«-l 

E 

m-l-M 


^  (M  -  |m|  )  G^j.{2Ym) 


Equation  (10)  may  also  be  employed  here. 


SPECIAL  CASES 


If  we  set  M  =  1  in  (17),  there  follows 


dt 


G..(0) 


P  ' 


where  we  used  (16).  The  same  case  in  (27)  yields 


dt  sin{at)  „ 

2  ^2  “  ^br’°^ 


+  p 


{P  -  exp(-Pa)  IP  cos(/>a)  -  /u  sin(//a)]}  , 


upon  use  of  (26)  and  (25).  Finally,  from  (33), 


(34) 


(35) 


(36) 
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j 


dt 


sin( at )1 

at  J 


cr 


(0)  - 


- 5 - -  f2aP(P^  +  //^)  -  R  +  E  (R  C  -  I  S^)]  , 


using  (32)  and  (31). 


(37) 
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APPLICATION  TO  SUMS 


In  this  section,  it  is  more  convenient  to  use  Parseval's 
theorem  (2)  in  the  form 


V  -  J  dt  g(t)  h*(t)  -  J  df  G(f)  H*(f)  , 


(38) 


where  Fourier  transform 


G(f)  «  J  dt  exp(-i2iift)  g(t) 


Now,  we  take  as  our  candidate  h(t)  function, 


h(t)  -  p(t)  A6.{t)  , 


(40) 


where  5^(t)  is  the  infinite  impulse  train 


8^(t) 


8(t  -  kA) 


(41) 


The  Fourier  transform  of  h(t)  is  then 


H(f)  «  P(f)  9  »  y  P  (f  -  I)  ,  (421 


where  P(f)  is  the  Fourier  transform  of  p(t),  ®  denotes 
convolution,  and  we  have  utilized  the  fact  that  the  Fourier 
transform  of  impulse  train  A8^(t)  is  another  impulse  train, 
Sl/,(f). 

Substitution  of  (40)  and  (42)  in  (38)  yields 
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V 


g(kA)  p*(ka) 


E  I  df  G(fl  P*(f  -  I)  . 


(43) 


For  general  p(t)  and  P(f),  this  will  not  be  a  useful  relation, 
since  the  right-hand  side  of  (43)  is  an  infinite  sum  of 
integrals.  However,  we  will  be  interested  here  only  in  the 
special  cases  of 


p(  t ) 


•sin(MYt)1“ 
.sin(Yt)  ' 


n  integer  . 


(44) 


CASE  n  =  0 

For  n  «  0,  the  above  relations  specialize  to 

p(t)  -  1  ,  P(f)  -  6(f)  , 

H(£>  -  ^  j(f  -  I)  , 
k 

Vq  -  A  ^  g(kA)  -  g(|)  .  (45) 

k  k 

This  is  a  discrete  version  of  Parseval's  theorem.  Although  one 
infinite  sum  has  been  traded  for  another,  we  can  now  choose  that 
alternative  that  has  the  most  rapidly  decaying  (and/or  easily 
computed)  summand  for  numerical  evaluation. 
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CASE  n  -  1 


Again,  we  have  an  alternative  infinite  sum  (48)  that 
hopefully  decays  faster  than  the  original  sum  (47).  The 
sin(Mx )/sin( X )  term  does  not  help  convergence  in  (47)  because 
this  term  never  decays  for  large  x.  Although  (48)  is  a  double 
sum,  the  summation  on  m  only  contains  M  terms;  the  utility  of 
(48)  depends  heavily  on  the  asymptotic  decay  of  G{£)  for  large  f. 
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CASE  n  -  2 


With  the  aid  of  (7),  we  now  find 


M-1 


"  .sin  (  yU  ^  “  X]  ~  exp(i2Ytni)  , 


ra«l-M 


M-1 

P{f)  “  X!  <”  ■  ^ 

m«l-M 


M-1 


H<«)  -  ^  ^  -  |m|)  s(£  -  I  -  , 


k  m-l-M 


-2  -  ^  E  9(K..  - 


k 

M-1 


Y1  ^  -  i"i'  o(i  +  • 


k  m-l-M 


(49) 


(50) 


EXAMPLE 


Consider,  as  in  (14)  and  (16), 


gg(t) 


1 

2  2  ' 


G^p{f)  -  I  cos(2«//f)  exp(-2n8|f|)  . 


(51) 


The  summations  in  (47)  and  (49)  are  very  slowly  decaying,  leading 
to  difficulty  in  attaining  accurate  results.  The  alternatives  in 
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(46)  and  (50)^  on  the  other  hand,  have  exponential  decay  and  can 
be  evaluated  quite  accurately.  The  additional  examples  given 
earlier  in  (23)  -  (26)  and  in  (29)  -  (32),  along  with  the 
corresponding  programs,  lend  reasonable  alternatives  to  some 
otherwise  lengthy  numerical  calculations. 


SOME  RELATED  SUMS 

Here,  we  collect  a  few  closed  form  results  for  sums  involving 
the  sin(Mx)/sin(x)  kernel.  For  ease  of  notation,  define 


Sj^(M,k) 


sin(Mkii/N) 
sin( kn/N) 


(52) 


Observe  that 


S^(M,k)  - 


rM 


iM(-l) 


M-1 


for  k  »  0,  ±2N,  +4N, 


for  k  «  +N,  +3N, . . . 


(53) 


Then,  we  find  the  sum  over  one  interval  to  be 


N-1 

k-0 


rM 


k)  - 


for  M  even 


,N(1  +  2J)  for  M  odd  ) 


(54) 


where 


J  -  INT 


m  • 


(55) 
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The  sum  over  a  double  interval  is 


2N-1 

k-O 


(0  for  M  -  0,2,4, 


k) 


l2N  for  M  -  1,3,  ..  .  ,2N-lJ 


The  correlation  on  the  second  variable  of  S„  is 

N 


N-l 


y"*  Sj^(M,k)  Sj^(M,k+j)  «  N  for  0  <  M  <  N  and  all  j 


k-0 


Finally,  the  correlation  on  the  first  variable  is 


N-l 

y~*  Sj^{M,k)  Sjj(M+2L,k)  -  M(M  +  2L) 

k^ 


^(N  -  M  -  2L) 


+  i 


for  0  <  M  +  L  <  N't 


N(3M  +  2L  -2N)  -  M(M  -»■  2L)  for  N  <  «  +  L 


for  all  M,  L,  N,  whei^e 


M  -  M  MOD  N  ,  L  -  L  MOD  N 


(56) 


.  (57) 


(58) 


(59) 
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SUMMARY 

Extensions  to  integrals  involving  {sin(Mx)/sin(x) j”  for  n  >  2 
are  possible,  based  upon  the  results  presented  here.  For 
example,  starting  from  {12A)  for  arbitrary  weights,  we  could 
consider 


where 


h5(t) 


h^t) 


^ip)  exp(-i2Ytp)  , 


(60) 


')'(p) 


♦  (m) 


* 

♦ 


(m-p) 


(61) 


is  the  autocorrelation  of  sequence  {♦(m)}  defined  in  (12B). 
Therefore,  Fourier  transform 


H5(w) 


S(w  +  2yp)  f 


giving  rise  to 


(62) 


Vg  ■  J  dt  g(t)  hg(t)  -  ♦(p)  G(2yP)  .  (63) 

P 

The  case  of  equal  weights  in  (12A)  now  corresponds  to  n  -  4 

in  the  sine  function  ratio  above,  and  \(/(p)  is  the  autocorrelation 
of  a  triangular  sequence. 
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The  evaluation  of  integrals  and  sums  involving  the  term 
( sin{Mx)/sin(x) )"  can  often  be  simplified  by  the  use  of 
Parseval's  theorem  because  this  term  has  a  Fourier  transform 
which  is  a  finite  sum  of  delta  functions.  Major  effort  can  then 
be  concentrated  on  getting  the  Fourier  transform  of  the 
complementary  part  of  the  integrand.  This  procedure  has  been 
applied  here  to  several  examples  which  arise  in  evaluation  of  the 
response  of  equispaced  arrays  to  distributed  spatial  fields.  For 
more  complicated  fields,  a  fast  Fourier  transform  procedure 
combined  with  the  above  result  leads  to  a  very  efficient  method 
of  integral  evaluations;  see  appendix  A.  Applications  of  this 
procedure  have  been  made  in  [5], 


26 


TR  8689 


APPENDIX  A  -  USE  OF  FAST  FOURIER  TRANSFORM 


The  summations  for  and  V2  in  (5)  and  (9),  respectively, 
require  the  evaluation  of  the  Fourier  transform  of  g(t),  namely 
G(w),  at  equispaced  increment  2y.  But  this  latter  function  can 
be  approximated  by  means  of  the  trapezoidal  rule  according  to 


G{w) 


J  dt  exp(-ia)t) 


g{ t )  - 


E 


exp(-iwAn)  g(nA) 


n 


(A-1) 


where  A  is  the  sampling  increment  in  t.  The  latter  summation  in 
(A-1)  indicates  aliasing  lobes  separated  by  2n/A  on  the  u  axis. 

In  order  to  control  the  aliasing  in  (A-l),  we  must  choose  A  small 
enough,  say  A  <  A^.  Then  samples  of  aliased  approximation  G(a>) 
in  (A-1)  at  multiples  of  2y  are  given  by 


G(2Ym) 


E 


exp(-i2YAmn)  g(nA) 


(A-2) 


n 


Now  since  A  is  arbitrary,  except  for  upper  limit  A^,  choose 


A  - 


n 

Ny  ' 


{A-3) 


where  N  is  an  integer  and  2y  is  the  prescribed  increment  in  u. 

In  order  that  A  be  less  than  A^,  we  must  taJce  integer 

N  >  -5-  .  (A— 1) 

Use  of  (A-3)  in  (A-2)  gives  the  approximation  samples 
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G( 


2Ym)  ■  A  y  ’  exp(-i2iimn/N)  g(n6) 


N-1 

A  y  '  exp(-i2iiinn/N)  g^(nA)  , 
n«0 


where  "collapsed"  sequence  [4;  pages  4-5] 


g^(nA)  m  y  '  g(nA  +  kNA)  for  0  <  n  <  N  -  1 
k 


(A-5) 


(A-6) 


(A-7) 


The  manipulation  from  (A-5)  to  (A-6)  is  exact;  it  avoids 
truncation  error  normally  associated  with  functions  g(t)  which 
decay  slowly  with  t.  The  sum  on  k  in  (A-7)  must  be  carried  out 
(for  each  n)  until  negligible  values  for  g  are  encountered  for 
both  positive  as  well  as  negative  values  of  k. 

Equation  (A-6)  indicates  that  values  of  G(2Yni)  for  m  -  0  to 
N-1  are  available  by  an  N-point  fast  Fourier  transform  when  N 
is  a  power  of  2.  These  are  exactly  the  values  of  G((»>)  needed  for 
the  sum  in  (5b)  for  M  odd,  as  well  as  for  the  sum  in  (9)  for  all 
M.  The  values  for  negative  m  required  in  (5)  and  (9)  are 
available  in  locations  m  mod  N.  A  program  for  these  cases  is 
attached  at  the  end  of  this  appendix. 

In  order  to  get  all  the  desired  values  of  G(2Yro)  required  for 
(9),  without  aliasing,  we  also  require  that  N/2  >  M.  (On  the 
other  hand,  the  requirement  for  (5),  with  M  odd,  is  slackened  to 
N  >  M.)  Thus,  the  final  condition  on  integer  N  is 

N  >  max(:^,  2m]  for  (9)  .  (A-B) 
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For  the  case  of  (5)  with  M  even,  where  the  increment  on  «  is 
2rf  but  starting  at  w  -  y#  we  return  to  (A-1)  to  find  that 

G(y  +  aym)  -  A  y"*  expi-iyAn  -  i2yAmn)  g(nA)  .  (A~9) 

n 

The  same  choice  of  A  in  (A-3)  now  yields 

G(y  +  2ym)  -  A  E  exp( -i2nmn/N)  exp(-iJin/N)  g(nA)  .  (A-10) 


n 


This  result  is  identical  to  (A-5)  except  that  g(nA)  must  be 
replaced  by 


exp(-ian/N)  g(nA)  ■  §(nA) 


(A-ll) 


Calculation  of  the  collapsed  version  of  g  is  eased  by  the 
observation  that 


nA  +  kNA) 


■E 


exp(-in(n  +  kN)/N)  g{nA  +  kNA) 


exp(— ifin/N)  ^  '  (—1)^  g(nA  +  kNA)  for  0  <  n  <  N  -  1  ,  (A-12) 

k 

thereby  leading  exactly  to 


N-1 

G( y  +  2ym)  «  A  ^  exp{ -i 2 nmn/N )  g^(nA) 

n-0 


(A-13) 


29 


TR  8689 


The  leading  phase  factor  in  (A-12)  only  needs  to  be  evaluated  at 
N  different  values  (perhaps  by  recurrence),  and  the  sura  in  (A-12) 
requires  differencing  of  "adjacent"  samples  of  g  spaced  by  NA, 
rather  than  the  straight  suraraation  previously  adequate  for  (A-6) 
and  (A-7).  Condition  (A-8)  applies  here  as  well. 


PROGRAM  FOR  (5B)  WITH  M  ODD,  AND  FOR  (9) 


10 

!  TR  8699,  FFT  EVflLUFITIOM  OF  <9> 

FOR 

ALL  M,  AND  <5>  FOR  H  ODD 

20 

Tl=-3000 

1 

LEFT  EHD  ARGUMENT  FOR  gM  ) 

30 

T2  =  3000 

1 

RIGHT  EHD  ARGUMENT  FOR  gCt) 

40 

De \ t  AO-. 05 

f 

STARTING  Delta,  <8-4) 

50 

{\-7 

1 

INTEGER  IN  (9)  AND  <5) 

60 

Gafitina*  .785 

f 

CONSTANT  IN  (9)  AND  <5> 

70 

T=P I /< Gamma* De 1 1  ao> 

80 

M=l 

90 

IF  H>MflX<T,2*M)  THEM  120 

! 

<A-e) 

100 

H  =  N*2 

1 

H  *  SIZE  OF  FFT 

lie 

GOTO  90 

120 

Ii6  1 1.  a*P  H*Gamma) 

1 

<fl-3),  INCREMENT  IN  l 

1  30 

DOUBLE  M,N,Hs,Hl,H2,Hn 

! 

INTEGERS 

140 

RED  I M  Cos  (  M  ''4  )  ,  X  <  0 1  H-  1  )  ,  Y  <  0 :  H- 

1  ) 

150 

DIM  Cos.<  1024),  X<  4096),  Y<4096) 

160 

T  =  2.  ♦Pl/'H 

170 

FOR  Hs=0  TO  M/'4 

1  80 

Cos  <:h«.)s:C0S<T*Hs) 

1 

QUARTER-COSINE  TABLE 

1  90 

NEXT  Hs 

200 

MHT  X»<0. ) 

210 

HAT  Ya<0. ) 

220 

H1  =  IHT<T1/'D6  Ua) 

2  30 

M2*1HT<T2/De1 ta)+l 

240 

FOP.  Hs«Hl  TO  H2 

250 

T  =  De  H  a*Ms 

1 

ARGUMENT  OF  INTEGRAND 

260 

g=fmg<:t) 

1 

INTEGRAND  g-Ct),  REAL  HERE 

270 

IF  Ns*Hl  THEM  PRIHT  "IMTEGRflHD 

AT 

LEFT  END  **''rG 

280 

IF  Hs«H2  THEN  PRIHT  "IMTEGRflHD 

AT 

RIGHT  END  «''|G 

290 

Hn=Hs  MODULO  H 

300 

X(Mn)=X<Mn)+G 

1 

COLLAPSING 

310 

NEXT  Hs 

320 

MAT  X='X*<De1la) 

330 

CALL  Fft 14(H,Cos<*),XC»),Y<*)) 

1 

0  SUBSCRIPT  FFT 

340 

G I M I  T 

350 

PLOTTER  IS  "GRAPHICS" 

360 

GRAPHICS  OH 
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370  N2*N/'2 

380  WINDOW  -N2,N2,-16,2 

390  LINE  TYPE  3 

400  GRID  N/8,2 

410  LINE  TYPE  1 

420  FOR  Ns=-N2  TO  N2 

430  Nn»Ns  MODULO  N 

440  Xn=X<Nn) 

450  Yn=Y<Nn) 

460  T=Xn*Xn+Yn-»Yn 

470  IF  T>0.  THEN  500 

480  PENUP 

490  GOTO  510 

500  PLOT  Ns,.5*LGT<T)  !  MRGHITUDE  OF  TRANSFORM 

510  NEXT  Ns 

520  PENUP 

530  PAUSE 

540  V2r=V2i=0.  !  <9) 

550  FOR  Ns=l-M  TO  M-1 

560  T«M-fiBS<N£) 

570  Nn=N£  MODULO  N 

580  V2r=V2r+T*X<Nn)  !  <9),  REAL  PART 

590  V2i=V2i+T»Y<Nn)  I  <9>,  IMAG  PART 

600  NEXT  Ns 

610  PRINT 

620  PRINT  “EDGE  VALUES  USED  IN  SUMi  " ;  Nn;  X<  Nn  >  j  Y( Nr. ) 

630  PRINT  "V2r  =  "  j  V2r ,  "V2r/'M''2  *  •■}V2r/M^2 

640  PRINT  "V2i  =  "  |  V2  i  ,  "  V2  i /M''2  »  "}V2i/M''2 

650  PAUSE 

660  Vlr*Vli»0.  !  <5) 

670  IF  <M  MODULO  2)*1  THEN  700 

680  PRINT  “NO  GOOD  FOR  <5)  WHEN  M  IS  EVEN” 

690  PAUSE 

700  Nl=(M-l)/2 

710  FOR  Ns=-Hl  TO  N1 

720  Nn=Ns  MODULO  N 

730  Vlr=Vlr+X<Nn)  I  <5),  REAL  PART 

740  VI i=Vl i+Y<Nn)  !  <5),  IMAG  PART 

750  NEXT  Ns 

760  PRINT 

770  PRINT  "EDGE  VALUES  USED  IN  SUM«  " } Nn> X< Nn > j Y< Nn > 

780  PRINT  "Vlr  *  " | Vlr, “Vlr/M  ■  "jVlr/M 

790  PRINT  "Vli  »  "jVli,"Vli/M  »  "|Vli/M 

800  PRINT 

810  PAUSE 

820  END 

830  ! 

840  DEF  FNG<T)  !  <29)  EXAMPLE 

850  Mu=.71 

860  Beta=. 49061 

870  Alphas. 565 

880  IF  T=0.  THEN  RETURN  1 . /<Mu*Mu+Beta«B«ta) 

890  A=R1pha*T 

900  S=SIN<A)/'A 

910  R=T-Mu 

920  RETURN  S*S/<A»A+Beta*B»ta) 

930  FHEHD 

940  ! 


31 


TR  8689 


950  SUB  Fft  14<riOUELE  M,REftL  Cos  <  ♦  )  ,  X<  *  )  ,  Y  <  *  >  >  !  U<  *2-  1  4=  1 6  384  ;  0  SUBS 

9b0  noUELE  Lc.o2n,Nl,H2,H3,N4,  J,K  »  INTEGERS  <  2^21  '  2,147,483,648 

970  BOUBLE  I  1 ,  I  2 , 1 3 , 1 4 , 1 5 , 1 6, I  7, 1 8 , 1 9, 1 1 0 , I  1 1 ,  11 2 , I  1  3 ,  1 1 4 , L f 8 :  1  3  ' 

980  IF  N=1  THEN  SUBEXIT 

990  IF  N>2  THEN  1070 

1000  fi=X<0>+X(l> 

1010  x<i)*x<0>-x<n 

1020  X<0)=fl 

1030  fl=Y<0)+Y<l) 

1040  Y< 1 >  =  Y<0)-Y<  1  ) 

1050  Y<0>=R 

1060  SUBEXIT 

1070  fl=LOG(H)- L0G<2.  ) 

1080  Lc.g2n=fl 

1090  IF  fiBS<fl-Log2n>< 1 . E-8  THEN  1120 

1100  PRINT  "N  =";H;*'IS  HOT  fl  POWER  OF  2j  DISRLLOUED." 

1110  PRUSE 

1120  N1=N.'4 

1130  H2=N1+1 

1140  N3=N2+1 

1150  N4=-:i3+Nl 

1 160  FOR  11=1  TO  Log2n 

1170  12=2^<Log2n-l 1 ) 

1180  13=2*12 

1190  I4=N/I3 

1200  FOR  15=1  TO  12 

1210  I6=< 15-1 )*I4+1 

1220  IF  I6<*N2  THEN  1260 

1230  fll=-Cos<N4-I6-l ) 

1240  R2=-Cos< I6-N1-1 ) 

1250  GOTO  1280 

1260  Rl=Cos<I6-l) 

1270  R2=-Cos<N3-I6-l ) 

1280  FOR  17=0  TO  N-I3  STEP  13 

1290  18=17+15-1 

1300  19=18+12 

1310  T1=X<I8> 

1320  T2=X<I9) 

1330  T3=Y<I8) 

1340  T4=Y<I9) 

1350  R3=T1-T2 

1360  fl4=T3-T4 

1370  X<I8>=T1+T2 

1380  Y<I8)=T3+T4 

1390  X(.  I9)=Rl*fl3-R2*fl4 

1400  Y< I9>=fll*fi4+R2*R3 

1410  NEXT  17 

1420  NEXT  15 

1430  NEXT  II 
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1440 

1450 

1460 

1470 

1480 

1490 

1500 

1510 

1520 

1530 

1540 

1550 

1560 

1570 

1580 

1590 

1600 

1610 

1620 

1630 

1640 

1650 

1660 

1670 

1680 

1690 

1700 

1710 

1720 

1730 

1740 

1750 

1760 

1770 

1780 

1790 

1800 

1810 

1820 

1830 

1840 

1850 

1860 

1870 

1880 


I l»Log2n+ 1 
FOR  I2»l  TO  14 
L< 12-1 )*1 

IF  I2>Log2n  THEN  1490 
L<;i2-i)=2^<n-12> 

NEXT  12 
K*0 

FOR  11=1  TO  L<13) 

FOR  12=11  TO  L<12)  STEP  L(13) 
FOR  13=12  TO  L<11)  STEP  L<12) 
FOR  14=13  TO  L<10)  STEP  L<11) 
FOR  15=14  TO  L<9)  STEP  L<10) 
FOR  16=15  TO  L<8)  STEP  L<9) 
FOR  17=16  TO  L<7)  STEP  L<8) 
FOR  18=17  TO  L<6)  STEP  L<7) 
FOR  19=18  TO  L<5)  STEP  L<6) 
FOR  110=19  TO  L(4)  STEP  L<5> 
FOR  111=110  TO  L<3)  STEP  L<4) 
FOR  112=111  TO  L<2)  STEP  L<3) 
FOR  113=112  TO  L<1)  STEP  L<2> 
FOR  114=113  TO  L<0)  STEP  L<1> 
J=I 14-1 

IF  K>J  THEN  1730 
fl=X<K) 

X<K)=X< J) 

X( J)=fl 
fl=Y<K) 

Y<K)=Y<J) 

Y<J>=fl 
K.=K+1 
NEXT  114 
NEXT  113 
NEXT  112 
NEXT  Ill 
NEXT  110 
NEXT  19 
NEXT  18 
NEXT  I? 

NEXT  16 
NEXT  15 
NEXT  14 
NEXT  13 
NEXT  12 
NEXT  II 
SUBEND 
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APPENDIX  B  -  PROGRAMS  FOR  (6),  (10),  AND  (13B) 


Table  B-1.  Program  for  (6) 

10  M-7  I  >  0 

20  Gamma-1.31  I  >  0 

30  DOUBLE  M,MS  I  INTEGERS 

40  S-0. 

50  IF  (M  MODULO  2)-l  THEN  110 
60  FOR  Ms-1  TO  M-1  STEP  2 
70  S-S+FNG( Gamma*Ms ) 

80  NEXT  Ms 

90  V1-2.*S 

100  GOTO  150 

110  FOR  Ms-2  TO  M-1  STEP  2 
120  S-S+FNG{ Gamma *Ms) 

130  NEXT  Ms 

140  V1-FNG(0. )+2.*S 

150  PRINT  M, Gamma, VI 

160  END 

170  1 

180  DBF  FNG(W) 


Table  B-2.  Program  for  (10) 

10  M-6  I  >  0 

20  Gamma-. 71  I  >  0 

30  DOUBLE  M,MS  !  INTEGERS 

40  G2-2.*Gamma 

50  S-0. 

60  FOR  Ms-1  TO  M-1 

70  S-S+(M-Ms)*FNG(G2*Ms) 

80  NEXT  Ms 

90  V2-M*FNG(0. )+2.*S 

100  PRINT  M, Gamma, V2 

110  END 

120  ! 

130  DEF  FNG(W) 
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Table  B-3.  Program  for  (138) 

10  M-9  I  >  0 

20  Gamma-. 7 9  I  >  0 

30  DOUBLE  n,NS,Ks  !  INTEGERS 

40  DIM  W(IOO) 

50  REDIM  W(1:M) 

60  CALL  Weights(M,W(*) )  {  REAL  WEIGHTS 

70  G2-2.*Gamma 
80  S-0 . 

90  FOR  Ms-1  TO  M-1 
100  Phi-0. 

110  FOR  KS-Ms+1  TO  M 

120  Phi-Phi+W(Ks)*W(Ks-Ms)  !  CORRELATION  OF  WEIGHTS 

130  NEXT  Ks 

140  S-S+Phi*FNGr(G2*Ms) 

150  NEXT  Ms 
160  Phi— 0 . 

170  FOR  Ks-1  TO  M 
180  Phi-Phi+W(Ks)*W(Ks) 

190  NEXT  Ks 

200  V4-Phi*FNGr(0. )+2.*S 
210  PRINT  M, Gamma, V4 
220  END 
230  ! 

240  SUB  Weights (DOUBLE  M,REAL  W(*)) 

250  DOUBLE  Ks  !  INTEGER 

260  T-2.*PI/M 

270  FOR  KS-1  TO  M 
280  D-KS-.5 

290  W(Ks)-l.  I  FLAT  WEIGHTS 

300  W(Ks)-.5-.5*COS(T*D)  !  HANN  WEIGHTS 

310  W(Ks)-.54-.46*C0S(T*D)  !  HAMMING  WEIGHTS 

320  NEXT  Ks 

330  MAT  W-W/SUM(W)  I  NORMALIZATION 

340  SUBEND 
350  ! 

360  DEF  FNGr(W) 
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ABSTRACT 

The  performance  of  several  weighted  energy  detectors  of 
Gaussian  signals  in  noise  are  investigated,  both  by  exact 
procedures  and  by  five  different  approximation  procedures.  In 
particular,  receiver  operating  characteristics,  for  false  alarm 
probabilities  ranging  from  lE-10  to  .1  and  detection 
probabilities  ranging  from  .01  to  .999,  are  quantitatively 
compared.  The  standard  Gaussian  approximation  is  found  to  be 
severely  deficient  and  generally  optimistic  for  small  false  alarm 
probabilities,  while  two  different  fourth-order  approximations 
have  excellent  capability  over  the  entire  range  of  probabilities 
considered. 

A  method  of  avoiding  the  calculation  of  the  eigenvalues  of  a 
covariance  matrix,  and  yet  accurately  predicting  performance  of  a 
fading  medium,  is  presented.  It  requires  only  sums  of  products 
of  the  covariance  elements  directly,  the  precise  number  depending 
on  the  order  of  the  approximation. 
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OPERATING  CHARACTERISTICS  FOR  WEIGHTED 
ENERGY  DETECTOR  WITH  GAUSSIAN  SIGNALS 

INTRODUCTION 

The  operating  characteristics  of  an  equi-weighted  energy 
detector  for  Gaussian  signals  in  noise,  in  terms  of  false  alarm 
and  detection  probabilities,  can  be  characterized  mathematically 
by  a  partial  exponential  expansion,  and  have  previously  been 
numerically  evaluated  for  arbitrary  numbers  of  samples  and 
signal-to-noise  ratios  (1;  (7)  -  (6)  and  figures  2-6]. 

However,  when  the  weights  employed  in  the  energy  detector  are 
unequal,  or  if  the  signal  and  noise  powers  on  each  sample  are 
unequal,  these  results  do  not  apply  and  can  be  misleading, 
especially  when  the  number  of  samples  summed  is  not  large.  What 
is  needed,  in  this  case  of  arbitrary  numbers  of  samples  and 
unequal  weights  or  powers,  is  an  exact  approach  in  terms  of  the 
characteristic  function  of  the  decision  variable;  this  latter 
function  is  frequently  available  in  closed  form  and  can  be 
employed  in  the  fast  efficient  procedure  presented  in  {2J  and 
utilized  in  [3,4,5]  for  direct  accurate  evaluation  of  the 
exceedance  distribution  function. 

At  the  same  time,  it  would  be  very  useful  to  have  accurate 
approximations  for  the  receiver  operating  characteristics,  which 
apply  over  the  full  range  of  applicable  false  alarm  and  detection 
probabilities,  yet  are  easily  computed  in  terms  of  readily 
available  functions,  or  circumvent  some  of  the  more  difficult 
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numerical  procedures  required  in  the  exact  approach.  Here,  we 
will  consider  four  such  approximations,  namely  Gaussian,  chi- 
square,  constant  plus  chi-square,  and  generalized  noncentral 
chi-square,  and  demonstrate  the  range  of  applicability  of  each. 

Thus,  our  goals  here  are  two-fold 

(1)  determination  of  exact  operating  characteristics  of 
arbitrary  weighted  energy  detectors  along  with  working  programs, 
thereby  allowing  for  investigation  of  other  similar  cases  of 
interest  to  the  user;  and 

(2)  construction  of  accurate  simple  approximations  to  the 
operating  characteristics,  which  can  be  extended  to  related 
difficult  problems  and/or  circumvent  complicated  numerical 
procedures . 

As  a  by-product,  the  inadequacy  of  some  extant  approximations 
will  be  delineated  quantitatively;  in  particular,  the  generally 
optimistic  results  predicted  by  the  Gaussian  approximation  will 
be  shown  to  prevail  even  when  the  number  of  independent  samples 
involved  in  the  energy  detector  is  very  large. 
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CHARACTERISTIC  FUNCTION 


We  presume  that  we  have  M  channels  (or  samples)  containing 
either  noise-alone  or  signal-plus-noise,  and  that  the  random 
variables  in  each  channel  are  statistically  independent  of  each 
other.  Specifically,  for  our  interest,  the  output  envelopes, 

(e  }  for  1  <  m  <  M,  of  M  disjoint  narrowband  filters  are 
subjected  to  weighted  square-law  summation  for  purposes  of 
threshold  comparison  and  a  statement  about  signal  presence  or 
absence  on  that  particular  observation  of  M  outputs.  The 
decision  variable  in  this  case  is 

M  M 

x=)we^*\wz,  ( 

/_ _ ,  m  m  l_ _ ,  mm' 

m«=l  m»i 


where  weights  are  all  positive  but  otherwise  arbitrary,  and 

the  M  squared-envelope  outputs  {z^^}  are  statistically  independent 
and  identically  distributed.  An  example  is  afforded  by  a  finite¬ 
time  exponential  summer  where  “  A  ,r<l,  l<m<M. 

Without  loss  of  generality,  the  sum  of  the  weights  is  set 
equal  to  unity. 


M 


m»l 


1 r 

that  is,  A  “  - . 

l-r" 


(2) 


Then,  the  mean  of  random  variable  x  in  (1)  is  equal  to  the  mean 
of  each  random  variable  z„,  because  all  the  {z  }  are  identically 
distributed.  (If  there  are  scaling  differences  in  the  variables 
{Zj^},  these  factors  can  be  absorbed  in  modified  scalings 
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without  loss  of  generality.)  Under  these  assumptions,  it  should 
be  observed  that  the  performance  of  the  weighted  energy  detector 
in  (1)  is  independent  of  the  ordering  of  the  weights;  thus,  the 
weights  can  be  arranged  in  any  order  without  affecting  the 
detection  capability.  Also,  the  absolute  level  of  the  {w^} 
cannot  affect  the  operating  characteristics  of  detector  (1). 

STATISTICS  OF  z 

m 

For  Gaussian  signals  and  noises  present  at  the  inputs  to  the 
M  narrowband  filters  in  (1),  the  probability  density  function  of 
each  filter  output  envelope-squared  random  variable  z  is 


P2<u)  =  ^  exp[-|j  for  u  >  0  , 


where  parameter 


1  for  noise-alone 
1  +  R  for  signal-plus-noise 


(3) 


(4) 


Here,  we  have  normalized  according  to  the  noise  power;  that  is, 

the  mean  of  random  variable  is  set  equal  to  1  for  noise-alone. 

This  presumption  is  equivalent  to  having  Itnowledge  of  the  average 

noise  level  in  the  absence  of  signal  and  can  be  accomplished  in 

practice  by  monitoring  the  filter  outputs  over  a  sufficiently 

long  past  interval  of  time.  Also,  R  is  the  signal-to-noi se  power 

ratio  per  sample  at  the  output  of  each  filter. 

The  characteristic  function  of  each  random  variable  z^  in  (1) 

m 

is  given  by  expectation  (ensemble  average) 
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f2(^)  “  E{exp(i^z)}  -  J  du  exp(itu)  “  i  3-—^—  ,  (5) 

where  we  used  (3).  The  cumulants  { X_ ( k ) }  of  z  are  immediately 

z  in 

available  from  (5)  as 

(~k~"i')T  k  >  1  .  (6) 

Actually,  these  are  scaled  cumulants,  by  the  factor  l/(k-l)l; 
they  are  more  convenient  and  will  be  employed  henceforth. 

CHARACTERISTIC  FUNCTION  OF  OUTPUT  x 

The  characteristic  function  of  summation  random  variable  x  in 
(1)  is  given  by  expectation 

M  r  M 

*  E{exp(i£;x))  •=  “  (^  “ 

m»l  Lm=l 

where  we  used  the  independence  of  the  and  relation  (5).  The 

(scaled)  cumulants  of  x  are  available  from  (7)  according  to 

M 

Tk^  X^(k)  -  a''  •  s'*  for  k  >  1  .  (S) 

m««l 

In  particular,  the  mean  and  variance  of  x  are,  upon  use  of  (2), 

'^x  *  ^x^^^  ”  ®  ^1  “  ®  '  ‘^x  ”  ^x^^^  *  ^2  • 

The  desired  closed  form  for  the  characteristic  function  of  x  is 
given  by  (7),  where  the  signal-to-noise  ratio  parameter  a  is 
given  by  (4).  Result  (7)  applies  for  arbitrary  M,  weights  , 

and  per-sample  signal-to-noise  ratio  R. 
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SOME  RELATED  RESULTS 

Characteristic  functions  of  the  form  of  (7)  occur  in  numerous 
problems.  For  example,  the  stability  of  a  spectral  estimation 
technique  employing  overlapped  FFT  processing  of  windowed  data 
encountered  this  form  (6;  (36)  and  (15)],  where  weights  were 

proportional  to  the  eigenvalues  of  a  normalized  covariance 

function.  Another  example  is  furnished  by  diversity  combination 
in  a  channel  subject  to  partially-correlated  signal  fading;  see 
[7;  (D-14)],  [8;  (24)],  and  [9].  In  particular,  the  exact 
characteristic  function  in  [7]  and  {8]  took  the  form 

M 

m-; 

where  {X^^}  are  the  eigenvalues  of  a  covariance  matrix.  Parameter 
D  was  the  order  of  diversity  in  [7],  but  was  equal  to  1  in  (8). 

GAUSSIAN  APPROXIMATION  TO  EXCEEDANCE  DISTRIBUTION 

For  the  general  characteristic  function  given  by  (7)  and  (4), 
a  Gaussian  approximation  to  the  probability  density  and 
exceedance  distribution  functions  is  given  in  appendix  A.  It  is 
derived  for  arbitrary  M,  weights  and  signal-to-noise  ratio 

R.  However,  its  applicability  to  numerical  evaluation  of 
receiver  operating  characteristics,  in  the  form  of  detection 
versus  false  alarm  probabilities,  will  be  shown  to  be  rather 
limited  in  the  next  section. 
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EXCEEDANCE  DISTRIBUTION  FOR  ALL  WEIGHTS  EQUAL 

In  this  section,  the  weights  in  (1)  and  (2)  are  equal: 

“  4  1  <  m  <  M  .  (11) 

in  n  ~  ~ 

The  characteristic  function  in  (7)  then  becomes 

£^(£.)  -  (1  -  iU/M)~”  .  (12) 

This  corresponds  to  a  multiple  of  a  chi-squared  random  variate 
with  2M  degrees  of  freedom.  The  corresponding  probability 
density  function  is 

Px'“>  - 
while  the  exceedance 

m 

Q^(u)  -  J  dt  p^(t) 

u 

Here,  e^(x)  is  the  partial  exponential  function  [10;  (6.5.11)), 

n 

k-0 

and  we  have  defined  auxiliary  function 

En{x)  -  exp(-x)  ep(x)  for  x  >  0  .  (16) 

If  threshold  value  T  is  used  for  comparison  with  output  x  of 
the  energy  detector  (1),  then  the  false  alarm  probability  Pp  is 


u"-^  ,exp(-uMy»)  Jo,  „  >  0  ,  (13) 

(M-D!  (a/M)” 

distribution  function  is,  for  u  >  0, 

-  exp(-uM/a)  ( uM/a )  ■  Ej^_j^(uM/a)  .  (14) 
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Pp  «  QjjiT;  a«l)  -  Epj_^(TM)  .  (17) 

Similarly,  the  detection  probability  Pj^  is,  from  (14)  and  (4), 

fo  -  Q^(T,  a.UH)  -  .  (18) 

When  T  is  eliminated  between  (17)  and  (18),  the  operating 
characteristics  (P^  versus  P^)  can  be  plotted,  with  signal-to- 
noise  ratio  R  as  a  parameter.  Separate  plots  are  required  for 
different  values  of  M,  the  number  of  envelope-squared  samples. 

GRAPHICAL  RESULTS 

The  receiver  operating  characteristics  (ROC)  for 

M  -  1,  2,  4,  8,  16,  32,  64,  128,  256,  512,  1024  (19) 

are  plotted  in  figures  1  through  1,  on  normal  probability  paper, 
for  false  alarm  probabilities  ranging  from  lE-10  to  .1  and  for 
detection  probabilities  ranging  from  .01  to  .999.  Signal-to- 
noise  ratios  (in  decibels)  have  been  chosen,  typically,  to  cover 
Pp,Pjj  possibilities  from  low-quality  pair  .01,. 5  to  high-quality 
pairs  in  the  neighborhood  of  IE-10,. 99. 

Superposed  in  figure  3  (in  dashed  lines)  is  the  Gaussian 
approximation,  for  M  ■  4,  to  the  exact  exceedance  distribution 
function  in  (14);  see  appendix  A.  Three  selected  values  of 
signal-to-noise  ratio  R  are  indicated,  namely  R  «  4,  8,  and  12 
dB.  They  are  identified  by  a  black  dot  where  they  cross  the 
exact  operating  characteristic  for  the  same  signal-to-noise 
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ratio.  It  is  seen  that  the  Gaussian  approximation  is  virtually 
useless  at  this  low  value  of  M,  the  number  of  samples. 

This  superposition,  of  three  representative  curves  afforded 
by  the  Gaussian  approximation,  is  continued  up  through  M  »  1024 
in  figure  11.  Again,  agreement  with  the  exact  results  is 
generally  quite  poor.  Even  at  M  -  1024,  the  required  signal-to- 
noise  ratio  from  the  Gaussian  approximation  for  Pp  =  lE-10, 

Pp  “  .3,  for  example,  is  in  error  by  .3  dB. 

Furthermore,  it  should  be  observed  that  the  Gaussian 
approximation  is  always  optimistic  in  the  useful  range  of  the 
operating  characteristics;  this  bias  is  misleading  in 
quantitative  performance  predictions  applied  to  practical 
detection  systems.  Additionally,  the  case  in  this  section, 
namely  equal  weights,  is  the  most  favorable  situation  for  the 
Gaussian  approximation  to  apply  in;  any  other  distribution  of 
weight  values  makes  the  effective  number  of  weights  (M^  in  (A-6) 
and  sequel)  less  than  M,  thereby  deviating  even  further  from  an 
accurate  application  of  the  central  limit  theorem.  The  message 
to  be  conveyed  here  is  that  the  performance  capability  of  energy 
detectors  for  Gaussian  signals  and  noises  should  be  based  on 
something  other  than  the  Gaussian  approximation. 
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Probability  of  False  Rlarm 
Figure  2.  ROC  for  M-2,  Equal  Weights 
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Probability  of  False  Alarm 
Figure  3.  ROC  for  M=4 ,  Equal  Weights 
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Probability  of  False  Rlarm 
Figure  4.  ROC  for  li=8 ,  Equal  Weights 
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Probability  of  False  Alarm 
Figure  5.  ROC  for  M=16,  Equal  Weights 
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Probability  o-f  False  Alarm 
Figure  S.  ROC  -for  M=32 ,  Equal  Weights 
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Probability  of  False  Riarm 

Figure  7.  ROC  for  M=64,  Equal  Weights 
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Probability  of  False  Alarm 

Figure  8.  ROC  for  M=128,  Equal  Weights 
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Probability  o-f  False  Rlarm 

Figure  9.  ROC  for  M=256,  Equal  Weights 
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Probability  of  False  Rlarm 
Figure  10.  ROC  for  M=5 1 2 ,  Equal  Weights 
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Probability  of  False  Alarm 
Figure  11.  ROC  for  M=102‘4,  Equal  Weights 
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EXCEEDANCE  DISTRIBUTION  FOR  ALL  WEIGHTS  DIFFERENT 


In  this  section,  we  confine  attention  to  the  case  where  all 

the  weights  {w„}  are  different  from  each  other;  that  is, 

^  ro 


w  ft  w,  ifmiik;  w>0. 

m  K  m 


Then,  we  expand  the  characteristic  function  of  x  in  (7)  in  a 
partial  fraction  expansion  according  to 


■  ft(i  -  -  E 


m 


where  coefficients 


m  M 


for  1  <  m  <  M  , 


('w  -  y,  ) 

m  kj 


(22) 


depend  only  on  weights  and  not  on  signal-to-noi se  ratio  R. 

The  probability  density  function  of  x  is  then  immediately 
available  from  (21)  as 


P^(u)  -  )  A  B  exp(-A  u)  for  u  >  0  , 

X  /  ,  mm  m 


where  A  »  l/(w  a).  The  corresponding  exceedance  distribution  is 
mm 


(u)  «  J  dt  Pj5(t)  -  X^^m  > 


(24) 
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If  threshold  T  is  used  as  the  basis  of  comparison  for  output 
X  of  the  weighted  energy  detector  in  (1),  the  false  alarm  and 
detection  probabilities  follow  from  (24),  respectively,  as 

Pp  “  Q^(T;  a  -  1)  ,  Pjj  -  Qj^(T;  a  -  1  +  R)  .  (25) 

As  an  example,  if  H  -  1,  then  Wj^  *  1 ,  Aj^  «  1/a,  «  1 ,  and 

(24)  yields  Qjj(u)  »  exp(-u/a)  for  u  >  0.  Then,  (25)  gives 


exp(-T) 


(-T  )  _  1+R 

'In  Pp' 

1+R 

/ 

26) 


For  this  special  case  of  M  «  1,  threshold  T  can  be  eliminated  and 
Pp  expressed  explicitly  in  terms  of  Pp  and  R. 


GRAPHICAL  RESULTS 

The  particular  case  of  unequal  weights  that  we  shall 
concentrate  on  here  is  a  set  of  exponential  weights 

Wjj^  »  A  r"*"^  for  1  <  ro  <  M  ,  r  <  1  ,  (27) 

where  scale  factor  A  is  selected  for  normalization  of  the 
weights,  according  to  (2).  Of  course,  .he  absolute  level  of  the 
weights  does  not  affect  the  operating  characteristics. 

In  figure  12,  the  ROC  for  M  -  4  and  r  -  .99  is  plotted,  as 
determined  from  (25)  and  (24).  Since  r  is  close  to  1  for  this 
example,  the  weights  (27)  are  all  nearly  equal,  causing  some  of 
the  coefficients  in  (22)  to  be  rather  large,  in  the  range  of 

+.5E6.  This  leads  to  round-off  error  in  sura  (24)  for  the 
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exceedance  distribution  function  and  the  possibility  of  useless 
numerical  results;  however,  because  M  *=  4  is  a  small  number,  the 
round-off  error  does  not  yet  show  up  in  figure  12. 

When  M  is  increased  to  8  in  figure  13  and  r  is  kept  at  .99, 
coefficients  in  (22)  reach  values  in  the  range  of  +.7E12, 

and  round-off  error  begins  to  show  up  as  wiggly  lines  in  the 
higher  detection  probability  values  near  .999.  We  are  using  a 
computer  with  64  bits  per  word,  which  yields  approximately  15 
decimals  of  accuracy  for  the  mantissa.  Although  coefficients 
{Bj^}  can  be  calculated  very  accurately  from  (22),  they  alternate 
in  sign  and  can  be  very  large.  Then  in  (24)  requires 
differencing  of  large  numbers,  with  an  attendant  possibly 
damaging  loss  of  accuracy,  especially  tor  small  Pp. 

When  M  is  increased  by  one,  to  9  in  figure  14,  and  r  is 

maintained  at  .99,  round-off  error  is  now  significant  at  the 

upper  edge  of  the  ROC,  although  useful  characteristics  are  still 

available  for  lower  values  of  P^.  The  reason  for  this  problem  is 

that  all  the  weights  are  close  to  each  other;  in  fact,  the  M-th 
X 

weight  is  r  «  .923  times  as  large  as  the  first  weight.  The 
largest  coefficient  values  for  are  in  the  range  of  +.16E14. 

When  the  weights  are  spread  out  over  a  wider  range,  larger 
values  of  M  can  be  tolerated  in  sum  (24),  without  encountering 
significant  round-off  error.  For  example,  a  set  of  M  =  16 
uniformly  distributed  random  weights,  over  the  (0,1)  interval, 
were  utilized  in  figure  15  without  any  problems.  But  when  n  was 
increased  to  20  in  figure  16,  again  for  uniformly  distributed 
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weights,  the  upper  edge  of  the  ROC,  for  >  .99,  was  useless. 
Nevertheless,  a  significant  portion  of  the  ROC  for  lower 
values  is  still  acceptable. 

The  lesson  to  be  drawn  from  these  results  is  that  the  partial 
fraction  expansion,  leading  to  the  exceedance  distribution 
function  in  (24),  has  utility  for  spread  out  weights  and 

moderately  low  values  of  M,  the  number  of  envelope-squared 
samples.  However,  it  will  not  be  a  viable  tool  for  large  values 
of  M,  nor  for  general  weight  structures  which  may  have  some  close 
or  equal  values.  The  more  general  approach  presented  in  (2],  in 
terms  of  an  arbitrary  characteristic  function,  has  no  such 
limitations,  on  the  other  hand,  although  the  numerical 
calculations  required  are  more  extensive. 
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Probability  of  False  Rlarm 
Figure  12.  ROC  for  M=4 ,  r=.99 


25 


TR  8753 


Probability  o-f  Filse  Alarm 

Figure  13.  ROC  -for  M=8 ,  r=.99 
26 
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Probability  o-f  False  Alarm 

Figure  H,  ROC  for  M-9 ,  r=.99 
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Probability  o-f  False  R1  arm 
Figure  15.  ROC  -for  M=16,  Random  Weights 


Figure  16.  ROC  -for  M=20,  Random  Weights 
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CHI-SQUARED  APPROXIMATION  FOR  ARBITRARY  WEIGHTS 

The  difficulty  of  evaluating  the  ROC  from  exact  character¬ 
istic  functions  of  the  form  of  (7)  and  (10)  has  prompted  the  use 
of  approximations  that  attempt  to  extract  an  effective  number  of 
independent  samples  from  a  general  weight  structure,  and  use  this 
parameter  in  a  simpler  chi-squared  fit.  For  example,  in 
[6;  (38)  and  sequel],  such  an  approximation  was  fruitfully 
employed  to  study  the  stability  of  a  spectral  analysis  technique 
employing  equi-weighted  overlapped  segments.  Also,  in 
[9;  (A-24)  -  (A-28)),  a  chi-squared  approximation  was  adopted  for 
the  analysis  of  a  diversity  combiner  in  a  partially-correlated 
fading  channel.  However,  in  this  latter  case,  no  quantitative 
measure  of  the  error  in  the  approximation  was  given. 

PARAMETERS  OF  APPROXIMATION 

Here,  we  will  address  the  adequacy  of  the  chi-squared 
approximation  for  a  general  exponential  weight  structure  of  the 
form  of  (27).  We  begin  by  generalizing  the  chi-squared 
characteristic  function  in  (12)  to  the  candidate  form 

-M 

f  (j;)  s  (1  -  i£.w  a)  ®  ,  (28) 

C  G 

where  w^  is  an  effective  weight  and  M  is  an  effective  number  of 
envelope-squared  samples,  which  may  be  noninteger.  (The  number 
of  degrees  of  freedom  in  (28)  is  ZM^.)  The  corresponding 
probability  density  and  exceedance  distribution  functions  are 


31 


TR  8753 


u  exp  I w  a  I 

Pg(u)  »  - 1 —  for  u  >  0  , 

r(M^)  (w^a)  ® 
e  e 

Qel-'l  -  r(«e.  5^)/r(«e)  for  u  >  0  ,  (29) 


respectively,  where  r( • , • )  is  the  incomplete  gamma  function 
[10;  6.5.3].  These  results  generalize  (13)  and  (14).  The 
(scaled)  cumulants  of  this  gamma  distribution  follow  from  (28)  as 

■(T^TTT  “  ”e  for  k  >  1  .  (30) 

The  mean  and  variance  of  this  approximation  are  therefore 

2  2 

Mg  Wg  a  and  Mg  Wg  a  ,  respectively. 

When  we  equate  these  first  two  moments  of  the  generalized 
chi-squared  approximation  (28)  to  the  first  two  moments  of 
decision  variable  x  in  (9)  and  (8),  we  find 


M 

C". 

.m*l 


M 


c 

m*l 


(31) 


For  example,  if  all  the  weights  are  equal,  then  Mg  >=  M.  On  the 
other  hand,  if  all  the  weights  are  zero  except  for  one,  then 
Mg  •=  1 .  Both  of  these  limiting  cases  obviously  agree  with 
physical  intuition.  Observe  that  Wg  and  Mg  are  independent  of 
parameter  a  or  R,  the  signal-to-noise  ratio. 

For  the  exponential  weight  structure  in  (27),  the  effective 
number  of  weights  and  the  effective  weight  are 
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M 


e 


1  1  M 

1  -I-  r  1  -  r 

1  -  r  ^  ^ 


for 


1  . 


(  32) 


It  should  be  noted  that  as  M  -»  «,  effective  number  saturates 
at  value  (1  +  r)/{l  -  r),  which  is  not  infinite. 

Since  the  incomplete  gamma  function  in  (29)  is  tedious  to 
compute  for  noninteger,  performance  could  be  braclteted  by  the 
two  cases  M^+1,  where  is  the  integer  part  of  Or 

interpolation  could  be  used  between  these  two  cases.  Instead,  we 
shall  choose  examples  for  which  is  an  integer;  this  allows  us 
to  use  a  form  like  (14),  which  is  easily  computed  upon 
replacement  of  M  by 


GRAPHICAL  RESULTS 

The  first  example  of  the  use  of  a  chi-squared  approximation, 
for  the  exponential  weight  structure  in  (27),  is  furnished  by 
figure  17  for  M  «  5,  r  =  .69308907;  this  particular  r  value  is 
chosen  to  yield  »  4,  as  may  be  verified  from  (32).  The  exact 
results  (solid  lines)  in  this  figure  were  obtained  by  the  method 
of  the  previous  section,  namely,  all  weights  different.  The 
three  dashed  curves  are  yielded  by  the  chi-squared  approximation 
of  this  section,  with  »  4;  the  latter  are  seen  to  be 
optimistic  by  almost  1  dB  along  the  left  edge  of  the  figure. 

When  M  is  increased  to  25  and  r  decreased  to  .60000182,  again 
resulting  in  4,  figure  18  shows  that  the  chi-squared 

approximation  is  far  worse.  The  reason  for  this  behavior  is  that 
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25  significantly  different  weights  cannot  be  well  represented  by 
4  equal  weights  in  terms  of  evaluating  the  detection  capability 
of  the  energy  detector  (1). 

The  series  of  plots  in  figures  19,  20,  21,  22,  23  correspond, 
respectively,  to  »  8,  16,  32,  64,  128,  for  various 
combinations  of  M  and  r,  as  indicated  on  the  figures.  Again,  the 
chi-squared  approximation  is  generally  optimistic  in  the  useful 
range  of  performance.  For  M  =  64  in  figure  20,  the  discrepancy 
is  almost  1  dB  along  the  left  edge.  However,  for  large  M,  like 
200  in  figure  23,  the  difference  is  only  about  .25  dB  along  the 
left  edge. 

The  results  in  figures  21,  22,  23  for  *  32,  64,  128, 
respectively,  were  not  obtainable  from  the  all-weights-di f ferent 
method  of  the  previous  section,  due  to  excessively  large 
coefficients  in  (22).  Instead,  it  was  necessary  to  resort 

to  the  numerical  integration  procedure  given  in  [2];  the  values 
of  increment  and  length  appropriate  to  each  case  are 
indicated  on  each  figure. 

A  conclusion  to  be  drawn  from  the  results  in  this  section  is 

that,  although  the  chi-squared  approximation  is  much  better  than 

the  Gaussian  approximation,  it  is  still  not  adequate  for  accurate 

performance  predictions  within  a  few  tenths  of  a  decibel.  The 

chi-squared  approximation  is  generally  unacceptable  for  small  M  , 

unless  r  is  very  close  to  1.  And  for  large  M  ,  it  is  acceptable 

in  some  regions  of  the  ROC,  but  not  in  others,  especially  if  the 

M*"  i 

extreme  weight  ratio,  r  ,  is  very  small. 
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Probability  o-f  False  Alarm 
Figure  17.  ROC  for  M-5 ,  r=. 69388907  (Me=^) 


35 


TR  8753 


Probability  of  False  Rlarm 
Figure  18.  ROC  for  M=25,  r=. 60000182  (Me=4) 
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Probability  of  False  Alarm 

Figure  19.  ROC  for  M=10,  r=. 83623826  (Me=8) 
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Probability  of  False  Alarm 
Figure  HO.  ROC  for  M=64,  r=,8824HB83  (Me=lG) 
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Probability  of  False  Alarm 
Figure  21.  ROC  for  li=50,  r«. 94648071  (Me=32) 
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Probability  of  False  Alarm 
Figure  22.  ROC  for  M=100,  r=. 97288022  (Me=64) 
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Probability  o-f  False  Alarm 
Figure  23.  ROC  For  M=200,  r=. 98634790  (Me=I28) 
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THIRD-ORDER  APPROXIMATION  FOR  ARBITRARY  WEIGHTS 

When  a  constant  c  is  added  to  a  random  variable,  the 
characteristic  function  is  modified  by  multiplication  by  the 
factor  exp(icf;).  Accordingly,  a  further  generalization  the 
chi-squared  characteristic  function  in  (28)  is  afforded  by 

exp(if:b  a)  . 

f^(£,)  =  - pj-  =  exp^itb^a  -  ln(l  -  i£.w^a)J  .  (33) 

(1  -  if.w^a)  ^ 

This  form  now  has  three  parameters  to  choose,  namely  ,  b^,  and 
effective  number  of  samples  M^.  This  is  in  distinction  to  the 
chi-squared  approximation  (28)  and  the  Gaussian  approximation 
(A-2),  both  of  which  had  only  two  free  parameters  to  adjust. 

Thus,  whereas  we  only  matched  the  first  two  moments  in  (30)  and 
(A-3),  respectively,  to  those  of  decision  variable  x,  we  can  now 
match  the  first  three  moments  of  x  if  we  use  characteristic 
function  model  (33). 

The  cumulants  of  characteristic  function  (33)  are 

X(1)=M  w  a+b  a, 
c  c  c  c 

Ti^'iTi'  ”c  ^'^c  k  >  2  .  (34) 

When  the  first  three  cumulants  (or  moments)  of  (34)  are  equated 
with  the  corresponding  quantities  of  decision  variable  x,  as 
given  by  (8),  the  unique  solutions  for  the  parameters  of  (33)  are 
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where 


M 


in=l 


(  36) 


It  should  be  noted  that  the  parameters  in  (35)  are  independent  of 
parameter  a  or  R,  the  signal-to-noise  ratio. 

The  probability  density  function  corresponding  to 
character i Stic  function  (33)  is 


P,  (u) 


M  -1 

f-  u  +  b  a'l 

(u  -  b^a )  exp 

c 

w  a 

1  c  ; 

/  N 

■■("c)  (“c^j 


for  u  >  b„a  , 
c 


(37) 


and  zero  otherwise.  The  exceedance  (gamma)  distribution  function 
is  an  obvious  generalization  of  (29),  or  (14)  if  is  integer; 
see  [10;  6.5.3,  6.5.2,  6.5.13). 


=  r 


u  -  b  a'i 

M  ,  - — 

c  w  a 


-1 

c 


ru  -  b^a'i 


w  a 
c 


for  u  >  b  a 
c 


{  38) 


For  threshold  value  T,  the  false  alarm  and  detection 
probabilities  follow  immediately  as 


P 


F 


b  a 
c 


Wca 


provided  that  T  >  b  a. 

c 


(  39) 
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EXPONENTIAL  WEIGHTS 


We  now  restrict  attention  to  the  exponential  weight  structure 


w  =.  I - z  r™  ^  for  1  <  m  <  M  ,  with  t  s  r”  ,  MO) 

m  1  -  t  _  - 


where  we  have  normalized  at  W^^  «  1.  Then,  from  (36), 


W. 


- 


"  1  - 1'^ 
1  -  r" 


+  t 


1<-1 


,  2  k-1 

1+r+r  +‘**+r 


(41 ) 


In  particular. 


W, 


1  ,  W, 


1  -  r  1  +  t 

1  -  t  1  +  r 


W. 


(L-jl-LV  I  *  t  * 

1  ^  r  +  r^ 


(42) 


The  parameters  in  (35)  then  follow  by  substitution  as 


M 


c 


(l  -  (l  -  t^)' 

(l  -  (l  - 


1  -  t  (1  +  t)^  fl  +  r  r^^ 
1  -  r  U  +  rj  [i  +  t  +  tl 


(43) 


w 


c 


2  2 

1  -  r^  1  +  t  +  t 

2  2  ' 

1  -  t^  1  +  r  +  r^ 


(1  -  r  t)  (r  -  t) 

(1  +  r)^  (l  +  t  +  t^) 


(44) 


For  equal  weights,  w^^  =  1/M,  we  get  the  usual  reduction  to 
Wj^  =  1,  W2  •=  1/M,  Wg  -  1/M^,  giving  M^  -  n,  w^  -  1/M,  b^  -  0. 
Furthermore,  it  is  shown  in  appendix  B  that  additive  constant  b^ 
in  (33)  and  (37),  as  determined  from  (35)  and  (36),  is  never 
negative,  for  any  nonnegative  weight  structure  {Wj^}  • 
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GRAPHICAL  RESULTS 

The  first  example  we  consider  here  is  M  *  25,  r  =  .75049209, 
for  which  (43)  gives  =  4;  again,  the  reason  for  the  particular 
choice  of  r  is  made  so  that  is  integer  and  (39)  can  be  used. 
The  approximation  afforded  by  (39)  is  superposed  (dashed  lines) 
in  figure  24  on  the  exact  results  (solid  lines)  obtained  from 
(25).  Increasing  M  to  64  and  changing  r  to  .75049170,  so  that 
is  maintained  at  4,  generates  virtually  the  same  approximation - 
The  fit  is  poor  and  rather  optimistic  at  the  left  edge  of  the 
figure,  due  to  the  small  value  of  M^,  namely  4. 

For  M  *=  50  and  r  =  .96915298,  is  increased  to  32  and  the 
results  are  compared  in  figure  25.  Now,  the  fit  afforded  by  the 
constant  plus  chi-squared  approximation  is  rather  good  over  the 
entire  range  of  false  alarm  and  detection  probabilities  shown;  in 
fact,  the  approximation  is  optimistic  by  about  .1  dB  on  the  left 
edge  of  the  figure.  The  reason  for  this  development  is  the 
larger  value  of  the  effective  number  of  samples,  M^,  namely  32. 

Two  more  results,  for  equal  to  64  and  128,  yield  similar 
conclusions  in  figures  26  and  27,  respectively.  Again,  the 
exponential  weight  structure  was  employed.  However,  the  goodness 
of  fit  of  the  constant  plus  chi-squared  approximation  is  not 
limited  to  this  type  of  weights,  but  in  fact  applies  to  arbitrary 
structures.  To  back  up  this  statement,  an  example  of  uniformly 
distributed  random  weights  for  M  =  133  and  =  77.971  is 
displayed  in  figure  28;  the  overlay,  which  used  =  78  in 
approximation  (39),  is  seen  to  be  very  good  for  this  value  of  M^. 


46 


Detect  1  on 


E-lOE-9  E-8  E-7  E-G  E-5  E-4 


Probability  o-f  False  Alarm 
Figure  24.  ROC  for  M=25,  r=. 75049209  (Mc=4) 
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Probability  of  False  Rlarm 
Figure  25.  ROC  for  M=50,  r=. 96915298  (Me=32) 
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Probability  o-f  False  Alarm 
Figure  26.  ROC  -for  M=100,  r=. 98445999  (Mc=64) 
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Figure  27.  ROC  For  M=200,  r-. 99220012  (Mc=128) 
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Figure  28.  ROC  -for  M=133,  Random  Weights  (Mc=78) 
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APPLICATION  TO  EIGENVALUE  PROBLEM 

Earlier,  in  (10)  and  [8;  (24)J,  a  particular  characteristic 
function  was  given  which  has  occurred  in  a  number  of  statistical 
analyses.  That  characteristic  function,  in  normalized  form,  is 


where  R  is  the  per-sample  signal-to-noi se  ratio  and  are  the 

eigenvalues  of  the  normalized  covariance  matrix  P  of  the  fading 
signal  components.  By  expanding  the  In  of  (45)  in  a  power 
series  in  i^,  the  cumulants  of  random  variable  x  are  found  to  be 

^  "m'"'  -  E  E(n)  ""  - 

m-1  m=l  n-0 

k 

-  M  +  ^  [jj]  r'^  for  k  >  1  ,  (46) 

n*l 

where  we  have  used  the  simplifying  result  in  appendix  C  regarding 
sums  of  powers  of  eigenvalues.  In  particular,  there  follows 
from  (46),  the  first  three  cumulants  of  x  in  terms  of  tr(p"): 

Xj^(l)  -  M  +  R  tr(P)  , 

Xjj(2)  -  M  +  2R  tr(P)  +  R^  tr(P^)  , 

|Xjj(3)  «  M  +  3R  tr(P)  +  3R^  tr(P^)  +  R^  tr(P^)  .  (47) 
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PARAMETERS  FOR  CANDIDATE  APPROXIMATION 


In  this  section,  we  will  approximate  exact  characteristic 
function  (45)  by  the  form  employing  the  constant  plus  chi-squared 
idea  again,  namely 

exp(i£;b, )  ,  V 

f^(e)  s  - .  exp[i^b^  -  M^  ln(l  -  i5.Wjj)J  .  (48) 

(1  -  i^w^)  ^ 

The  cumulants  are  given  by  a  form  very  similar  to  (34),  and  in 
particular,  the  first  three  (scaled)  cumulants  of  characteristic 
function  (48)  are 


x^d) 


X<j(21 


jXdl3) 


"d 


(49) 


If  the  first  three  cumulants,  X^(k)  for  lt*l,2,3,  were  specified, 
we  could  then  solve  (49)  for  the  required  parameters  according  to 


X^(2) 


(Xd(3)/2)2  ' 


Xd(3)/2 

^c^TTT 


X^(2) 

^d^^^  "  Xjj(3)/2  • 


(50) 


Now,  we  set  the  cumulants  of  approximation  (48)  equal  to  the 
exact  cumulants  given  by  (47),  and  then  solve  (50)  for  the 
required  parameter  values.  Then,  approximation  (48)  to  exact 
characteristic  function  (45)  is  available  for  numerical 
evaluation.  If  cumulants  {Xjj(k)}  for  lt»l,2,3  can  be  evaluated 
either  analytically  (via  eigenvalues  in  (46)  or  by  the  trace 

relations  in  (47))  or  numerically  (estimated  via  finite  time 
averages),  then  the  parameters  in  (50)  can  be  determined  and  the 
corresponding  ROC  found. 
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EXACT  PERFORMANCE  OF  (45) 


If  signal-to-noise  ratio  R  «  0  in  (45),  then 
fjj(  E.)  «  (1  -  i^)  and  there  follows,  in  a  manner  similar  to 
(14),  Qjj(u)  “  Epj_,(u)  and  Pp  «=  Ej^_j,(T)  for  threshold  T. 

If  R  >  0  and  all  the  eigenvalues  in  (45)  are  distinct, 

then,  in  a  manner  similar  to  (21),  we  can  express 


£^(U 


(51) 


where  coefficients 


m 


M-l 


M 


for  1  <  m  <  M  . 


(52) 


n  -  H) 


k-l 

k^m 


The  exceedance  distribution  function  is  then 


0x'“' 


M 

^B^(R)  exp(^  ;  “  ^  )  for  u  >  0  ,  R  >  0  , 
tTTi  m 


(53) 


m«l 


and  the  detection  probability  is 


H 

®*p(rT-|-5r] 

tTi  m 


for  T  >  0  ,  R  >  0 


(54) 


m-l 


The  eigenvalues  {Xj^^}  of  normalized  covariance  matrix  P  are 
independent  of  signal-to-noise  ratio  R;  however,  coefficients 
{Bj^(R))  are  dependent  on  R  and  explicitly  indicated  so. 
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GRAPHICAL  RESULTS 

The  only  example  that  we  consider  here  is  a  covariance  matrix 

P  =  where  in  particular,  for  M  »  10  and 

p  »  .5,  the  M  eigenvalues  {X  )  of  P  were  evaluated  and  the 

m 

results  on  page  55  were  used  for  an  exact  evaluation  of  the 
detection  and  false  alarm  probabilities;  these  are  displayed  as 
solid  lines  in  figure  29. 

Then,  we  returned  to  matrix  P,  ignored  the  knowledge  of  the 
eigenvalues,  and  instead  employed  the  trace  relations  in  (47)  and 
appendix  C  to  evaluate  the  cumulants  of  random  variable  x.  These 
were  substituted  in  (50)  to  determine  the  parameters  of 
characteristic  function  (48),  as  explained  in  the  sequel  to  (50). 
Then,  the  method  of  [2]  was  used  to  obtain  the  corresponding  ROC. 

These  results  are  overlaid  as  dashed  lines  in  figure  29,  for 
three  selected  values  of  signal-to-noise  ratio  R  (in  decibels). 
The  agreement  for  small  signal-to-noise  ratios  is  very  good,  and 
can  be  explained  by  observing  that  (45)  approaches  the  chi- 
squared  characteristic  function  in  this  case.  Approximation  (48) 
is  also  excellent  for  very  small  false  alarm  probabilities, 
despite  the  fact  that  the  equivalent  number  of  samples,  M^,  is 
rather  small;  for  example,  the  three  curves  in  figure  29  for 
R  =  2,5,8  dB  have  »  5.79,  4.83,  4.31,  respectively. 

Another  example  for  M  =  32,  p  =  ,5  is  displayed  in  figure  30. 
Here,  the  values  of  for  the  four  overlays,  R  =  -2, 0,2, 4  dB  are 
24.1,  20.6,  17.6,  15.4,  respectively.  These  larger  values  of 
account  for  the  improved  fit  to  the  exact  results. 
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Figure  29.  ROC  for  M=10,  ^=.5 
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Probability  of  False  Alarm 
Figure  30.  ROC  for  M=32 ,  p=.5 
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FOURTH-ORDER  APPROXIMATIONS  FOR  ARfalTRARY  WEIGHTS 

In  this  section,  we  will  consider  a  couple  of  fourth-order 
fits  to  a  specified  characteristic  function  and  will  match 
cumulants  (or  moments)  through  fourth-order. 


GAUSSIAN  PLUS  CHI-SQUARED  FIT 


The  initial  fourth-order  fit  of  interest  here  corresponds  to 
the  characteristic  function  of  a  (nonzero  mean)  Gaussian  random 
variable  plus  a  chi-squared  variate.  That  is,  the  candidate  is 

expfi^b  -  ]  (12  'I 

ff<^)  =  - - - - =  c..xp(ub^  -  ie'c,  -  ind  -  i^w^))  . 

1  -  i£;w 

^  (55) 

The  first  four  cumulants  of  characteristic  function  (55)  are 


Xf(l)  =  '  Xf(2)  =  Cg  +  Mj  w^  , 


|Xf(3)  =  Mf  Wf  »  =  ”f  ”f  ’ 


(56) 


If  the  cumulants  are  specified,  the  parameters  for 
characteristic  function  (55)  can  be  determined  explicitly  as 


Mf  = 


(Xf(3)/2] 
(Xf (4)/6] 


Xf(4)/6 

3  '  '^f  "  Xf  (  3)/2  ' 


b^  =  Xj(l)  - 


(Xf(3)/2]^ 

(Xf)4)/6]^ 


(Xf(3)/2] 


2  '  ^f  "  ^f^^^  Xf(4)/6’ 


(57) 


Numerical  results  will  be  presented  in  a  later  section. 
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NON-CENTRAL  CHI-SQUARED  FIT 

The  other  fourth-order  fit  that  we  consider  corresponds  to  a 
generalized  non-central  chi-squared  variate,  namely 
characteristic  function 


(58) 


This  is  called  generalized  because  we  do  not  force  c  «  w  , 

g  g 

The  In  of  (58)  can  be  expanded  in  a  power  series  in  it: 


In  fg( t)  *  i tbg 


itWg) 


(59) 


The  first  four  cumulants  of  this  characteristic  function  are  then 


Xg(l)  *  bg  +  Mg  Wg  ,  Xg(2)  =  2  bg  Cg  +  Mg  Wg  , 


|Xg(3)  -  3  bg  ,  |xg(4)  -  4  bg  c|  *  Mg  .  (60 


The  inversion  of  these  nonlinear  equations,  for  the  parameters  in 
terms  of  the  cumulants,  is  not  possible  in  closed  form,  as  it  was 
for  candidate  characteristic  function  (55).  This  limitation 
tends  to  discourage  use  of  the  non-central  chi-squared 
approximation  (58).  However,  in  appendix  D,  an  efficient 
numerical  procedure  for  solving  (60)  for  the  required  parameters 
is  developed  and  programmed.  Application  of  this  approximation 
procedure  is  deferred  to  a  later  section. 
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PERFORMANCE  IN  STEADY  STATE  NOISE 

Up  to  this  point,  the  number  of  samples,  M,  has  been  finite, 
both  for  signal-present  as  well  as  signal-absent;  then,  the  noise 
output  of  the  exponential  integrator,  (27)  or  (40),  has  not 
reached  steady-state.  In  this  section,  the  number  M  of  noise 
samples  will  be  set  equal  to  ®,  thereby  allowing  the  integrator 
noise  output  to  reach  steady  state.  However,  the  number,  N,  of 
samples  containing  signal  (if  present)  will  remain  finite. 

This  situation  arises  in  practice,  for  example,  when  the 
precise  arrival  time  of  the  signal  is  unknown.  The  use  of 
surplus  envelope-squared  samples  {z^},  for  m  >  N,  does  not 
improve  performance,  since  these  particular  samples  are  always 
noise-only;  in  fact,  these  extra  samples  always  degrade 
performance,  the  exact  amount  depending  on  the  relative  sizes  of 
weights  for  m  >  N  compared  to  m  <  N.  Here,  we  will  give  a 

method  for  quantitatively  assessing  the  impact  of  these  surplus 
noise-only  samples  on  the  operating  characteristics. 
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CHARACTERISTIC  FUNCTION 


The  characteristic  function  of  the  decision  variable  is  an 
obvious  generalization  of  (7)  to  the  form 


(61) 


where  the  signal-to-noise  ratio  parameter  a  now  takes  the  form 


a 

m 


1  for  noise-alone 
1  +  R^  for  signal-plus-noise 


for  1  <  m  <  M  =  *  .  (62 


The  particular  case  that  will  be  considered  at  length,  here,  is 
that  of  a  finite-duration  constant-strength  signal,  which  is 
accommodated  mathematically  by  setting 


R  = 
m 


R  for  1  <  m  <  N 


0  for  N  <  m  <  M  =  ® 


(63) 


When  signal-to-noise  ratio  R  is  equal  to  zero,  that  is, 
signal-absent,  the  characteristic  function  in  (61)  reduces  to 


(64  ) 


Unfortunately,  even  for  the  exponential  averager. 


“m  ■  " 


for  1  <  m  <  M  = 


(65) 


the  noise-only  characteristic  function  in  (64)  takes  a  form. 
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1  -  il  (1-r)  r*" 


(66) 


which  is  not  expressible  in  closed  form;  see  (11;  (89.18.3)). 
(Likewise,  the  finite  product  cannot  be  simplified;  see 
[11;  (89.18.2)1.)  This  necessitates  termination  of  the  infinite 
product  in  (66),  being  sure  to  keep  the  remainder  below  an 
acceptable  tolerance;  this  issue  is  addressed  in  appendix  E. 


CUMULANTS 


For  general  characteristic  function  (61),  the  curoulants  are 


TkTiyr 


„  a„)  for  1  <  k  . 
mm  ~ 


(67) 


For  the  special  case  of  the  exponential  averager  (65)  and  the 
finite-duration  signal  (63),  these  cumulants  reduce  to 


rTjyr  X^(k)  =  ^  (1  +  R)’'[l  -  +  r’"^  . 


(68) 


At  the  same  time,  characteristic  function  (61)  becomes 


)  = 


1  -  it  (1-r)  r"*  ^{1  +  R) 


)n(- 


it  (1-r)  r* 


m-N+1 


(69) 
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Here,  N  is  the  number  of  signal  components,  R  is  the  signal-to- 
noise  ratio  per  sample,  and  r  is  the  exponential  decay  factor  for 
the  weight  structure  (65). 

In  the  evaluation  of  the  signal-present  characteristic 
function  (69),  the  second  product  will  have  to  be  terminated  at  a 
finite  limit  m  »  L  (>  N).  The  error  due  to  this  truncation  is 
addressed  in  appendix  E. 
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GRAPHICAL  RESULTS 

An  example  of  the  results  in  this  section  for  M  =  N  =  32, 
r  =  .9,  is  displayed  in  figure  31,  as  obtained  via  exact  results 
(66)  and  (69),  along  with  the  truncation  procedure  of  appendix  E. 
Superposed  as  dashed  lines  are  the  results  of  using  the  constant 
plus  chi-squared  approximation  (48),  where  the  parameters  are 
obtained  from  the  cumulants,  according  to  (50).  The  cumulants 
themselves  are  given  by  (72).  The  effective  number  of  samples, 
in  (48),  takes  on  the  values  10.680,  10.676,  10.673,  and 
10.672  for  the  four  signal-to-noise  ratios  of  0,  2,  4,  and  6  dB 
indicated  in  the  figure.  This  relatively  small  value  of  is 
the  reason  for  the  discrepancy  in  figure  31  between  the  exact  and 
approximate  results. 

Figure  32  is  drawn  for  M  *  •,  N  ==  50,  and  r  ■=  .96915298; 
compare  figure  25,  for  which  «  32.  The  values  of  for  the 
three  overlaid  curves  for  signal-to-noise  ratios  equal  to  -2,  0, 
and  2  dB  are  33.531,  33.030,  and  32.624,  respectively.  These 
larger  values,  for  the  effective  number  of  samples,  lead  to 
better  agreement  in  this  figure;  in  fact,  the  approximation  is  in 
error  by  only  .15  dB  along  the  left  edge  of  the  figure. 


65 


TR  8753 


Probability  of  False  Rlarm 
Figure  31.  ROC  for  N=32,  r=.3 
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Probability  of  Detection 
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Probability  of  False  Alarm 
Figure  32.  ROC  for  N=50,  r=. 96915298 
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BLOCK  EXPONENTIAL  WEIGHTING 


In  this  section,  we  again  consider  a  weighted  energy  detector 
in  steady  state,  that  is,  M  =  «.  However,  the  averager  now 
operates  on  blocks  of  data  points  which  are  equally  weighted,  but 
which  are  themselves  exponentially  weighted.  That  is,  the 
decision  variable  x  is  now  given  by 

a> 

-  E“”> 

m=l 

where  the  weights  {w_}  are 
^  '  m 


w 


m 


'1 

for 

1 

< 

m 

< 

B' 

1-r 

r 

for 

B 

< 

m 

< 

2B 

B  ' 

for 

2B 

< 

m 

< 

3B 

(74) 


Here,  B  is  the  block  size  and  the  weights  have  been  normalized 
at  =  1.  The  following  diagram  illustrates  the  block 

exponential  weighting  structure. 
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SIGNAL  STATISTICS 


The  signal,  if  present,  occupies  the  first  N  samples  of  sum 
( 73 ) ,  where 

J  .  I  (75) 

is  presumed  integer;  that  is,  J  is  the  number  of  blocks  occupied 
by  signal  (when  present).  The  signal-to-noise  ratio  parameter  is 


CHARACTERISTIC  FUNCTION 

The  characteristic  function  of  x  in  (73)  for  signal  present 
is,  using  the  independence  of  the 

1-1 

fl  -  i{.w  a  1 
V  mm; 

m=l 

f|(l  -  u  rJ  (1  .  R)]  f|(l  -  it  .3) 

j=0  j*J 

Again,  an  infinite  product  is  required  and  the  truncation 
procedure  given  in  appendix  E  is  directly  relevant. 
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CUMULANTS 


The  cumulants  of  decision  variable  x  follow  readily  from 
(77),  upon  expansion  of  In  in  a  power  series  in  it: 


1 

(k-1)  i 


Xx(k) 


[(1  r)/Bl|^^|  [(l+R)*^  fl-r^'^l  +  r^*^]  for  k  >  1.  (78) 
l  +  r+-  •  •  +  r  '■  ^  ^ 


The  four  lowest-order  cumulants  will  be  used  in  fitting  the  exact 
characteristic  function  (77)  by  approximations  (55)  and  (58). 


GRAPHICAL  RESULTS 

Results  for  the  operating  characteristics  for  B  =  4,  J  =  32, 
and  r  =  .95  are  presented  in  figure  33.  Thus,  from  (75),  the 
signal  (when  present)  occurs  on  N  =  128  samples.  Superposed  as 
dashed  lines  is  the  approximation  afforded  by  third-order  fit 
(33)  and  (39).  The  discrepancy  is  only  .1  dB  along  the  left  edge 
of  the  figure. 

Another  example  of  block  exponential  weighting,  for  B  =  4, 
j  =  16,  and  r  =  .9,  is  displayed  in  figure  34.  The  dashed 
overlay  is  again  the  third-order  approximation  (33),  which  is 
optimistic  by  about  .15  dB  along  the  left  edge  of  the  figure. 

The  exact  results  from  figure  34  are  repeated  in  figure  35, 
but  now  the  overlays  are  the  two  fourth-order  approximations  (55) 
and  (58).  The  latter  two  approximations  are  indistinguishable 
from  each  other  over  the  entire  range  of  probabilities  displayed. 
Furthermore,  they  differ  from  the  exact  results  only  by  .05  dB  at 
the  left  edge  of  the  figure. 
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Probability  of  False  Alarm 
Figure  33.  ROC  for  8=^1,  J=32,  r«.95 
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Probability  of  False  Alarm 

Figure  35.  ROC  for  ,  J=1G,  r=.9,  fourth-order 

74  fi-ts 


TR  8753 


SUMMARY 

The  receiver  operating  characteristics  of  a  variety  of 
weighted  energy  detectors,  for  Gaussian  signals  in  noise,  have 
been  investigated  exactly  and  compared  with  five  different 
approximate  procedures.  The  Gaussian  and  chi-squared 
approximations  have  been  found  to  be  generally  inadequate  for 
very  small  false  alarm  probabilities,  while  the  generalized 
chi-squared  (gamma)  and  both  fourth-order  fits  have  yielded  very 
good  results  over  the  entire  range  of  detection  and  false  alarm 
probabilities  considered.  The  only  limitation  of  the  latter 
approaches  is  the  need  to  have  additional  cumulants  (or  moments), 
since  the  first  two  cumulants  are  not  always  entirely  adequate 
for  accurate  performance  predictions. 

If  the  exact  characteristic  function  for  the  decision 
variable  of  a  system  can  be  determined,  either  analytically  or 
numerically,  then  the  receiver  operating  characteristics  can  be 
accurately  evaluated  by  the  method  of  [2],  as  done  here. 

However,  there  are  occasions  where  it  may  be  desirable  or 
imperative  to  use  an  approximate  characteristic  function,  as  for 
example,  when  only  a  few  low-order  moments  are  known.  In  this 
fashion,  we  can,  for  example,  avoid  the  determination  of 
eigenvalues  or  avoid  the  evaluation  of  infinite  products.  Also, 
the  approximate  forms  will  frequently  be  faster  to  compute  than 
the  exact  results.  This  report  indicates  the  relative  accuracies 
inherent  in  some  of  the  standard  approximations  and  some  of  their 
generalizations,  which  should  be  considered  for  future  use. 
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APPENDIX  A  -  GAUSSIAN  APPROXIMATION 


The  characteristic  function  of  interest  was  presented  in  (7): 


f^(  £;)  «  E{exp(  i  ?;x  )  }  = 

m=: 


z  m 


1  -  if.w  al  ,  (A-1) 

m  J 


where  for  1  <  n»  <  M,  are  an  arbitrary  set  of  weights.  The 

mean  and  variance  of  random  variable  x  were  given  in  (9). 

Now,  if  energy  detector  output  x  in  (1)  were  a  Gaussian 
random  variable,  its  probability  density  function  would  be 


Pg(u) 


(u  - 
.  2 


for  all  u  , 


(A-2) 


where,  from  (9)  and  (4),  we  set 


f  '  ] 

^2 

or 

2 

ft  o  *  ( 

or 

9 

.  1  +  R  . 

.  (1  +  R)^  W-  , 

(A-3) 


The  exceedance  distribution  function  corresponding  to  (A-2)  is 


W 

^(u)  *  I  dt  pg(t)  =  ♦  -2_ - 

..  V  9  / 


for  all  u  , 


(A-4) 


where 


♦  (t)  s  dv  (2n)  exp(-v^/2) 


(A-5) 


is  the  normalized  Gaussian  cumulative  distribution  function. 
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of 


At  this 
samples , 


point,  it  is  convenient  to  define  an  effective 

M  ,  for  an  arbitrary  set  of  weights  {w  }  as  in 
6  nt 


number 

(31) 


M 


e 


.m=l 


w 


m 


M 


Ew 

m=l 


2 

m 


2 


(A-6) 


Here,  we  used  (8)  and  (2). 

If  threshold  T  is  utilized  for  a  comparison  with  energy 
detector  output  x  for  a  decision  on  signal  presence  or  absence, 
then  the  approximate  false  alarm  probability  follows  from  (A-4): 

Pp  -  Qg<T;  R-0)  -  ♦[m^(I-T)]  ,  (A-7) 

with  the  help  of  (A-3)  and  (A-6).  Similarly,  the  approximate 
detection  probability  is 

Pp  ■  Og(T;  R<0)  .  -  jfj]]  .  (A-8) 

Equations  (A-7)  and  (A-8)  produce  the  Gaussian  approximation  to 
the  operating  characteristics  of  the  energy  detector  (1), 
described  by  characteristic  function  (A-1).  They  depend  only  on 
the  single  parameter  defined  in  (A-6),  in  addition  to  the  per- 
sample  signal-to-noise  ratio  R.  That  is,  M  and  are  all 

collapsed  into  the  single  parameter,  effective  number  . 

An  immediate  obvious  problem  with  (A-8)  is  that  the  limit  of 
detection  probability  P^,  as  R  -♦  «>,  is  not  1;  in  fact,  it  is 
4 j  <  1.  This  drawback  serves  as  a  warning  about  the  adequacy 
of  the  Gaussian  approximation. 
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For  the  approximations  in  (A-7)  and  (A-8),  we  can  explicitly 
solve  for  in  terras  of  P_,  as  follows.  Let  ♦  be  the  inverse 
function  to  i;  see  (10;  26.2.231.  Then  {A-7)  can  be  solved  for 
threshold  T  according  to 

T  -  1  -  ♦(Pp)  .  (A-9) 

Substitution  of  this  result  into  (A-8)  yields 

*  ”e  ^  -Pf)  .  (A-10) 

°  I  1  +  R 

It  now  follows  immediately  from  (A-10)  that,  for  specified  P^ 
and  Pj^,  the  required  signal-to-noise  ratio  R  is 

R  =  -g-~  ^  ,  (A-11) 

m2  -  D 
e 

where 

F  E  ♦(Pp)  ,  D  H  {(Pjj)  .  (A-12) 

The  result  in  (A-11)  is  a  generalization  of  (1;  (C-8)  and  (11)1 
to  the  case  of  arbitrary  weights  .  It  is  immediately  obvious 

from  the  denominator  of  (A-11)  that  the  desired  Pj^  must  be 
smaller  than  ♦ ^M^ j . 
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APPENDIX  B  -  POSITIVITY  OF  PARAMETER  b 

c 

Here,  we  will  show  that  the  parameter  in  (35)  is  never 
negative,  regardless  of  the  weight  structure  »  provided  that 

Wj^  >  0 .  The  Cauchy-Schwartz  inequality  states  that 


M 


M 


m 


B-1 


m=l 


m=l 


for  any  real  quantities  {a„}  and  {b_}.  If  we  let  a  «  w  and 

m  m  mm 

bm  =  (B-1)  yields 


Lm=l 


M  ^2  M  M 


m*l  m=l 


that  is,  W2  <  ,  where 


M 


k 

''m  • 

m 


m=l 


Therefore 


”2 


In  addition,  there  follows 


M  w 
c  c 


”2 


(B-2 


(B-3 


(B-4 


(B-5 
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APPENDIX  C  -  TRACE  RELATIONS  FOR  EIGENVALUES 


Suppose  MxM  matrix  P  »  eigenvalues  1  <  m  <  M. 

Let  A  be  the  diagonal  matrix  of  eigenvalues  and  let  Q  be  the 

normalized  modal  matrix  of  eigenvectors  of  P;  see  (12;  section 
1.13].  Then  we  can  express  matrix  P  in  the  form 


P  “  Q  A  0"  , 


(C-l) 


from  which  there  follows  the  k-th  power 


P*^  «  Q  A^  . 


(C-2) 


We  now  use  the  trace  relation 


tr(A  B  C)  =  tr(B  C  A)  , 


(C-3) 


to  evaluate  the  trace  of  P  : 


tr(p^)  »  tr(Q  A^  Q*^)  «  tr(A’‘  q)  -  tr(A^)  -  ^ 


That  is,  the  sum  of  the  k-th  powers  of  eigenvalues  (X^^)  can  be 

v 

obtained  from  the  trace  of  matrix  P  ,  without  ever  having  to 
evaluate  the  eigenvalues  at  all.  In  particular, 
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M  M 

^  „nk  'km  • 

m»l  m,n,k=l 

In  order  to  compute  the  sums  of  the  three  lowest  powers  of  the 

eigenvalues  of  matrix  P,  we  simply  have  to  compute  the  three  sums 

on  the  elements  of  matrix  P,  as  indicated  in  (C-5)  through  (C-7). 

2  3 

In  fact,  there  is  no  need  to  compute  matrices  P  or  P  either. 
Thus,  a  seemingly  difficult  numerical  chore  is  replaced  by 
straightforward  simple  summations  of  products  of  matrix  elements, 
yielding  a  very  significant  savings  in  complexity  and  time. 
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APPENDIX  D  -  INVERSION  OF  EQUATION  (60) 

For  notational  efficiency,  we  suppress  all  the  g  subscripts 
in  (60),  let  yj^  «=  x(k)/(k-l)!,  and  set  p  =  M  w.  The  nonlinear 
equations  then  take  the  form 


y^=b+p,  y2-2bc+pw, 
y3  *  3  b  c^  +  p  ,  y^  »  4  b  c^  +  p  . 

We  solve  the  first  two  equations  for  p  and  b,  getting 

.  y2  -  ^  yi  ^  yi  "  -  ^2 

w-2c  '  *'w-2c* 


(D-1) 


(D-2) 


These  quantities  are  now  substituted  in  the  third  and  fourth 
equations  in  (D-1),  resulting  in  the  highly  nonlinear  pair  of 
coupled  equations  for  c  and  w: 


2  2 

c  3  (yj^  w  -  y2)  +  c  2  ( y^  -  y^^  w  )  +  w  (y2  w  -  y^)  «  0  ,  (D-3) 

3  3  2 

c  4  (y^  w  -  y2)  +  c  2  (y^  -  y^^  w  )  +  w  (y2  w  -  y^ )  «  0  .  (D-4) 

The  procedure  we  have  adopted  for  solving  these  latter  two 
equations  is  to  start  with  an  initial  guess  for  w  as  in  (57), 


namely 


w 


xiilZi 

X(3)/2 


(D-5) 


then  solve  quadratic  (D-3)  for  c;  substitute  this  result  into 
(D-4)  and  compute  the  left-hand  side;  now  vary  w  until  the 
left-hand  side  equals  zero.  Repeat  these  operations  until  c  and  w 
stabilize.  Equation  (D-2)  can  now  be  used  to  get  final  values  of 
p  and  b.  This  is  the  numerical  procedure  used  in  the  main  text. 
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APPENDIX  E  -  TERMINATION  OF  INFINITE  PRODUCT 


If  we  terminate  the  infinite  product  for  the  characteristic 
functions  in  (66)  or  (69)  at  limit  value  m  *  L  (>  N),  then  the 
neglected  remainder  product  in  the  denominator  is 


Rem  *= 


m=L+l 


it  (l-r)  r"-l] 


2L+1 

r 

1  +  r 


(E-1 ) 


This  relation  enables  a  choice  of  L  to  control  the  neglected 

remainder.  For  example,  I  =  200,  L  =  220,  r  *  .9  leads  to 

2 

Rem  =  1  -  il.7E-8  -  1.4E-16.  Thus,  the  f;  term  and  above  can  be 
safely  ignored.  One  final  product  in  the  denominator  of  (66),  by 
the  factor  1  -  i?;r^,  will  account  for  Rem  and  suffice  for 
complete  accuracy,  up  to  computer  round-off  error  in  the 
characteristic  function  evaluation.  For  larger  values  of  r,  it 
is  necessary  to  increase  the  limit  L;  for  example,  f  =  150, 

L  «=  700,  r  *  ,96915298  yields  Rem  ■  1  -  i4.5E-8  -  lE-15. 

If  we  terminate  the  infinite  product  for  the  characteristic 
function  in  (77)  at  limit  value  j  -  L  (>  J-1),  the  neglected 
remainder  product  in  the  denominator  is 


Rem 


(1- 


i€. 


l-r 

B 


j»L+l 


B 


-  1  -  i^  r 


L+1 


(E-2) 


This  is  substantially  the  same  as  (E-1),  where  terms  of  the  order 
2L 

of  r  have  been  neglected. 
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ABSTRACT 

A  number  of  new  two-dimensional  Fourier  transforms  of 
combinations  of  cross  Wigner  distribution  functions,  W,  of 
convolution  form  or  correlation  form  are  derived.  In  addition, 
similar  relations  are  obtained  for  combinations  of  cross  complex 
ambiguity  functions,  x*  Their  great  generality  subsumes  most  of 
the  already  known  available  properties,  such  as:  the  volume 
constraint  of  magnitude- squared  ambiguity  functions;  the 
positivity  of  the  convolution  of  two  Wigner  distribution 
functions;  and  Moyal's  theorem.  An  example  is  displayed  below; 


exp(+i2nv 't-i2nfT  '  )  '  ) 

exp(-i2nvt'+i2nf 'T  )  W^j^Ct+^jt' /f+Jjf ' )  W*^{ t-Jjt ' ,  f-^f  '  ) 


=  W^c(t+JiT /f+JjV)  W*^(t-i5T,f-J5V)  . 


Extensions  to  contracted  time  and  frequency  arguments  are 
made,  as  well  as  to  mixed  products  involving  a  Wigner 
distribution  function  and  a  complex  ambiguity  function. 
Additional  relationships  connecting  the  temporal  correlation 
function  and  the  spectral  correlation  function  complete  a 
symmetric  set  of  very  general  relationships. 


Approved  for  public  release;  distribution  is  unlimited. 
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TWO-DIMENSIONAL  CONVOLUTIONS,  CORRELATIONS,  AND 

FOURIER  TRANSFORMS  OF  COMBINATIONS  OF  WIGNER  DISTRIBUTION 
FUNCTIONS  AND  COMPLEX  AMBIGUITY  FUNCTIONS 

INTRODUCTION 

Over  the  years,  a  number  of  properties  of  integrals  of 
products  of  complex  ambiguity  functions  (CAFs)  or  products  of 
Wigner  distribution  functions  (WDFs)  have  been  derived,  such  as: 
the  volume  constraint  of  magnitude-squared  ambiguity  functions 
[1;  page  308],  the  positivity  of  the  convolution  of  any  two  WDFs 
[2;  (106)],  and  Moyal's  theorem  involving  the  volume  under  the 
square  of  a  WDF  [3].  Now,  it  appears  that  these  are  very  special 
cases  of  a  general  class  of  two-dimensional  Fourier  transforms  of 
combinations  of  CAFs  and  WDFs  with  delayed  or  time-reversed 
arguments . 

We  begin  by  deriving  a  general  one-dimensional  transform 
relation  involving  two  arbitrary  complex  waveforms  and  their 
Fourier  transforms.  An  application  of  this  relation  to  energy 
density  spectra  yields  three  alternative  expressions  for  the 
output  correlation  of  a  filtered  time  function.  This  general 
transform  relation  is  also  the  basic  tool  for  setting  up  the  two- 
dimensional  transforms  that  are  the  subject  of  succeeding 
sections.  The  extreme  generality  of  the  two-dimensional 
relations  allows  for  a  large  number  of  special  cases;  some  of 
these  are  pointed  out,  but  undoubtedly  there  are  additional  ones 


not  listed  here 
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When  we  begin  our  two-dimensional  transform  investigation,  we 
do  not  immediately  specialize  to  WDFs  or  CAFs.  Rather,  we  first 
consider  a  set  of  four  general  functions,  each  of  two  variables, 
all  of  which  are  related  to  each  other  by  Fourier  transforms.  We 
show  that  two-dimensional  Fourier  transforms  of  products  of  pairs 
of  these  general  functions  are  all  equal  to  a  common  value, 
although  that  value  cannot  be  expressed  in  any  simple  closed 
form.  These  relations  are  derived  for  convolution  type 
operations  as  well  as  for  correlation  operations. 

When  we  make  a  specialization  of  these  results  to  waveforms, 
relatively  simple  closed  form  results,  in  terms  of  products  of 
WDFs  and  CAFs,  are  obtained  for  these  two-dimensional  transforms. 
And  when  the  arguments  of  these  relations  are  further  specialized 
in  value  (such  as  zero),  some  of  the  currently  known  relations 
involving  CAFs  and  WDFs  result. 

Extensions  of  these  results  to  time  contracted  or  expanded 
arguments  are  made  in  the  appendices.  Again,  specializations  to 
waveforms  yield  closed  form  results,  in  terms  of  products  of  WDFs 
and/or  CAFs. 
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ONE-DIMENSIONAL  TRANSFORM  RELATIONS 

Function  g{t)  is  an  arbitrary  complex  function  of  real 
argument  t,  which  will  be  thought  of  as  time.  Its  Fourier 
transform  will  be  denoted  by  complex  function  G(f),  where 

G{f)  =  Jdt  exp(-i2nft)  g(t)  .  (1) 

Integrals  without  limits  are  along  the  real  axis  and  over  the 
range  of  nonzero  integrand.  Argument  f  is  a  real  cyclic 
frequency,  not  a  radian  frequency.  The  inverse  Fourier  transform 
relation  to  { 1 )  is 

g(t)  =  Jdf  exp(+i2iift)  G(f)  .  (2) 

The  Fourier  transform  pair  in  (1)  and  (2)  will  be  denoted  by 

g(t)  ♦  G{f)  .  (3) 

Similarly,  h(t)  and  H(f)  will  be  a  Fourier  transform  pair. 

TRANSFORM  OF  PRODUCT  OF  WAVEFORMS 

The  variables  v,a,p,/j,y  are  all  real  in  the  following.  A 
generalization  of  Parseval's  theorem  is  then  possible,  namely 

Jdt'  exp(-i2nvt')  g(at+pt')  h*(pt+yt')  «  exp | i 2 n v j  x 
X  Jdv'  exp(i2n\)'t(aY-Pp)]  g|y(v'+  ^) )  ^) )  /  (4) 
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where  it  is  presumed  that  p  0  and  y  0.  This  result  may  be 
derived  by  substituting  for  g  according  to  (2),  interchanging 
integrals,  and  using  (1)  for  Fourier  transform  pair  h(t)  «  H{f). 
A  more  symmetric  form  for  relation  (4)  is  available,  if  desired: 


exp( -i2nvt ' ) 


exp( +i2nv ' t ) 


(5) 


SPECIAL  CASES 

By  specializing  the  parameter  values  in  (4),  several 
interesting  and  useful  results  can  be  obtained.  For  example,  if 
we  take  y  =  p,  /j  =  -a,  then  we  obtain  a  combined  one-dimensional 
Fourier  transform  and  correlation: 

Jdt'  exp(-i2nvt')  gOt'+at)  h*(pt'-at)  = 

=  Jd\)'  exp|i2nv' t2apj  g|^v'+  .  (6) 


On  the  other  hand,  if  we  take  y  =  -p,  p  =  a  in  (4),  there 
follows  a  combined  one-dimensional  Fourier  transform  and 
convolution: 


exp{ -i2nvt ' )  g(at+pt' )  h* )  = 


exp 


i2nv ' t2ap 


(7) 
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Further  specialization  to  the  specific  numerical  values 
Y*^«l,  =  a  =  in  (6)  yields 

Jdt'  exp(-i2nvt')  g(t'+%t)  h*(t'-*it)  * 

*  JdM'  exp(+i2nv't)  G{v'+>5V)  H*(v'-J3V)  .  (8) 

Alternatively,  the  choice  p«a-l  in  (7)  yields 

Jdt'  exp(-i2nvt')  g(t+iit')  h*(t-*jt')  = 

=  Jdv'  exp(+i2nv't)  G(v+ijv' )  H*{v-isv')  .  (9) 

APPLICATION  TO  ENERGY  DENSITY  SPECTRA 

Case  1 .  Suppose  that  we  choose 

G(v)  =  jX(v)|^  ,  H(v)  =  |Y(v)|^  ,  (10) 

which  are  the  energy  density  spectra  of  waveforms  x(t)  and  y(t), 
respectively.  Then  g(t)  -  ~  where 

is  the  auto-correlation  function  of  complex  wavefom  x(t); 

=  Jdu  x{t  +  u)  x*(u)  .  (11) 

The  use  of  (10)  and  (11)  in  (8)  yields 
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s  Jdv'  exp{+i2nv't)  |X(v'+i5V)i^  Iy{v'-Jjv)|^  « 

-  Jdt'  exp{-i2nvt')  t ^ )  ’^yy(t'-‘5t)  .  (12) 

The  last  term  in  (12)  is  identical  to  ')'yy(^t-t' ) . 

The  special  case  of  v  *  0  in  (12)  reduces  to 

ll(t,0)  =  Jdv'  exp(+i2nv't)  |X(v')|^  ly(v')j^  * 

»  Jdt'  'I'xx^^'’*’^^)  't'Jy(t'-‘}t)  .  (13) 

The  additional  restriction  to  t  »  0  becomes 

lj(0,0)  «  Jdv'  lX(v')i2  lY(v')l^  » 


Case  2.  Here,  instead,  make  the  identifications 

G(v)  =  X(v)  Y(v)  »  H(v)  .  (15) 

Then 

g(t)  »  *  Jdu  x(u)  y(t-u)  *  h(t)  ,  (16) 

which  is  the  convolution  of  x(t)  and  y(t).  Substitution  of  (15) 
and  (16)  in  (8)  gives 
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l2{t,v)  s  exp(+i2nv't)  X(v'+%v)  Y(n)'+15V)  X*(v'-i5V)  Y*(v'-Jjv) 

-  Jdt'  exp(-i2n:vt')  C^y(t'+ijt)  C*y(t'->jt)  .  (17) 

Setting  v  to  zero  yields 

l2(t,0)  =  Jdv'  exp(+i2nv't)  |X(v')l^  |Y(v')l^  = 

=  jdt'  C^y(t'+l}t)  C*y{t'-i5t)  .  (18) 

Finally,  also  setting  t  equal  to  zero, 

12(0,0)  =  Jdv'  lX(v')|2  jY(v*) =  Jdt'  |C^y(t')}2  .  (19) 

Case  3.  Now  identify 

G(v)  *  X(v)  Y*(v)  =  H(v)  .  (20) 

Then 

g(t)  =  y*(u)  »  h(t)  ,  (21) 

which  is  the  cross-correlation  of  x(t)  and  y(t).  The  use  of  (20) 
and  (21)  in  (8)  leads  to 

l3(t,v)  s  Jd^'  exp(+i2nv't)  X(v'+Jjv)  Y*(v'+*sv)  X*(v'-iiv)  Y(v'-ijv) 

-  Jdt'  exp(-i2nvt')  ^'xy^t'+ijt)  ^*y{t'-Jjt)  .  (22) 

The  result  of  setting  v  to  zero  is 
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l3(t,0)  -  JdV  exp(+i2nv't)  lX(v')|^  iY(v')|^  - 

When  t  is  also  set  equal  to  zero,  (23)  reduces  to 

13(0,0)  =  JdN)'  |X(v')(2  |y(v')l^  »  Jdt'  •  (24) 

It  should  be  observed  that  the  upper  lines  of  (13),  (18),  and 
(23)  are  identical  to  each  other?  that  is, 

l3(t,0)  -  l2(t,0)  -  l3(t,0)  .  (25) 

Therefore,  the  lower  lines  of  (13),  (18),  and  (23)  furnish  three 
equal  alternative  expressions  involving  autocorrelations, 
convolutions,  or  cross-correlations,  respectively. 

There  are  many  other  possibilities  for  identifications  of  G 
and  H  in  (8),  besides  (10),  (15),  and  (20),  For  example,  we 
could  take 

G(v)  -  |X(v)|^  y(v)  ,  H(v)  «  y(v)  .  (26) 

However,  it  may  be  shown  that  this  choice  leads  identically  to 
result  (13)  when  v  is  set  to  zero?  so  not  all  selections  yield 
new  relations.  Additional  convolution  type  relations  may  be 
obtained  if  (9)  is  used  instead  of  (8). 
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GENERAL  TWO-DIMENSIONAL  TRANSFORM  RELATIONS 

In  this  section,  we  will  consider  a  set  of  four  general 
functions,  each  of  two  variables,  which  are  related  to  each  other 
by  Fourier  transforms.  These  four  functions  are  indicated  in 
figure  1,  where  a  two-headed  arrow  denotes  a  Fourier  transform 
relationship.  These  functions  are,  for  the  moment,  arbitrary 
complex  functions  of  two  variables;  they  are  not  necessarily 
Wigner  distribution  functions  or  complex  ambiguity  functions. 

R(t,T)  < - »  X('>/T) 


W(t,f)  < - ^  ♦(v,f) 

Figure  1.  General  Two-Dimensional  Functions 

The  paired  transform  variables,  here  and  for  the  rest  of  the 
report,  are  t  «  v  and  t  #  f.  The  detailed  Fourier  transform 
interrelationships  between  the  four  functions  in  figure  1  are 


X(V/T)  = 

dt 

exp( -i2nvt ) 

R{t,t)  , 

(27) 

R(t,T)  * 

dy 

exp(+i2nvt ) 

X(^»/t)  , 

(28) 

W(t,f)  » 

dx 

exp(-i2nft ) 

R(t,t)  , 

(29) 

R(t,T)  = 

df 

exp(+i2nfT ) 

W(t,f)  , 

(30) 
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♦  (  V  ,  f  )  » 

dt 

exp( -i2nvt ) 

W(t,f)  , 

(31) 

W(t,f)  - 

dv 

exp{  +i2n:vt ) 

♦(v,f)  , 

(32) 

*  (  M  ,  f  )  » 

dx 

exp(-i2nfT ) 

X(N>/T)  , 

(33) 

- 1 

U 

X 

df 

exp(+i2nfT ) 

*(v,f)  . 

(34) 

A  double  Fourier  transform  relationship  exists  between  R  and  i, 
as  well  as  between  W  and  x* 

TWO-DIMENSIONAL  CONVOLUTIONS 

We  repeat  (9)  here,  but  with  a  change  of  variables  t  -♦  t  and 
V  -»  f: 

Jdr'  eyp(-i2nfT')  q{x+Hx '  )  h*(T-‘jr')  = 

=  Jdf'  exp(  +  i2nf'T)  G(f+Jjf')  H^Cf-Hf')  .  (35) 

Let  X2  different  functions  of  the  type  indicated  in 

figure  1,  and  consider  (35)  with  the  assignments 

g(T)  ,  h(T)  *  X2(^b'^^  • 

The  corresponding  Fourier  transform  pairs  for  (36)  are 

G(f)  » 


upon  use  of  (33).  There  follows,  from  (35), 
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JdT'  exp(-i2nfT')  Xj  ( '  )  X2  ( ^b' ^ ^  ^ 

=  Jdf'  exp(+i2nf'T)  f+ijf '  )  $*  ( Vj^,  f -4f '  )  .  (38) 

See  appendix  A  for  the  most  general  result  of  this  form. 

If  we  now  let  -  \)+hv'  and  =  v-ijv'  in  (38),  then  an 
additional  Fourier  transform  on  v'  yields  the  middle  two  lines 
in  (39)  below.  More  generally,  in  a  similar  fashion  to  that  used 
above,  we  find  that  the  combined  two-dimensional  convolution  and 
Fourier  transform  can  be  expressed  in  four  equivalent  forms: 

I(v,f,t,T)  H  (39) 

=  JJdt'dt'  exp( -i2nvt ' -i2nfT  '  )  Rj  (t+^jt' ,1+^51 '  )  ( t-^it '  ,T-4t '  )  = 

=  JJdv'dt'  exp(+i2nv '  t-i2nfT  '  )  x^  '  )  X2  ( “ 

=  JJdv'df'  exp{+i2nv '  t+i2nf  ' T  )  ^ ^ ( v+ijv ' , f+i}f  '  )  *2 ( ’  )  ~ 

=  JJdt  ’df'  exp(-i2nvt'+i2nf 't  )  Wj  { t+^t ' ,  f { t-^st '  ,  f-i}f  '  )  . 

Alternative  forms  of  (39)  are  available;  for  example,  the 
last  line  can  be  written  in  the  more  typical  convolution  form 

JJdt'df'  exp{-i2nvt'+i2nf 't )  Wj(t',f')  W* ( t-t ' , f-f ' )  = 


=  j  exp(-invt+infT)  I(i5V,i5f  ,i5t,i}T  ) 


(40) 
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TWO-DIMENSIONAL  CORRELATIONS 

Here,  we  use  (8)  with  identifications 

g(t)  =  Rj(t,T^)  ,  h{t)  «  ' 

G(v)  »  /  H{v)  «  X2(''/^b)  •  (41) 

Then  there  follows  immediately 

Jdt’  exp(-i2nvt')  R^(t'+J3t,T^)  R*(t'-ist,Tj^)  * 

=  Jdv'  exp(+i2nv't)  Xi{'>'+*5v,Tg)  X2('’'-‘5^/^b)  •  (42) 

Now  let  =  T'+isT  and  Tj^  =  t'-Jjt,  and  Fourier  transform  on 
t'.  The  result  is  the  first  two  relations,  given  below,  of  four 
equivalent  forms  of  the  combined  two-dimensional  correlation  and 
Fourier  transform 

J(v,f,t,T)  s  (43) 

*  JJdt'dT'  exp(-i2nvt'-i2nfT  ' )  Rj(t'+%t,T '+1jt  )  R2(  t ' -*5t,T  ' -%t  )  = 

=  JJdv'dr'  exp(+i2nv '  t-i2nfT  '  )  Xj  '■*'*5^  )  X2(^'~*5V,t '-^r  )  = 

»  JJdv'df'  exp(+i2nv't+i2nf 'T  )  ♦^(v'+J5V,f '+>jf )  4*{v ' -ijv,  f ' ->{f )  = 

*  IJdt'df'  exp{-i2nvt'+i2nf 'T  )  Wj(t'+i}t,f '+Sf )  W*(  t' -^t,  f  ' -Hf  )  . 

Alternative  forms  to  (43)  are  possible;  for  example,  the  last 
line  can  be  expressed  in  the  more  typical  correlation  form 
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JJdt'df'  exp(-i2nvt'+i2nf 'r )  W* ( t ' -t , f ' -f )  » 

=  exp( -invt+infr )  J(v,f,t,T)  .  (44) 


MIXED  RELATIONS 

The  results  in  (39)  and  (43)  all  involve  two  W(t,f) 
functions,  or  two  functions,  etc.  However,  it  is  possible 

to  obtain  relations  which  involve,  for  example,  one  W(t,f) 
function  and  one  function.  As  an  illustrative  example, 

consider  (9)  with  g(t)  “  Wj(t,f^)  and  h(t)  *  X2(^b'^)*  Then, 
from  figure  1,  G(v)  *  ♦j^(v,f^)  and  H(v)  *  giving 

Jdt'  exp(-i2nvt')  ,f^)  X2 ( t-ijt '  )  = 

=  Jdv'  exp(+i2nv't)  ♦j^(v+4v' ,  *2^  v-ijv  '  )  .  (45) 

If  we  now  let  f^  «  f+Jjf'  and  fj^  =  f-Jjf',  and  perform  a 
Fourier  transform  on  f',  there  follows  immediately 

JJdt'df'  exp(-i2nvt'+i2nf 'T  )  (t+ijt ' ,  f+Jjf ' )  X2  ( )  ~ 

(46) 

*  JJdv'df'  exp(+i2nv't+i2nf 'T  )  *j(v+%v' ,f+iif ' )  )  • 

Thus,  a  combined  two-dimensional  convolution  and  Fourier 
transform  of  a  W(t,f)  function  and  a  function  can  be 

expressed  in  terms  of  two  ♦(v,f)  functions.  (Strictly,  some  of 
the  argument r  are  reversed,  as  seen  in  (46).) 
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If,  instead,  we  use  (8)  with  g{t)  and  h(t)  assigned  as  above, 
then  we  obtain 

Jdt'  exp(-i2nvt')  Wj(t'+Jit,f^)  X2  (  ^ ' -ijt )  * 

=  Jdv'  exp(+i2n\)'t)  *2  ^  ^b' ^ 

Letting  =  f'+ijf,  =  f'-ijf,  and  performing  an  additional 
Fourier  transform  on  f',  there  follows 

JJdt'df'  exp{-i2nvt'+i2nf 'T  )  Wj  ( t '+*5t,  f '^^f )  ^ ~ 

(48) 

”  exp(+i2nv't+i2nf 'T  )  '+i{f )  ^  )  • 

Here,  a  combined  two-dimensional  correlation  and  Fourier 
transform  of  a  W(t,f)  function  and  a  function  can  be 

expressed  in  terms  of  two  ♦{v,f)  functions.  (Again,  some 
arguments  are  reversed  or  replaced.  However,  the  first  argument 
in  a  X  function  is  always  a  frequency  variable,  while  the  second 
argument  is  always  a  time  variable;  similar  restrictions  hold  for 
the  remaining  functions  R,  W,  t  in  figure  1.) 
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SPECIALIZATION  TO  WAVEFORMS 

In  the  previous  section,  the  functions  R,  W,  Xf  *  were 
arbitrary,  except  that  they  were  related  by  Fourier  transforms 
according  to  figure  1.  Here,  we  will  specialize  their  forms, 
thereby  enabling  more  explicit  relations  for  their  two- 
dimensional  convolutions  and  correlations. 

For  arbitrary  complex  waveforms  a(t),  b(t),  c(t),  d(t),  let 


Rj(t,T)  =  a(t+iiT) 

b*(t-iiT  )  =  ^ab^  ^  ' 

(49) 

R2(t,T)  =  C(t+i5r) 

d*(t->5T  )  s  R^^(t,T  )  . 

(50) 

These  are  known  as  (cross)  temporal  correlation  functions  (TCFs). 
Thus,  R3jj(t,T)  is  the  "instantaneous"  cross-correlation  between 
waveforms  a  and  b,  corresponding  to  center  time  t  and  separation 
(or  delay)  time  t.  Then,  from  (31)  and  (29),  or  [4;  (35)],  there 
follows 

♦  j^(v,f)  *  exp( -i2nvt-i2nfT )  KgjjCtfT)  = 

=  A(f+%v)  B*{f-J5V)  ,  (51) 

♦  2(v,f)  =  "  C(f+J5V)  D*(f-J5V)  .  (52) 

These  functions  are  known  as  (cross)  spectral  correlation 
functions  (SCFs).  (In  [4],  the  notation  A(v,f)  was  used  for  this 
function;  however,  A(f)  will  be  used  here  for  the  Fourier 
transform  of  waveform  a(t).)  The  SCF  corresponds  to  center 
frequency  f  and  separation  (or  shift)  frequency  v. 
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The  Fourier  transform  relationships  in  figure  1  and  equations 
(27)  -  (34)  still  hold  true,  but  now  are  specialized  to  the 
waveform  cases  above.  Specifically,  figure  2  illustrates  the 
four  two-dimensional  functions  for  waveforms  a(t)  and  b(t),  where 
now  is  a  cross  Wigner  distribution  function  (WDF)  and 

Xi  *  ®  cross  complex  ambiguity  function  (CAF) . 

TCF 

WDF  W^j^{t,f)  ♦- - ^ 

Figure  2.  Two-Dimensional  Functions  for  Waveforms 

The  detailed  Fourier  transform  interrelationships  are  now 


Xab<'''^> 

=  Jdt 

exp(-i2nvt) 

Rab<*^'^*  / 

(53) 

*  I'*'’ 

exp(+i2itvt ) 

Xab<'’'''l  ' 

(54) 

«ab<t'n 

.Ja. 

exp(-i2nfT ) 

RabIt.O  , 

(55) 

Rab<’^'"> 

.  jdf 

exp{+i2nfT ) 

w^blt.f)  . 

(56) 

•ab<'’'‘l 

exp( -i2nvt ) 

«ab"^'*'  ' 

(57) 

'  Jd'' 

exp(+i2nvt ) 

»ab<'’'*>  ' 

(58) 
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♦ab^'*'^^  ~  exp(-i2nfT) 

Xab*'’'**  ' 

(59) 

exp(+i2nfT) 

‘ab*"'**  • 

(60) 

The  function  for  example,  is  an  auto  WDF,  since  it 

oa 

involves  only  one  waveform,  a(t).  We  will  frequently  drop  the 
terminology  auto  and  cross,  when  possible  without  confusion,  and 
let  the  notation  indicate  the  particular  case. 

It  will  be  found  advantageous  for  future  purposes  to  define  a 
scaled  and  contracted  WDF  according  to 

Sab*'''**  ' 


GENERAL  CROSS  PROPERTIES 

Due  to  the  restriction  of  form  taken  on  by  the  TCF  in  {49) 
and  the  SCF  in  (51),  the  four  functions  in  figure  2  obey  some 
symmetry  rules;  they  are 


"ab**'-*! 

*ab' 


Xab*''''-*! 

"ab*"'** 


"ba**'^'  ' 

Xba*''-*’  ' 


Wba(t,f)  . 


(62) 
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AUTO  PROPERTIES 

When  waveform  b(t)  -  a(t),  some  specializations  follow: 


aa*'"'-'' 

aa<-'''*> 

aa<-'’'-'> 

real  for  all  t,  f,  a(t), 

(63) 

with  the  only  significant  specialization  being  the  realness  of 
WDF  W^,(t,f).  Waveform  a(t)  can  still  be  complex. 

acL 

SOME  SPECIAL  CASES 

The  ordinary  cross-correlation  of  two  waveforms  a(t)  and  b(t) 
is  a  special  case  of  a  CAP: 

4'ab(^)  “  b*(t-T)  =  XatjCO/T)  .  (64) 

The  ordinary  cross-spectrum  is  then  a  special  case  of  an  SCF: 

s  JdT  exp(-i2nfT)  ^  ^  ^  ^ 

The  autospectrum  is  then  simply 

Taa(f)  =  "  |A{f)l^  .  (66) 

which  is  always  nonnegative. 

The  ordinary  convolution  of  two  waveforms  a(t)  and  b(t)  is  a 
special  case  of  a  WDF: 

JdT  a{T)  b*(t-T)  =  =  ~ab^^'^*  * 
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REAL  WAVEFORM  a(t) 

In  addition,  if  waveform  a(t)  is  real,  the  following  (auto) 
properties  hold  true; 


“  ^aa^^'^^  ^aa  ' 

aa''’--*' 

=  ♦aa<'''*>  ' 

aa''*'-"' 

=  Xaa(v,r)  , 

'aa<t'-£> 

=  Waa''^'*'  ■ 

(68 

The  situation  for  a  real  waveform  a(t)  is  summarized  in  figure  3 
below. 


Figure  3.  Symme'^ry  Properties  for  Real  Waveform  a{t) 
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MIRROR- IMAGE  RELATIONS 

For  general  complex  waveforms  a(t)  and  b(t),  define 
mirror-image  functions 


a{t)  =  a(-t)  ,  b(t)  =  b(-t)  . 


(69) 


Then  it  follows  directly  that  the  voltage  density  spectrum  of 
mirror- image  a(t)  is 


A{f)  s  Jdt  exp(-i2nft) 
which  is  the  mirror-image  of  A(f). 


ab 

ab 


(-t,-T ) 


(-v,-f ) 


a(t) 

Also, 

) 

(V,f) 


=  A{-f)  , 
there  follows 


(70) 


Thus,  the  mirror- image  property  for  A(f)  carries  over  into  all 
the  two-dimensional  domains,  such  as  the  WDF  and  CAF,  as  well. 
There  is  no  significant  simplification  for  b(t)  =  a(t),  except 
for  the  realness  of  W,,(t,f),  as  before. 

Use  of  mirror-image  definition  (69)  allows  for  an  interesting 
connection  between  WDFs  and  CAFs.  First,  substituting  (49)  into 
(53)  and  (55),  we  have  cross  CAF 
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X^j^(v,T)  =  Jdt  exp(-i2nvt)  a(t+J5T)  b*(t-isT)  = 

=  Jdf  exp{vi2nfT  }  A(f+J{v)  B*{f-J5v)  5  (72) 

and  cross  WDF 

=  Jdt  exp(-i2nfT)  a(t+>5T)  b*(t-*5T)  = 

=  Jdv  exp(+i2nvt)  A(f+i{v)  B*(f->5V)  h  W^g{t,f)  .  (73) 

Reference  to  (69)  now  inunediately  reveals  that 

Wab{t,f)  =  2x3b(2f,2t)  (74) 

or 

Here,  we  also  used  (61).  That  is,  the  WDF  of  two  waveforms 
a  and  b  is  proportional  to  the  CAF  of  waveforms  a  and  b,  the 
mirror-image  of  b. 

Finally,  since 

B*(f)  #  b*(-t)  =  b*(t)  ,  (76) 

then,  using  (72), 

X  =  fdf  exp(i2nfT)  A(f+hv)  B(f-iiv)  = 

AB 

=  X  =  iw  =  W  ^(T,v)  .  (77) 

ab  ^  ab  ab 
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TWO-DIMENSIONAL  TRANSFORM  RELATIONS  FOR  WAVEFORMS 

In  an  earlier  section,  general  two-dimensional  transform 
relations  were  derived  between  sets  of  four  functions  related  by 
Fourier  transforms;  see  figure  1  and  (39)  and  (43).  Here,  we 
will  utilize  the  particular  forms  considered  in  the  previous 
section  for  waveforms  (see  figure  2)  and  will  derive  closed  forms 
for  I  and  J  in  (39)  and  (43),  respectively. 


TWO-DIMENSIONAL  CONVOLUTIONS 

If  we  substitute  (49)  and  (50)  in  the  top  relation  in  (39), 
there  follows 

I(v,f,t,T)  *  JJdt'dr'  exp( -i2nvt ' -i2nfT  '  )  a(t+*5t '  )  x 
X  b*(t+Jjt'-i5T-Vr' )  X  c*  -hx+hx  •  )  .  (78) 

Now  let 


u  *  l5t'+%T',  V  =  Jst'-^nT';  u+v  =  t',  2(u-v)  =  T'. 


Since  the  Jacobian  of  this  tiansfoimation  is  4,  (78)  becomes 


I(v,f,t,T)  **  exp|-i2rrv(u+v)-i2nf2(u-v)  I 

X  a(t+>}T+u)  b*(t-ijT+v)  c*(t+JjT-u)  d(t-i5r-v)  = 


*  Jdu'  exp( -i2nu '  (  f+ijv ) )  a(  t+^jr+^u' )  c*(t+J5T-i}u' )  x 
X  Jdv'  exp(+i2nv' ( f-ijv)  )  b*(t-^T+i5V' )  d{t-hx~h'v‘)  = 
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*  Wac  (  t+JjT  ,  f +J5V  )  W*^(t-i5T,f-i{V)  .  (80) 

That  is,  all  the  following  quantities  are  equal; 

I(V,f,t,T)  = 

~  exp( -i2nvt ' -i2nfT  '  )  ,x-^hx  ’  )  R*^(t-i}t' '  )  = 

>  JJdv'dT’  exp(+i2nv  '  t-i2nfT  '  )  ^  ' /T-^t  '  )  = 

=  JJdv'df'  exp(+i2n\) ' t+i2nf 'T  )  ^ab^ J  >  f-^f  '  )  = 

=  IJdt'df'  exp(-i2nvt'+i2nf 'T  )  Wajj(  t+ijt ' ,  f+»if  '  )  W*^{  t-%t' ,  f-ijf  '  )  = 

=  ^^^{t+hx  ,f+hv)  W^^(t-JjT,f-Jjv)  .  (81) 

All  four  double-integrals  in  (81)  can  be  expressed  as  a  product 
of  the  same  two  one-dimensional  integrals,  which  are  cross  WDFs. 
This  reduction  is  only  possible  when  the  two-dimensional 
functions,  like  Wajj  and  X^b'  WDFs  and  CAFs,  respectively. 

The  transformations  in  (81)  are  comoined  two-dimensional  Fourier 
transforms  and  convolutions  of  TCFs,  CAFs,  SCFs,  or  WDFs. 

By  use  of  (74),  an  alternative  expression  for  the  end  result 
in  (81)  is 

I(v,f,t,T)  «  4  Xac(2f+v,2t+T )  Xbd(2f-v,2t-T )  ,  (82) 

in  terms  of  mirror-image  functions;  see  (69).  Also,  a  more 
typical  convolution  form  for  (81),  for  example,  is  (using  (61)) 
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JJdu  dv  exp( -i2nvu+i2nvT  )  (U,v)  w;^(t-u,£-v)  - 

»  exp( -invt+infT  )  ( t+St ,  f+^v )  t-^sr  ,  f-^v )  .  (83) 

TWO-DIMENSIONAL  CORRELATIONS 

In  an  identical  fashion  to  that  used  above,  result  (43) 
becomes 

J(V,f,t,T)  = 

*  JJdt'dT'  exp(-i2nvt'-i2nfT  '  )  R^jj(t'+*it,T '+isr  )  R*^(t' -*5t,T  ' '  = 

=  JJdv'dx'  exp(+i2nv '  t-i2nfT  '  )  ^ = 

*  JJdv'df'  exp(+i2nv '  t+i2nf 'T  )  (v  +‘sv,f'+J{f)  ( v  ' ,  f  ' -ijf )  = 

=  JJdt'df'  exp( -i2nvt ' +i2nf  *  T  )  Wg^(  t'+ijt,  r  ■ +^51 )  w*^(  t ' ,  f  ' -^sf  )  = 

All  these  double  integrals  in  (84)  are  equal  to  a  product  of  two 
cross  CAPS.  Again,  this  only  holds  for  the  special  forms  of  the 
two-dimensional  functions,  li)ce  and  X^j^f  which  are  WDFs  and 
CAPS,  respectively.  The  transformations  in  (84)  are  combined 
two-dimensional  Fourier  transforms  and  correlations  of  TCFs, 

CAPS,  SCFs,  or  WDFs. 

By  use  of  (75),  an  alternative  expression  for  the  end  result 
in  (84)  is 
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J(V,f ,t,T  ) 


W*^{  t-bt  ,  f-ijv  )  , 


(85) 


in  terms  of  mirror-image  functions.  Also,  a  more  typical 
correlation  form  for  (84)  is,  for  example. 


JJdu  dv  exp( -i2nvu+i2nvT ) 


”cd(^- 


t,v-f)  = 


=  exp(-invt+infT  )  t+^i )  ^ 


A  MIXED  RELATION 

As  an  example  in  this  category,  if  we  take  (46)  with 

Wj(t,f)  =  W^^(t,f)  ,  X2(^''^)  =Xcd(2^'2T)  ,  (87) 

then 

tj(v,f)  =  =  A(f+i}v)  B*(f-i}v)  , 

♦  2(v.f)  =  I  «^^(2v,J5f)  =  -i  C(»}f+v)  D*(i5f-v)  .  (88) 

Substitution  of  these  results  in  (46)  yields 

IJdt'df'  exp(-i2nvt '  +  i2nf 'T  )  W^j^(  t+Jjt ' ,  f+^f '  )  x^d^  ^  “ 

This  mixed  relation  is  a  two-dimensional  Fourier  transform  and 
convolution,  involving  a  WDF  and  a  CAF,  expressible  in  closed 
form  as  a  product  of  another  WDF  and  CAF. 
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SPECIAL  CASES 

The  two-dimensional  transform  results  in  (81)  and  (84)  in  the 
previous  section  involve  four  arguments,  namely  v,f,t,T,  and  four 
functions,  a{t),  b(t),  c(t),  d(t).  Their  extreme  generality 
allows  for  numerous  special  cases  upon  selection  of  the 
arguments  and/or  the  functions.  We  consider  some  of  these 
possibilities,  but  are  aware  that  this  list  could  be  considerably 
augmented . 

Case  1.  As  an  example  of  the  generality  of  these  results, 
consider  in  (84)  the  particular  selection 

v=f®t=T=0,  c(t)  =  a(t),  d(t)  =  b(t‘ .  (90) 

There  follows  immediately  the  "volume  constraint" 

JJdv'dT'  *  JJ'^t'df'  “ 

=  Xbb<°^0)  =  |a(t)|2  Jdt  |b(t)|^  .  (91) 

Case  2.  In  (84),  take  v  *  t  =  0,  b(t)  *  a{t),  d(t)  =  c(t;. 
Then  there  follows,  upon  use  of  (85), 

JJdv'dT'  exp(+i2itv't-i2nfT' )  * 

=  JJdt'df'  W^g^(t'+Jjt,f'+}}f)  W^^(t'-»st,f'-Hf)  = 
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which  is  nonnegative  real  for  all  f,  t,  a(t),  c{t).  Thus,  the 
two-dimensional  correlation  of  two  auto  WDFs  is  ncnnegative. 

An  alternative  form  of  (92)  is 

Jjdu  dv  Wg^(u,v)  W^^(u-t,v-f)  =  ^  .  (93) 

Further  specialization  to  t  =  f  =  0  yields 

JJdu  dv  W^a(u,v)  w^^(u,v)  =  ^  dt  a{t)  c*(  t)  (94  ) 

which  yields  Moyal's  result  [3]  for  c(t)  =  a(t),  namely 

JJdt  df  W^^{t,f)  *  [Jdt  |a(t)|^p  .  (95) 

Case  3,  In  (81),  take  v  =  t  =  0,  b{t)  =  a(t),  d(t)  =  c(t). 

We  then  get  the  "smoothing  result" 

JJdt'df  W^^(t+i5t' ,f+J{f  '  )  W^^{t-J5t'  ,f-i}f  ’  )  = 

=  W^_(t,f)|^  =  j  [dr '  exp(-i2nfT')  a(t+^T')  c*(t-^T')  ^  t  0  (96) 

dC  I  I  J 

for  all  t,  f,  a(t),  c(t).  An  alternative  form  is 

Jjdu  dv  Wg^(u,v)  W^^(t-u,f-v)  -  1^  -  ' 

-  jjdT'  exp( -i2rcfT '  )  a(T')  c*(t-T')  ^  .  (97) 

That  is,  the  two-dimensional  convolution  of  two  auto  WDFs  is 
never  negative  (just  as  for  the  correlation  in  (92)). 
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Case  4 .  Using  (62),  the  s£une  basic  end  result  is  obtained 
from  (81)  for  the  following  double  integral  involving  CAFs; 

JJdv'dr'  exp(+i2nv't-i2nfT  '  )  = 

=  ^ 

This  right-hand  side  is  nonnegative  real  for  all  t,  f,  a(t), 
c(t).  An  alternative  foinn  is,  upon  use  of  (61), 

JJdv  dr  exp(+i2nvt-i2nfT )  Xaa('>/T)  ^ 

Case  5.  Consider  (81)  with  c(t)  *  a(t),  d(t)  =  b(t).  Then 
the  right-hand  side  of  (81)  is  always  real.  For  example,  we  have 

JJdv'dT'  exp(+i2nv't-i2nfT  ' )  ' /f +*jt  '  )  Xab^'^"^'^' 

=  JJdt'df'  exp(-i2nvt'+i2nf 'T  )  Wg^j^( t+»}t ' ,  f+^jf '  )  W*jj(  t-ijt ' ,  f-^jf  ’  )  = 

=  yfg^g^{t+HT  ,t+hy>)  •  (100) 

This  is  real  for  all  t,  t,  f,  v,  a(t),  b(t),  although  it  could  go 
negative. 

Case  6.  From  (81),  with  v  *=  r  *  0,  there  follows 

IJdt'df'  W^j^(t+J5t' ,f+‘if '  )  W*^(t-Jst' ,f-»}f  '  )  * 

=  W^^(t,f)  W*^(t,f)  ,  (101) 
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or,  with  the  help  of  (61)  and  (75),  alternative  form 

JJdu  dv  W^^(u,v)  w’j(t-u,£-v)  - 

Furthermore,  if  we  set  c(t)  *  a(t),  d(t)  ■=  b(t),  we  obtain 

JJdu  dv  W^jj(u,v)  W*jj(t-u,£-v)  - 
“  Haa<t.£)  Wbb(t'£)  -  X^blf't)  •  (l”i 

Thus,  the  two-dimensional  convolution  of  a  complex  cross  WDF  with 
itself  is  always  real,  but  could  go  negative. 

Case  7 .  From  (83)  and  (84),  with  v  «  t  *  0,  there  follows 

JJdt'df'  W^j^(t'+»jt,f'+Jjf)  W*^(t'-J5t,f '-»jt)  - 

-  JJdu  dv  W^j3{u,v)  W*^(u-t,v-f)  * 

«  JJdv'dT'  exp(+i2nv't-i2iifT  ' )  “ 

-  w;^(t,f)  .  (104) 

The  two-dimensional  correlation  of  two  cross  WDFs  is  a  product  of 
two  cross  CAFs. 
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Case  8.  If  we  now  set  c(t)  **  a(t)  and  d(t)  *  b(t)  in  (104), 
we  obtain 

JJdu  dv  W*jj(u-t,v-f )  = 

*  exp(+i2nv't-i2nfT  '  )  | Xg^^J{ ^  ^  “ 

“  Xaa(f't)  x;b(f.t)  =  .  (105) 

The  two-dimensional  correlation  of  a  cross  WDF  with  itself  is  a 
product  of  two  auto  CAFs. 

Case  9.  From  (84),  with  t  =  f  =  0,  c(t)  =  a(t),  d(t)  =  b(t), 
and  with  the  help  of  (63),  we  find 

JJdt'df'  exp(-i2nvt'+i2nf 'T )  ^  “ 

This  is  a  generalization  of  (91). 
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APPLICATION  TO  HERMITE  FUNCTIONS 

This  material  is  heavily  based  on  [5;  appendix  A,  {A-36)  and 
the  sequel].  Let  be  the  n-th  orthonormal  Hermite  function 

with  linear  frequency-modulation,  as  given  in  [5;  (A-36)].  Also 
let  waveforms 

a(t)  *  C,y.{^Jt),  b(t)  =  Cj(Yt),  c{t)  =  d(t)  *  (107) 

The  particular  cross  WDFs 

Wab(t/f)  *  jdt  exp(-i2nfT)  t,j^(pt+>5pT )  J.*(Yt-^YT)  , 

Wcd(t,f)  *  JdT  exp(-i2nfT)  ^^^(Yt-^JYt)  ,  (108) 

cannot  be  expressed  in  closed  form.  However,  the  cross  WDFs 

exp(-i2nfT)  ^Jt+h^Jx )  :,^{^Jt-h^Jx  )  = 


(109) 


and 


"bd<'='^>  -  7  «j„(Vt,f/Y) 


(110 


can  be  simply  expressed,  in  the  notation  of  [5;  {A-40)  and 
(A-41)).  Thus,  the  very  complicated  two-dimensional  convolution 
and  Fourier  transform  in  (81),  of  and  can  be  written  in 

a  closed  form  involving  the  product  of  two  generalized  Laguerre 
functions.  Numerous  specializations  are  possible. 
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SUMMARY 

Some  very  general  two-dimensional  Fourier  transforms  of 
convolution  and  correlation  form  have  been  derived  for  various 
combinations  of  WDFs  and  CAFs.  In  particular,  closed  forms  for 
the  convolution  form  are  given  in  (81),  while  results  for  the 
correlation  form  are  given  in  (84).  Numerous  special  cases  may 
be  obtained  from  these  results,  of  which  a  brief  list  has  been 
presented  in  (90)  -  (106). 

Some  extensions  to  more  general  arguments  have  been  derived 
in  appendices  A  and  B.  In  particular,  appendix  A  treats  the  case 
where  a  product  of  CAFs  is  of  interest,  while  the  case  of  a 
product  of  WDFs  is  considered  in  appendix  B.  The  possibility  of 
a  combined  convolution  and  correlation  has  also  been  considered 
in  appendix  A. 

For  signals  reflected  off  moving  targets,  it  is  necessary  to 
define  a  generalized  WDF,  allowing  for  contracted  arguments. 

This  possibility  has  been  considered  in  appendix  C,  where  a 
two-dimensional  Fourier  transform  and  convolution  has  been 
evaluated  in  terms  of  the  generalized  WDF. 

The  results  of  this  report  should  enable  rapid  evaluation  of 
integrals  of  products  of  WDFs  and/or  CAFs  with  a  wide  variety  of 
arguments  and  including  exponential  terms  with  linear  arguments. 
They  also  significantly  extend  a  number  of  special  cases  already 
known  in  the  literature. 
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APPENDIX  A  -  PRODUCTS  OF  CAFs 

In  this  appendix,  we  will  further  generalize  the  results  in 
(81)  and  (84),  for  products  of  two  CAFs,  to  allow  for  more 
general  arguments.  However,  we  begin  by  considering  general 
two-dimensional  functions  as  in  figure  1.  In  particular,  let 

g(T)  »  Xi('»a/T)  ,  h(T)  =  X2(%/T)  /  (A-1) 

in  ( 4 ) .  Then 

G(f)  = 

giving 

JdT'  exp(-i2itfT  '  )  '+aT  )  ^  “  exp (i2nfT^|^-]  x 

X  Jdf'  exp(i2K£'t(av-p;j))  ♦i(v^,y(£'+  ]  = 

“  Ioy-PpI  Jdf'  exp(i2n£'T)  x 


fv  Yf' 

+  M 

f 

[  a'  ay-pp 

2pJ 

*2l'^b'  ay-pp 

'  2yJ 

Now,  let  v^*pv'+ov,  r  where  the  boldface  constants 

are  unrelated  to  their  counterparts;  that  is,  p  need  not  equal 
with  the  same  true  of  a,^,y.  Then  Fourier  transform  (A-3)  on  v’ 
to  obtain 
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JJdv'dT'  exp(+i2nv' t-i2nfT  '  )  x  j  O'* pt '+aT  )  ) 

“  1  a7-"pp f  ^^p[^2nfT JJdv'df'  exp(+i2nv 't+i2nf 't  )  x 


^ (^v'+av. 


Yf *  +  _f 


)‘5( 


yv ' +pv , 


ay-0p  2y 


-  ^  .  {A-4) 


In  general,  we  cannot  proceed  any  further  on  this  double  integral 
of  a  product  of  general  two-dimensional  functions  x^  arid  X2* 

Now  let  Rj  and  R2  be  TCFs;  that  is. 


R^{t,T)  =  a(t+isr)  b  (t-JjT)  =  ' 

R2{t,T)  =  C(t+l5T)  d*{t-J?T)  =  R^^(t,T)  . 


(A-5) 


Then  and  *2  become  '^jfs: 


*i^v,f)  =  “  A(f+ijv)  B  (f-»5V)  , 

«2(v,f)  «  "  C(f+i5V)  D*(f-Jjv)  . 


(A-6) 


As  a  first  case,  let  y=0  and  y®0.  Then  (A-4)  becomes 
JJdv'dT  'exp( i2iiv ’  t-i2nfT  '  )  Xab^ ^ 

-  [  exp|i2nfT^^j  JJdv'df'  exp(+i2nv 't+i2nf 't  )  x 

X  +'<|  +‘fPv'+>!av)  +li|  -ijpM'-isaM)  x 


’*  ‘^*(5^  ■‘>f  0(5^  -*<f  -‘iP'-'-'if''') 
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=  ^  exp |+i2nfT--^^  -i2nvt“^^j  x 

^  ^ac(f  'I  +i3T(a-p)|  X^jjd  -^v{a-p),|  -hx{a-p)^.  {A-7) 

Thus,  this  very  general  two-dimensional  correlation  and  Fourier 
transform  of  cross  CAFs  can  be  expressed  as  a  product  of  two 
different  cross  CAFs.  For  ^=p=l,  a=a=>5/  p=p=-b/  this  result 
reduces  to  (84). 

As  a  second  case,  let  y~-^  and  y-“P*  Then  (A-4)  becomes 
JJdv'dT 'exp(i2nv't-i2nfT  '  )  ^  ,PT-0t'  )  = 

(i2Kfr2^]  JJdvdf  exp(+i2nv 't+i2nf 'T )  x 

’*  *(5??  "■‘>1  +‘=P'' ■+'»«'']  -i,pv->iax.]  X 

till  +!5Pm’-i>,jv]  . 

=  |PP1~^  exp|+i2nfT^^  -i2nvt^^j  x 

X  +^T(a+p),|  +Jjv{a+p))  W*^(|  -iiT{a+p),|  -J5v(a+p)],  {A-8) 

where  we  used  (61).  Thus,  this  very  general  two-dimensional 
convolution  and  Fourier  transform  of  cross  CAFs  can  be  expressed 
as  a  product  of  two  different  cross  WDFs.  For  p=p=J},  a=a=l, 
this  result  reduces  to  (81). 
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As  a  third  case,  let  y=P/  Y=~P*  There  follows  a  two- 
dimensional  relation  involving  both  a  convolution  and  a 
correlation: 

JJdv'dr  '  exp(  i2nv  '  t-i2nf  T  '  )  '  +-aT  )  /  PT  '+pr  ) 

=  j(3p|  ^  exp  ^+i2nfr^^  -i2nvt^^j  x 

^  ~ad*(|  +i5V(a+p)j  (|  -hr(a-/j)r^  -Jjv(a+p)j,  {A-9) 

where  W(t,£)  =  iw(i}t,isf)  again.  Observe  the  conjugates  on 
subscripts  d  and  c  of  the  scaled  WDFs  W. 

For  a=a=l,  /v=/y=l,  this  relation  becomes 

JJdv'dr'  exp(  i2nv '  t-i2it:fr  '  )  '  )  = 

=  4  exp(i4nfT)  ( 2t , 2£+v )  ( 2t , 2f-v )  = 

=  exp{i4nfT)  { t ,  f +isv )  ( t ,  f-^v  )  .  (A-10) 
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APPENDIX  B  -  PRODUCTS  OF  WDFs 

In  this  appendix,  we  will  also  generalize  the  results  in  (81) 
and  (84),  but  now  for  products  of  two  WDFs,  to  allow  for  more 
general  arguments.  Again,  we  begin  by  considering  general  two- 
dimensional  functions  as  in  figure  1.  In  particular,  let 

g(t)  =  W^(t,f^)  ,  h{t)  =  ,  (B-1) 

in  ( 4 ) .  Then 

G(v)  =  /  H{m)  = 

giving 

Jdt'  exp(-i2nvt')  WjOt'+at,fg)  ( yt ' +);t , f )  =  exp (i2nvt^^|^  x 

X  Jdv'  exp[i2nv't(aY-pp))  *^[yv'+  ^  ,f^]  ly  '  ^b  * 

Now,  let  f^=(5f'+af,  where  the  boldface  constants 

are  unrelated  to  their  counterparts;  that  is,  p  need  not  equal 
with  the  same  true  of  a,p,Y*  Then  Fourier  transform  (B-3)  on  f', 
to  obtain 

JJdt'df'  exp(-i2nvt'+i2nf 'T  )  WjOt'+at,pf '+af )  W2(Yt'+/Jt,Yf '+pf  )  = 
*  exp|i2nvt^^^^^j  JJdv'df  '  exp|+i2nv't(aY-^P)+i2nf 'tj  x 

""  21  ^  ^Yf'+Pf)  •  (B-4) 
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In  general/  we  cannot  proceed  any  further  on  this  double  integral 
of  a  product  of  general  two-dimensional  functions  and  W2 . 

Now  let  and  R2  be  TCFs;  that  is, 

Rj(t,T)  =  a(t+iiT)  b*(t-i5T)  “  ' 

R2(t/T)  =*  C(t+i5T>  d*(t-HT)  R^^(t,T)  .  (B-5) 

Then  and  *2  become  SCFs: 

*j^{v,f)  «  *  A(f+i5V)  B*(£-i}v)  , 

*2(v,f)  =  '  C(f+J5V)  D*(f-i{\))  .  {B-6) 

Substitution  in  (B-4)  yields 

IJdt ' df ' exp ( - i2n vt ' +i2n f ' T )  ( pt ' +at , pf ' +af )  W*^ ( yt ' +pt , yf ' +pf ) 

*  exp|i2n\)t°^^^^]  JJdM'df'  exp[+i2nv't(ay-pp)  +  i2nf 'rj  x 
X  i^|pf '+af4-Jiyv'+i*v/pj  B*  |pf '+af-ijyv'-%v/pj  x 
X  C*  ^yf '+p£+*5Pv  ' -Vv/yj  D|yf '+pf-^Pv'+Ji<v/y|  .  (B-7) 

As  a  first  case,  let  y=p  and  y«p.  Then  (B-7)  becomes 
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JJdt 'df '  exp(-i2nvt '  +i2nf  'x  )  W^j^(  pt '+at^  pf  '  +af  )  pt '  +pt ,  p£  '  +pf 

*  exp|i2nvt^^j  JJdv'df'  exp|+i2nv  '  tp{a-p)  +  i2nf 'x  j  x 
X  A^pf '+af+J}pv'+i*v/pj  B*[pf '+af-ispv'-%v/p]  x 
X  C*  |pf '+pf+i5PN)'-J*v/p|  D^pf '+pf-iipv'+ijv/pj  = 

=  IPPT^  exp|+i2nvt2^  -i2nfx^^j  x 

2g  .t(a-^)+  x^(£(o-»'l-  25  2?)  • 


Thus,  the  very  general  two-dimensional  correlation  and  Fourier 
transform  of  cross  WDFs  can  be  expressed  as  a  product  of  two 
different  cross  CAFs.  For  p*p=l,  a=a=h,  this  result 

reduces  to  (84). 

As  a  second  case,  let  Y=-p  and  y="P*  Then  (B-7)  becomes 
JJdt'df 'exp(-i2nvt'+i2nf 'X  )  W^jj(at+pt '  ,af+pf '  )  W*^(pt-pt'  ,pf-pf  '  ) 

*  exp  (nxvtSzM)  IJdvd:'  exp|-i2ixv'tp(a+p)+i2nf 'xj  x 
X  A^pf '+af-J5Pv '+%v/pj  B*|pf '+af+)}pv'-J*v/p|  x 
X  C*  |-pf '+pf+ijpv ’+J*v/pj  D^-pf '+pf-J5P\> ' -Vv/p|  = 
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=  exp|+i2nvt^^  -i2nfT^^j  x 

X  Hac 2?  '«(“+»')+  2l)  5I  ,f(a+p)-  jj) ,  (B-9) 

using  (61).  Thus,  the  very  general  two-dimensional  convolution 
and  Fourier  transform  of  cross  WDFs  can  be  expressed  as  a  product 
of  two  different  cross  WDFs.  For  a*a=l,  p=p=l,  this 

result  reduces  to  (81). 

For  T  =  0,  V  =  0,  b(t)  =  a(t),  d(t)  =  c(t),  (B-9)  reduces  to 

JJdt'df'  W^^(at+pt' ,af+pf ' )  W^^(pt-pt ' ,pf-pf ' )  = 

=  IPPT^  f(a+p))|^  ,  (B-10) 

which  is  nonnegative  for  all  parameter  values  and  waveforms  a(t) 
and  c(t).  This  is  a  generalization  of  (96). 
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APPENDIX  C  -  A  GENERALIZED  WDF 

When  a  signal  is  reflected  from  a  moving  target,  the  effect 
is  to  contract  (or  expand)  the  time  scale  of  the  echo,  rather 
than  cause  a  frequency  shift.  This  requires  us  to  consider  a 
more  general  version  of  a  WDF.  To  begin,  if  waveforms 

a(t)  s  a(at)  ,  b(t)  s  b(at)  ,  a  >  0  ,  (C-1) 

then  their  cross  WDF  is 

Thus,  we  have  need  to  consider  integrals  of  the  form 
KsJJdt'df'  exp(-i2nvt'+i2nf 'T  )  Wg^b(t',f')  W*^(  t-at '  ,  f-f ' /a) .  (C-3  ) 
This  form  is  general  enough  to  accommodate  integrand 

W*^(t-at',f-f’/a)  (C-4) 

by  a  change  of  variable. 

To  accomplish  evaluation  of  (C-3),  we  must  define  a 
generalized  WDF  as 

Wab(t,f;p)  “  Jdr  exp(-i2nfr)  a(t+pT)  b*(t-(l-p)T)  .  {C-5) 

Then  we  have  the  usual  WDF  as  a  special  case,  namely 

Wgj^(t,f;i5)  = 
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Also,  {C-5)  enables  us  to  evaluate  the  following  more  general 
integral  according  to 

Jdt'  exp(-i2nft')  a(t' )  b*(t-at')  = 

=  p  exp(-i2nftp)  V^^(pt,pf;p)  ;  p  =  .  (C-7) 

Now  we  are  in  a  position  to  reconsider  integral  K  defined 
above  in  (C-3); 

K  =  JJdt'df'  exp(-i2nvt'+i2nf 'T )  Jdu  exp(-i2nf'u)  a(t’-*-hu)  x 

X  b*(t'-i5U)  Jdv  exp[  i2n  (  f-f ' /a)  V]  c*(t-at'+^v)  d{  t-at ' -^jv ) .  (C-8) 

The  integral  on  f'  yields  6(T-U“v/a).  Integration  on  u  then 
yields 

K  =  JJdt'dv  exp(-i2nvt'+i2nfv)  a ( t ' +i}T -i{v/a )  x 

X  b*  ( t ' -ijr+i{v/a)  c*(t-at'+Jsv)  d(t-at'-^v)  .  (C-9) 

Now  let 

x  =  t'+ijT-ijv/a  ,  y  =  t'-^r+^v/a  ; 

t'  =  ^(x+y)  ,  V  =  a(y-x+T)  .  (C-10) 

The  Jacobian  of  this  two-dimensional  transformation  is  a,  leading 
to 
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K  *  a  JJdx  dy  expC-inv(x+y )+i2nfa(y-x+T ) 3  x 
X  a{x)  b*{y)  c* {t+hot-ax)  d(t-%aT-ay)  = 

*  a  exp{i2nafT)  Jdx  exp(-i2n(af+i}v)x]  a(x)  c*{t+HaT-ax)  x 
X  Jdy  exp[i2n(a£-J}v)y]  b*(y)  d(t-%aT-ay)  = 


g 

(l+g)^ 


exp 


gfr-Mt) 

1+g  j 


u  f t+*?gT  gf-f^jv _ 1_' 

"acl  1+g  *  1+g  '1+g, 


X 


X  W, 


bd 


t-^gr 

1+g 


gf-%v _ L.1 

1+g  ' 1+gj 


/ 


(C-1 


by  use  of  (C-7).  For  g  *  1,  this  reduces  to  alternative  form 
(83),  upon  use  of  (C-6)  and  (61). 
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ABSTRACT 

An  alias-free  Wigner  distribution  function  (WDF),  for  a  time 
waveform  s{t)  limited  to  total  frequency  extent  F,  is  available 
if  the  time  sampling  increment  A  is  less  than  1/F.  Furthermore, 
the  WDF  can  be  efficiently  numerically  evaluated  via  fast  Fourier 
transform  (FFT)  procedures  if  the  FFT  size  N  is  greater  than 
2T/A,  where  T  is  the  effective  duration  of  s(t). 

However,  in  order  to  suppress  the  undesired  inherent 
oscillating  interference  terms  in  the  WDF,  it  is  necessary  to 
smooth  the  WDF,  or  equivalently,  weight  the  complex  ambiguity 
function.  This  smoothing  operation  cannot  be  accomplished 
without  a  penalty  in  terms  of  sampling  increment  A  and  FFT  size 
N.  In  particular,  if  the  smearings  in  the  time  and  frequency 
domains  of  the  WDF  are  2/B  and  2/D,  respectively,  the  new  tighter 
requirements  are 


A  < 


N  > 


^  _4 

A  BA  ' 


in  order  to  realize  an  unaliased  smoothed  WDF  and  to  be  able  to 
track  its  variations  in  time  and  frequency.  The  impact  of  these 
more  stringent  bounds,  which  depends  on  the  particular  waveform 
s(t)  of  interest  and  the  degree  of  smoothing  utilized,  must  be 
anticipated  and  investigated  for  each  case;  if  either  bound  is 
violated,  an  aliased  smoothed  WDF  will  result. 
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ALIAS-FREE  SMOOTHED  WIGNER  DISTRIBUTION 
FUNCTION  FOR  DISCRETE-TIME  SAMPLES 

INTRODUCTION 

The  Utility  of  the  Wigner  distribution  function  (WDF)  for 
detailed  time-frequency  analysis  of  waveforms  has  been  summarized 
very  well  in  a  recent  article  by  Cohen  [1];  this  material  will  be 
assumed  to  be  known  by  the  reader.  As  for  actual  numerical 
calculation,  the  problem  of  obtaining  an  alias-free  WDF  and 
complex  ambiguity  function  (CAF),  from  discrete-time  samples,  was 
solved  in  a  recent  report  by  Nuttall  [2].  Specifically,  an  upper 
bound  on  the  time  sampling  increment  and  a  lower  bound  on  the 
fast  Fourier  transform  (FFT)  size  were  determined  that  allowed 
for  evaluation  of  the  original  continuous  WDF  and  CAF  at  a 
discrete  set  of  points  with  sufficient  detail  and  coverage  to 
avoid  any  significant  loss  of  information.  Furthermore,  a 
detailed  prescription  for  the  required  data  processing  of  the 
available  discrete-time  samples,  in  terms  of  FFTs,  was  given. 

However,  the  presence  of  large  oscillating  interference 
terms,  which  are  inherent  to  the  WDF,  requires  that  some  smoothed 
version  of  the  WDF  be  made  available  from  discrete  data.  This 
problem  was  addressed  recently  by  Harms  [3],  and  a  procedure  was 
delineated  for  its  realization  in  terms  of  FFTs.  However,  the 
additional  data  processing  required  for  the  smoothed  WDF  cannot 
be  realized  without  some  extra  effort  or  penalty;  in  fact,  new 
more  stringent  bounds  on  the  sampling  increment  and  FFT  sizes 
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must  be  met  in  order  to  retain  the  alias-free  character  of  the 
resultant  smoothed  WDF.  These  bounds  were  derived  by  Nuttall  and 
furnished  to  Harms  who  listed  them  in  [3;  section  4  ( 
reference  11)]. 

In  this  current  report,  we  will  present  the  detail 
derivations  that  lead  to  these  bounds.  In  the  process, 
interpretations  of  the  smoothed  temporal  correlation  function 
(TCF)  and  smoothed  spectral  correlation  function  (SCF)  are 
required  and  furnished.  Allowance  for  a  very  general  form  of 
ambiguity  weighting  (multiplication)  or  Wigner  smoothing 
(convolution),  including  tilts  in  the  appropriate  time-frequency 
planes,  is  made  and  accounted  for.  The  specific  data  processing 
and  FFT  operations  are  presented  in  complete  detail. 
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CONTINUOUS  TIME-FREQUENCY  REPRESENTATIONS 

In  this  section,  waveform  s{t)  is  considered  to  be  available 
for  continuous  time  t.  We  will  point  out  some  basic  properties 
of  the  various  time- frequency  representations  (TFRs)  of  the 
waveform,  which  will  be  required  later  when  we  address  the 
discrete-time  case;  some  of  this  material  was  given  in 
[2;  especially  appendix  A]. 


WAVEFORM  CHARACTERISTICS 

Complex  waveform  s(t)  has  voltage  density  spectrum 

S{f)  =  J  dt  exp(-i2nft)  s(t)  ,  (1) 

where  f  is  cyclic  frequency  and  integrals  without  limits  are 
conducted  over  the  range  of  nonzer-.  integrand.  It  will  be 
presumed  that  the  waveform  is  essentially  time  limited  and 
frequency  limited;  that  is, 

|s(t)l  “  0  for  |t|  >  T/2  (2) 

and 

|S(f ) I  «  0  for  |f I  >  F/2  .  (3) 

Thus,  the  total  time  extent  of  s(t)  is  T  seconds  while  the  total 
frequency  extent  of  S(f)  is  F  Hertz.  The  effective  extent  of 
s(t),  say  where  ls{t)|  is  within  1/e  of  its  peak,  is  smaller  than 
T;  similarly,  the  effective  extent  of  S(f)  is  smaller  than  F. 
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This  distinction  between  the  essential  (total)  extent  and  the 
effective  extent  is  kept  below.  The  time-bandwidth  product  TF 
must  be  larger  than  1  and  can  be  much  larger  than  1  for  some 
waveforms  with  detailed  amplitude-  and/or  frequency-modulation. 

The  fact  that  s(t)  is  centered  at  t  «=  0  results  in  no  loss  of 
generality  because  we  can  delay  or  advance  a  given  waveform  to 
this  location.  Similarly,  a  centered  spectrum  S(f)  is  easily 
achieved  by  frequency  shifting.  We  allow  for  complex  s(t), 
thereby  accommodating  analytic  or  complex  envelope  waveforms. 


TIME-FREQUENCY  REPRESENTATIONS 

The  temporal  correlation  function  (TCF)  of  s(t)  is  defined  as 

R(t,T)  =  S(t+%T)  s*(t-ijT)  .  (4) 

Reference  to  (2)  immediately  reveals  that  R(t,x)  is  essentially 
confined  to  |t|  <  T/2,  |t|  <  T.  The  quantity  t  is  the  time  delay 
or  separation  variable. 

The  spectral  correlation  function  (SCF)  is  the  double  Fourier 
transform  of  R(t,T)  and  is  given  by 

4(v,f)  =  JJ  dt  dr  exp( -i2nvt-i2nfT )  R(t,T)  = 

=  S(f+Jjv)  S*{f-J}v)  .  (5) 

Use  of  (3)  then  demonstrates  that  J(v,f)  is  essentially  limited 
to  |v|  <  F,  |f|  <  F/2.  The  quantity  v  is  the  frequency  shift  or 
separation  variable- 
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The  Wigner  distribution  function  (WDF)  is  then  given  by 
either  of  the  following  transforms 

W(t,f)  »  J  dt  exp(-i2nfT}  R(t,T)  *  (6a) 

=  J  dv  exp{+i2nvt)  *(v,f)  .  (6b) 

From  (6a)/  we  can  conclude  that  W(t/f)  is  confined  to  |t|  <  T/2/ 
while  from  (6b),  the  frequency  extent  is  essentially  |f|  <  F/2. 

Finally,  the  complex  ambiguity  function  (CAF)  is  available 
from  either  of  the  following  transforms 


=  J  dt  exp(-i2nvt) 

R(t,T)  = 

(7a) 

*  J  df  exp(+i2nfT) 

♦(v,f)  . 

(7b) 

Therefore,  the  region  of  essential  contribution  of  x('>/T)  is 

(v|  <F,  |t{  <T,  from  (7b)  and  (7a),  respectively. 

The  extents  of  all  four  of  these  two-dimensional  time- 

frequency  representations  are  summarized  in  figure  1.  In  fact, 

2  2 

for  Gaussian  waveform  s(t)  *  a  exp{-i}t  /o  ),  the  choices  T  »  4a 
and  F  *  2/(na),  for  example,  give  these  exact  results  in  figure 
1,  at  the  exp(-4)  «  .018  level.  Horizontal  movement  in  this 
figure  is  accomplished  by  means  of  a  Fourier  transform  between 
variables  t  and  v;  vertical  movement  utilizes  a  Fourier  transform 
relationship  between  t  and  f.  Relations  (6)  and  (7),  along  with 
their  inverse  Fourier  transforms,  constitute  the  totality  of 
these  one-dimensional  transforms. 
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f 

f 

WDF 

SCF 

W(t,f) 

♦(v,f ) 

F/2 

F/2 

1  t  ( 

\  V 

-T/2I 

/t/2  -fI 

/  F 

-F/2 

-F/2 

Figure  1.  Extents  of  the  Time-Frequency  Representations 
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GENERALIZED  TIME-FREQUENCY  REPRESENTATIONS 

Since  there  are  four  two-dimensional  domains  of  interest  in 
the  TFRs  depicted  in  figure  1,  it  is  necessary  to  consider  the 
effects  of  weighting  and  smoothing  in  all  of  them. 

TWO-DIMENSIONAL  SMOOTHING  OPERATIONS 

Consider  weighting  (or  kernel)  v(v,t)  applied 
multiplicatively  to  CAF  to  yield  modified  (weighted)  CAF 

X(^»/T)  =  X(V/T)  v(v,t)  .  (8) 

The  three  equivalent  descriptors  to  weighting  v(v#t)/  in  the 
remaining  domains,  are  given  by  Fourier  transform  relations 

V(v,f)  *  J  dr  exp{-i2nfT)  v(v,t)  ,  (9) 

v(t,T)  =  J  dv  exp(+i2nvt)  v(v,t)  ,  (10) 

V(t,f)  »  J  dr  exp(-i2nfT)  v(t,T)  » 

*  J  dv  exp(+i2nvt)  V(v,f)  « 

»  JJ  dv  dr  exp(+i2nvt-i2nfT )  v(v,t)  .  (11) 

The  last  function,  V(t,f)  in  (11)#  will  be  called  the  smoothing 
function,  for  reasons  to  be  seen  below.  The  notational 
convention  adopted  here  is  that  a  Fourier  transform  from  t  to  v 
is  indicated  by  a  tilda,  while  a  Fourier  transform  from  t  to  f  is 
indicated  by  a  capital. 
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GAUSSIAN  EXAMPLE 

Probably  the  simplest  example  of  a  unimodal  two-dimensional 
smoothing  operation  in  all  four  domains  is  furnished  by  the 
following  Gaussian  example,  where  B  and  D  are  arbitrary; 


v(\),T)  =  exp(-nv^/B^-itT^/D^)  ,  (12) 
V(v,f)  «  D  exp(-iiv^/B^-nD^f^)  ,  (13) 
v(t,T)  =  B  exp(-iiB^t^-nT^/D^)  ,  (14) 
V(t,f)  =  BD  exp(-nB^t^-nD^f^)  .  (15) 


The  effective  areas  of  these  four  two-dimensional  functions,  at 
the  1/e  contour  level  relative  to  each  peak,  are  BD,  B/D,  D/B, 
and  1/(BD),  respectively.  It  is  seen  from  (12)  that  B  and  D  are 
the  essential  (positive)  extents  of  weighting  v(v,t)  in  the  v  and 
T  directions,  respectively.  That  is,  v(B,0)  *  v(0,D)  *  exp(-n) 

=  .043  <<  1  =  v(0,0).  Similarly,  from  (15),  1/B  and  1/D  are  the 
essential  (positive)  extents  of  smoothing  function  V(t,f)  in  the 
t  and  f  dimensions,  respectively.  These  properties  are 
illustrated  in  figure  2,  where  each  contour  depicted  is  at  level 
exp(-n)  =  .043,  relative  to  its  peak.  Shortly,  we  will 
generalize  this  smoothing  function  example  to  allow  for  tilts  in 
the  v,T  and  t,f  planes,  thereby  enabling  better  smoothing 
capability  to  be  applied  to  the  WDF,  without  loss  of  significant 
information. 
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Figure  2.  Two-Dimensional  Smoothing  Functions 
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MODIFIED  TIME-FREQUENCY  REPRESENTATIONS 

The  effects  of  each  of  the  general  smoothing  functions  in 
(8)  -  (11)  on  the  four  two-dimensional  TFRs  (4)  -  (7)  of  the 
previous  section  are  now  investigated;  see  also  [4;  appendix  F]. 
The  resultant  generalized  time-frequency  representations  (GTFRs) 
are  indicated  on  the  left-hand  sides  by  bold  type: 


X(^>/T)  S  X(V,T)  V{V,T)  , 

(16) 

HI 

c _ 

dT 

exp(-i2nfT)  xC^/T)  =  4(v,f) 

f 

®  V(v,f)  , 

(17) 

R(t,T)  s 

dv 

exp(+i2nvt)  =  R(t,T) 

t 

®  V(t,T)  , 

(18) 

W(t,f)  5 

dt 

exp(-i2nfT)  R(t,T)  W(t,f) 

tf 

®  V(t,f)  . 

(19) 

X 

Here,  ®  denotes  convolution  on  x,  with  all  other  variables  held 
fixed;  thus,  for  example,  (17)  is  J  df'  *(v,f-f')  V(v,f’). 

The  interpretations  of  (16)  -  (19)  are  as  follows:  the  CAF  is 
simply  multiplied  by  weighting  v(v,t);  the  SCF  is  smeared  in 
frequency  f  according  to  V(v,f);  the  TCF  is  smeared  in  time  t 
according  to  v(t,T);  and  the  WDF  is  smeared  in  both  t  and  f 
according  to  smoothing  function  V(t,f).  It  is  this  latter 
two-dimensional  smoothing  (convolution)  operation  in  t,f  space 
that  suppresses  or  eliminates  the  undesired  oscillating 
components  that  are  present  in  the  original  WDF,  at  the  expense, 
of  course,  of  spreading  out  localized  energy  components  of  the 
waveform. 
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The  extents  of  the  GTFRs  are  sketched  in  figure  3;  these 
results  are  based  upon  (16)  -  (19),  in  combination  with  figures  1 
and  2.  Because  is  the  result  of  multiplication  (16),  its 

extents  in  v,t  are  the  minima  of  the  two  contributing  functions. 
On  the  other  hand,  the  f  extent  of  #(v,f)  is  increased  by  1/D, 
which  is  the  positive  extent  of  V(v,f)  in  f.  Similarly,  the  t 
extent  of  R(t,T)  is  lengthened  by  1/B,  owing  to  the  smoothing 
action  of  v(t,T).  In  both  of  these  latter  cases,  the  length  of 
the  untransformed  variable  (v  for  ♦(v,f)  and  t  for  R(t,T))  is 
unchanged.  Finally,  W(t,f)  is  lengthened  by  1/B  and  1/D  in  the 
t  and  f  dimensions,  respectively,  owing  to  the  double  convolution 
with  smoothing  function  V(t,f). 

Since  the  smoothing  function  V(t,f)  in  figure  2  has 
essentially  reached  zero  by  the  time  |t|  =  1/B  and  |fl  =  1/D,  the 
effective  extents  in  t  and  f  are  approximately  |t|  <  1/(2B)  and 
|f|  <  1/(2D).  That  is,  V(t,f)  is  approximately  1/B  by  1/D  wide 
in  the  t,f  plane,  for  an  effective  area  of  1/(BD);  see  the  line 
under  (15).  If  this  area  1/(BD)  is  .5  or  greater,  then  we  can 
expect  that  smoothed  WDF  W(t,f)  will  be  everywhere  positive 
[4;  (F-7)  -  (F-19)]. 

On  the  other  hand,  if  effective  area  1/(BD)  is  significantly 
less  than  .5,  then  smoothing  function  V(t,f)  is  rather  impulsive- 
like  and  little  averaging  will  occur  as  a  result  of  double 
convolution  (19).  Thus,  it  appears  that  BD,  at  least  for  the 
simple  Gaussian  example  in  (12)  -  (15)  and  figure  2,  should  be 
chosen  of  the  order  of  3  to  4.  Then,  the  effective  area  of 
weighting  v(v,t)  in  (12)  and  figure  2  is  BD,  which  is  of  the 
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order  of  3  to  4 .  This  area  is  significantly  smaller  than  the 
effective  extent  of  CAF  in  figure  1,  which  covers  an  area 

of  the  order  of  FT,  which  is  generally  much  larger  than  1. 
Therefore,  we  can  anticipate  significant  modifications  in  the 
weighted  CAF  and,  hence,  in  the  smoothed  WDF  W(t,f),  in 

the  majority  of  the  t,f  plane;  in  fact,  W(t,f)  will  have  some 
regions  with  negative  lobes  if  BD  ~  3  to  4 .  Except  to  say  that 
we  expect  that  B  <  F  and  D  <  T,  there  is  little  quantitative 
connection  between  these  parameters,  in  general. 


TILTED  GAUSSIAN  EXAMPLE 


When  waveform  s(t)  contains  some  linear  frequency  modulation, 
the  simple  Gaussian  smoothing  functions  in  (12)  -  (15)  and  figure 
2  are  inadequate.  The  CAF  and  WDF  of  s(t)  have  contours  in  their 
respective  planes  that  are  similar  to  tilted  ellipses;  see,  for 
example,  (4;  pages  35  -  39].  It  is  then  necessary  to  realize  a 
weighting  function  v(m,t)  and  a  smoothing  function  V(t,f),  which 
also  have  the  capability  of  moving  their  contours  to 
approximately  match  those  of  typical  CAFs  and  WDFs. 

A  very  useful  set  of  smoothing  functions  is  furnished 
by  the  tilted  Gaussian  mountain,  with  B  and  D  arbitrary 
[4;  appendices  F  and  D]: 


(22  11 

v(v,T)  =  exp 

-n 

iL.  +  I_  +  2r  ^  ^ 

[32  B  dJ 

(20) 


V(v,f)  =  D  exp 

-n 

fl-r^l\  +  D^f^  -  i2r  ^  Df 

V  j. 
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v( t,T )  =  B  exp 

-n 

+ 

CN 

CN 

Cfl 

K _ 

l-r^l^  +  i2r  Bt  ~ 

(22) 


V(t,f)  = 


BD 


exp 


1-r 


+  2r  Bt  Df 


(23) 


For  r  «  0,  these  reduce  to  (12)  -  (15).  Plots  of  weighting 
function  v(v,t)  and  smoothing  function  V(t,f)  are  displayed  in 
figure  4  for  r  <  0;  the  contours  drawn  are  at  the  exp(-n)  =  .043 
level  relative  to  the  peak  value  of  each  function.  Dimensionless 

tilt  parameter  r  satisfies  jr)  <  1;  also,  we  define  q  =  (1-r  )^. 

The  smoothing  function  V{t,f)  again  has  essential  extent  2/B 
by  2/D  in  the  t,f  plane;  that  is,  V{t,f)  is  substantially  zero 
for  |tl  >  1/B  or  |f|  >  1/D.  However,  the  effective  area 
(inside  the  1/e  relative  contour  level)  of  V(t,f)  is  now  q/(BD), 
which  can  be  considerably  less  than  1/(BD)  for  lr|  near  1,  that 
is,  when  q  <<  1.  Weighting  function  v(v,t)  now  has  essential 
extent  2B/q  by  2D/q  in  the  v,t  plane;  its  effective  area  A^^  is 

BD/q,  which  is  the  reciprocal  of  that  for  smoothing  function 

V(t,f):  A^^  =  ^^^tf*  of  A^j  of  the  order  of  1/3  to  1/4 

are  desired  for  smoothing  purposes;  then,  A^^  -  3  to  4 . 

Although  effective  area  A^^  can  be  considerably  less  than 
1/(ED),  the  smearing  caused  by  double  convolution  (19)  still 
leads  to  a  smoothed  WDF  W(t,f)  which  occupies  the  same  region 
indicated  in  figure  3.  The  extents  of  the  four  GTFRs  are  exactly 
the  same  as  figure  3,  except  that  the  limits  on  v  and  t  are  now 


min{F,B/q)  and  min{T,D/q},  respectively;  q 


(1-r 


(24) 


14 


TR  8785 


Figure  4.  Tilted  Smoothing  Functions 
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CHOI-WILLIAMS  KERNEL 

Another  example  of  the  smoothing  operations  in  (8)  -  (11)  is 
furnished  by  [ 5 ] : 


~  2  2  2 

V{V,T)  =  exp(-v  T  /a  )  ,  o  >  0  ,  (25) 

n^a/\x\  exp( -n^o^t^/r  ^  )  for  r  5^  0 
v{t,T>  =  <  I  ,  (26) 

i{t)  for  T  =  0, 

n^o/|v|  exp( -n^a^f  ^/\)^ )  for  v  0 
V(v,f)  =  j  I  ,  (27) 

&(f)  for  V  =  0, 

+  00 

V(t,f)  =  2n^a  J  ~  cos{2nvt)  exp( -n^a^f )  =  (28a) 

0+ 

+00 

=  2n^a  J  ^  cos(2nfT)  exp( -n^a^t^/r^ )  ,  (28b) 

0+ 


provided  that  t  0  and  f  ^  0.  Integral  (28a)  is  convergent  at 
V  =  0+  only  if  f  ^  0  and  is  convergent  at  v  =  +<»  only  if  t  ^  0. 
Similarly,  (28b)  converges  at  t  =  0+  only  if  t  0  and  converges 
at  T  =  +“  only  if  f  0.  Also,  (28)  yields  V(0,f)  =  «>  for  all 
finite  f,  and  V(t,0)  =  «>  for  all  finite  t.  This  smoothing 
function  V(t,f)  in  (28)  has  an  integrable  singularity  all  along 
both  coordinate  axes  since  v(0,0)  =  II  V(t,f)  =  1  is  finite. 

Probably,  V(t,f)  has  a  logarithmic  singularity  as  tf  0.  Letting 
X  =  |t|x  in  (28b),  V(t,f)  is  seen  to  be  a  function  only  of  |tf|. 
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Because  of  these  singularities,  the  actual  numerical 
calculation  of  the  GTFR  W(t,f),  by  means  of  double  convolution 
(19),  appears  very  unattractive;  rather,  the  Fourier  transform  in 
(19)  is  the  recommended  procedure.  The  delta  functions  in  the 
bottOHi  lines  of  (26)  and  (27)  mean  that 


R(t,0)  =  R(t,0)  and  =  f(0,f)  .  (29) 


These  results  follow  directly  from  (18)  and  (17),  respectively. 
Therefore,  when  computing  GTFR  R(t,r)  by  means  of  the  Fourier 
transform  in  (18),  the  slice  for  r  =  0  need  not  be  done  at  all, 
but  rather  (29)  shoulo  be  employed.  That  is, 


R(t,T)  = 


'  r 


2  2  2 

d\)  exp(i2itvt)  exp{-v  t  /o  )  for  x  0 


R(t,0)  =  1 s(t) p  for  t  =  OJ 


30 


Finally,  GTFR  W(t,f)  is  obtained  by  Fourier  transform  (19). 
Numerous  other  possibilities  for  kernel  v(v,t)  are  listed  in  [1]. 


PRODUCT  KERNELS 

The  weighting  in  (25)  is  an  example  of  a  product  kernel,  that 
is,  the  weighting  takes  the  form 

v{v,T)  =  g(vt)  ,  g{0)  =  1  .  (30a) 

In  order  that  smoothing  function  V(t,f)  be  real  for  all  t,f,  it 
is  necessary  that  v*(-v,-t)  =  v(v,t)  for  all  v,t,  which  in  turn 
requires  that  g(x)  be  real  for  all  arguments  x.  Now  define 
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G(y)  =  J  dx  exp(-i2nxy)  g(x)  .  (30b) 

Then  G{-y)  =  G*(y)  for  all  y. 

With  the  help  of  these  functions  and  properties,  we  find  that 
the  rest  of  the  two-dimensional  smoothing  functions  are  given  by 


V(v,f) 

=  < 

1 

FT 

°(f) 

• 

for  V  0 

>  / 

(  30c ) 

6(f) 

for  V  =  0, 

v(t,r) 

1 

ITT 

=*(f) 

for  T  0 

-  , 

(30d) 

&(t) 

for  T  “  0 

V(t,f)  =  2  Re  J  ^  exp(i2ntfy)  g[^ 


(30e) 


This  last  result  shows  that  the  smoothing  function  V(t,f)  for  a 
product  kernel  is  always  a  function  of  the  product  tf,  and  is 
never  a  function  of  t  or  f  separately. 

The  last  integral  on  y  converges  aty  =  0ifG('»)  =0. 
Alternatively,  it  converges  at  y  =  0  for  G(«>)  5^  0  if  tf  0.  And 
the  integral  converges  at  y  =  ®  if  tf  0. 

On  the  other  hand,  if  tf  =  0,  then  the  last  integral  on  y 
above  is  infinite  if  G(0)  ^  0;  that  is,  V(t,f)  =  ®  for  tf  =  0, 
which  corresponds  to  both  coordinate  axes  t  =  0  and  f  =  0.  The 

example  in  (25)  is  of  this  nature  and  corresponds  to  the  special 

2  2  ^  2  2  2 
case  of  g(x)  =  exp( -x'^/a'^ )  and  G(y)  =  exp(-it  y  a  ),  for 

which  G(0)  =  n^a  0. 
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DISCRETE-TIME  CONSIDERATIONS 

Up  to  this  point,  it  has  been  assumed  that  s(t)  is  available 
for  continuous  time  t.  Now,  we  address  the  case  where  the  only 
knowledge  of  s(t)  is  through  samples  taken  at  multiples  of  time 
increment  A.  The  proper  treatment  of  these  samples  {s(kA)j,  in 
order  to  obtain  an  unaliased  WDF  W(t,f),  was  determined  in  [2]; 
namely,  it  was  found  necessary  to  take  A  <  1/F,  where  bandwidth  F 
is  specified  in  (3).  Also,  when  an  efficient  FFT  procedure  for 
evaluating  discrete  spectral  values  of  S(f)  was  employed,  it  was 
found  necessary  to  choose  FFT  size  N  >  2T/A,  where  duration  T  is 
specified  in  (2).  The  following  extension  is  aimed  at  obtaining 
an  unaliased  version  of  smoothed  WDF  W(t,f)  defined  in  (19).  The 
reader  must  be  familiar  with  the  procedures  presented  in  [2]. 


EVALUATION  OF  MODIFIED  CAF  X(^fT) 
As  in  [2;  (69)],  define 


S(f) 


exp(-i2nfAk)  s(kA) 

'  k 


for  |f|  <  {2A) 
otherwise 


(31) 


where  the  sum  on  k  is  over  all  nonzero  summand  values.  Then 
since  A  <  1/F,  we  have  S{f)  =  S(f)  for  all  f;  furthermore,  S(f) 
can  be  computed  at  any  f  values  of  interest,  directly  from  the 
available  samples  {s(kA)l.  Therefore,  from  (16),  {7b),  and  (5), 
the  modified  continuous  CAF  is 
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X(v,T)  =  v(\),T)  I  df  exp(i2nfT)  ♦(v,f)  *  (32a) 

=  v(v,T)  J  df  exp(i2nfT)  S{f+is\))  S*(f-K‘V)  .  {32b) 


Now,  in  practice,  S(f)  must  be  computed  at  a  discrete 
points;  in  particular,  when  we  choose  frequency  increment 
=  1/(NA),  where  N  is  arbitrary,  we  obtain  from  (31) 

^[nk]  “  exp( -i2nnk/N)  s(kA)  for  |n|  <  j  . 


set  of 


(33) 


There  is  no  need  to  consider  n  beyond  the  ±N/2  range,  because  the 
argument  f  of  S(f)  then  covers  the  ±1/(2A)  frequency  range,  which 
is  greater  than  the  ±F/2  range  of  S(f)  in  (3).  We  adopt,  as  our 
approximation  to  desired  function  (32),  the  trapezoidal  form 


Xa(v,t)  =  v(v,T)  iji  ^  exp(i2«iJr)  s(^  +  f)  S*  -  |) 

for  all  v,T  .  (34) 

Now  let  infinite  impulse  train 

=  E  -  kb)  .  (35) 

°  k 

Then,  using  A^  =  1/(NA),  (34)  can  be  expressed  and  developed  as 
Xa(^'T)  '  v(v,T)  J  df  exp(i2nfT)  ♦(v,f)  A^  “ 

»  v{M,T)  [x(v,T)  ®  E  "  3NA)1  = 

=  v(v,T)  E  X(''f^  “  jNA)  for  all  v,t  .  (36) 

j 
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The  sum  on  j  in  (36)  represents  sets  of  aliasing  lobes  spaced  by 

multiples  of  Nh  on  the  t  axis.  From  figure  1,  since  the  r  extent 

of  is  ±T,  the  first  aliasing  lobe  in  (36)  for  j  =  1 

extends  down  to  t  =  Nh  -•  T.  In  order  that  this  lobe  not  overlap 

the  desired  main  lobe,  j  =  0,  we  must  have  T  <  NA  -  T,  or 


N  > 


21 
A  ' 


(37) 


This  last  constraint  on  A^  is  consistent  with  the  fact  that 
the  T  extents  of  R(t,T)  and  xC'^/T)  are  ±T;  see  figure  1  and 
[2;  page  A-4] . 

Equation  (37)  states  that  the  size  of  the  FFT  in  (33)  must  be 
at  least  equal  to  twice  the  number  of  waveform  samples  taken  at 
increment  A  in  duration  T  of  s(t).  When  this  selection  is  made, 
(36)  and  (16)  yield 

Xa{'^/T)  =  v(v,T)  x('»/T)  »  X(v,T)  for  (tI  <  NA/2  ,  all  v  .  (38) 

That  is,  approximate  GTFR  Xa(^ff)»  defined  by  the  sum  in  (34),  is 
equal  to  the  desired  GTFR  within  a  strip  in  the  v,t  plane. 

Now,  in  order  to  convert  (34)  to  a  form  where  we  can  use  the 
spectrum  calculations  (33),  we  limit  v  to  the  values  2n/(NA): 


for  |t(  <  ^  ,  all  n  .  (39) 


We  have  dropped  the  subscript  a  on  by  virtue  of  (38). 

The  V  increment  in  (39)  is  A^  »  2/(NA),  which  is  less  than  1/T 
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according  to  (37);  this  increment  is  fine  enough  to  track 
variations  of  in  v,  since  the  t  extent  of  the  TFRs  in 

figure  2  is  ±T/2 . 

Finally,  in  order  to  manipulate  (39)  into  an  FFT  form,  we 
restrict  the  t -value  calculations  to  the  set 

NA  C  exp(i2njm/N)  S 

for  |m|  <  ^  ,  all  n  .  (40) 

Actually,  since  the  |v|  extent  ot  is  min|F,B/ql  according 

to  (24),  we  only  need  to  consider 

I  <  min{F,B/q}  ,  that  is,  |n|  <  ^  min{FA,BA/q)  .  (40a) 

But,  since  we  always  have  FA  <  1,  then  |n|  <  N/2  will  always 
suffice.  Thus,  m  and  n  in  (40)  can  be  limited  to  ±N/2.  Also, 
when  |j±n|  in  (40)  exceeds  N/2,  use  S  *  0  in  (40),  according  to 
{ 31 )  and  ( 33 ) . 

So  far,  we  have  shown  that  if  A  <  1/F  and  N  >  2T/A,  then  an 
unaliased  version  of  GTFR  is  available  and  that  this 

version  can  be  efficiently  computed  by  (40).  These  conditions 
are  the  same  as  those  derived  in  [2;  appendix  D].  The  multipli¬ 
cation  of  x(^>/T)  by  weighting  v(v,t)  in  (16)  or  (32)  to  obtain 
X(v,T)  has  no  effect  on  aliasing  in  the  v,t  plane;  this  is  an 
ob\^ious  result  in  retrospect.  However,  since  GTFR  x(^ff)  in  (38) 
is  the  product  of  x(’^/T)  and  v(v,t),  it  varies  faster  with  v  and 
T  and  must  be  sampled  more  finely.  This  effect  is  now  addressed. 
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The  T  increment  in  (40)  is  ■  A.  But  since  the  f  extent, 
Ej,  of  GTFR  #(v,f)  in  (32a),  according  to  figure  3,  is  where 

=  F/2  +  1/D,  we  must  take  A^  <  l/(2Ej),  that  is, 


(41) 


Also,  the  V  increment  in  (40)  is  A^  »  2/(NA).  But  since  the 
t  extent,  E^,  of  GTFR  R(t,T),  according  to  figure  3,  is  -E^, 
where  E^  =  T/2  +  1/B,  we  must  take  A^  <  1/(2E^),  that  is. 


These  two  more-stringent  conditions  in  (41)  and  (42)  are 
consistent  with  the  observation,  above,  that  ir*  (38)  is 

the  product  cf  two  functions.  From  this  point  on,  we  presume 
that  (41)  ana  (42)  are  satisfied. 
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EVALUATION  OF  MODIFIED  SCF  »{v,f) 

The  modified  SCF  *(v,£)  is  given  by  (17)  as  the  Fourier 
transform  of  Since  x(v,t)  will  only  be  available  at 

increment  =  A,  as  given  by  (40)/  we  adopt  as  our  approximation 
the  trapezoidal  form 

a  A  Y]  exp(-i2nfmA)  x('^f”'h)  * 
m 

=  J  dr  exp(-i2nfT)  x(''/t)  A  i^(T)  » 

=  #(N)/f)  e  *  H  *(v/f  -  for  all  v,f  .  (43) 

The  first  aliasing  lobe  for  m  *  1  is  centered  at  f  «  1/A. 

The  f  extent  of  GTFR  #(v,f)  is  ±(F/2  +  1/D),  as  seen  in 
figure  3,  In  order  that  aliasing  be  insignificant  in  (43),  we 
must  have  F/2  +  1/D  <  1/(2A);  that  is,  time  sampling  increment  A 
must  satisfy  constraint  (41),  as  before.  This  is  tighter  than 
the  original  constraint  A  <  1/F,  which  was  sufficient  for 
reconstruction  of  s(t)  and  the  unmodified  TFRs  such  as  and 

W(t,f).  If  we  anticipate  doing  some  smoothing  of  the  TFRs, 
sampling  with  a  time  increment  A  satisfying  (41)  must  be 
undertaken  in  order  to  avoid  aliasing  of  #(v,f)  in  f.  In  this 
case,  we  have 

#^(v,f)  =  #(v,f)  for  jfl  <  1/(2A)  ,  all  v  .  (44) 

a 
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As  for  the  actual  evaluation  of  GTFR  *(v,t),  we  use  (43)  and 
(44)  to  get 

^  ^  ^  exp(-i2njm/N)  for  |j|  <  f  /  all  v  .  (45) 

Finally,  in  order  to  use  the  available  quantities  in  (40),  we 
restrict  the  calculation  to  the  values 

‘(H’tsi)  *  ^  exp(-i2njm/N) 

m 

for  Inj  <  I  ,  I jl  <  I  .  (46) 

This  procedure  in  (46)  yields  unaliaseu  samples  of  the  GTFR 
#(v,t)  when  (41)  is  satisfied.  It  utilizes  FFT  operations, 
applied  to  the  GTFR  x('^fT),  which  is  available  by  the  FFT 
prescription  in  (40).  The  ranges  of  integers  n  and  j  in  (46) 
are  sufficient  to  cover  the  ranges  ±1/A  and  ±1/(2A)  in  v  and  f, 
respectively.  But  since  1/A  >  F  +  2/D  by  (41),  the  ranges 
±(F  +  2/D)  and  ±(F/2  +  1/D)  in  v  and  f,  respectively,  are 
adequate  to  fully  cover  the  extent  of  GTFR  #(v,f);  see  figure  3. 

The  frequency  increment  A^  =  1/(NA)  in  (46)  is  fine  enough  to 
trade  variations  of  *(v,f)  in  f,  since  1/(NA)  <  1/(2T)  according 
to  (42),  while  the  r  extent  of  the  GTFRs  in  figure  3  is  always 
less  than  ±T. 

Also,  the  increment  A^  =  2/{NA)  in  (46)  is  fine  enough  to 
track  variations  of  #(v,f)  in  v,  since  2/(NA)  <  1/(T  +  2/B) 
according  to  (42),  while  the  t  extent  of  the  GTFRs  in  figure  3  is 
always  less  than  ±(T/2  +  1/B) . 
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EVALUATION  OF  MODIFIED  WDF  W(t,f) 

The  modified  WDF  W{t,f)  was  given  by  (19)  as  the  Fourier 
transform  of  R(t,T).  However,  in  analogy  to  the  two  alternatives 
in  (6),  there  is  also  the  form 

W(t,f)  =  J  d\)  exp{i2nvt)  ♦(v,f)  .  (47) 

Since  #{v,f)  will  only  be  available  at  increment  =  2/(Na),  as 
given  by  (46),  we  utilize  the  following  trapezoidal  approximation 
to  ( 47 ) ; 

*  nI  L  e*p{i2n|2t]  *(5f,£)  = 

=  J  dv  exp(i2nvt)  ♦(v,f)  6^  (v)  = 

=  W(t,f)  e  SNa/2^^^  =  E  w[t  -  n^i|,f)  for  all  t,f  .  (48) 

The  first  aliasing  lobe  for  n  =  1  is  centered  at  t  =  Na/2. 

The  t  extent  of  GTFR  W(t,f)  is  ±(T/2  +  1/B),  as  seen  in 
figure  3.  In  order  that  aliasing  in  t  be  insignificant  in  (48), 
we  must  have 


that  is,  the  FFT  size  N  must  satisfy  (42),  as  before.  This  is 
more  stringent  than  original  constraint  (37),  which  sufficed  for 
the  unmodified  TFRs.  Again,  an  unaliased  smoothed  WDF  can  only 
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be  achieved  if  sampling  increment  A  is  smaller  and  if  the  FFT 
size  N  is  larger,  the  exact  amounts  depending  on  the  degree  of 
smoothing  desired;  see  figure  2  in  this  regard.  When  (42}  is 
satisfied,  we  have  from  (48) 

W^(t,f)  =  W(t,f)  for  |tl  <  NA/4  ,  all  f  .  (50) 

The  combination  of  (50),  (48),  and  (46)  now  yields  smoothed 
WDF  samples 


na  ^  *[na'na) 

for  |tl  <  ,  111  <  I  .  (51) 

Finally,  to  convert  (51)  to  an  FFT,  we  restrict  the  t  values  to 

"B'iii)  '  Sf  E  exp(i2nn»,/N) 

for  Imj  <  I  ,  lj|  <  I  .  (52) 

Again,  N-point  FFTs  will  realize  the  desired  unaliaaed  smoothed 
WDF  W(t,f),  provided  that  (41)  and  (42)  are  satisfied.  The 
ranges  of  integers  m  and  j  in  (52)  cover  interval  ±NA/4  in  t  and 
bandwidth  ±1/(2A)  in  f.  But  since  NA/4  >  T/2  +  1/B  and 
1/(2A)  >  F/2  +  1/D  according  to  (42)  and  (41),  respectively, 
these  t  and  f  ranges  cover  the  full  extent  of  smoothed  WDF  W(t,f) 
in  figure  3. 

The  time  increment  A^  *=  A/2  in  (52)  is  fine  enough  to  track 
W(t,f)  in  t,  since  A/2  <  1/(2F)  according  to  (41),  while  the  v 
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extent  of  the  GTFRs  in  figure  3  is  always  less  than  ±F.  Also, 
the  frequency  increment  =  1/(NA)  in  (52)  is  fine  enough  to 
track  W(t,f)  in  f,  since  1/(NA)  <  1/(2T)  according  to  (42),  while 
the  T  extent  of  the  GTFRs  in  figure  3  is  always  less  than  ±T. 
Also,  see  [2;  appendix  A]. 

If  ♦(2n/(NA),f)  in  the  top  line  of  (48)  were  available  for 
all  f,  the  approximation  W^(t,f)  would  be  aliased  only  in  t,  with 
period  NA/2 .  However,  the  SCF  available  is  ♦^(v,f),  given  by  the 
top  line  of  (43),  and  it  is  seen  to  be  aliased  in  f,  with  period 
1/A.  The  combination  of  these  properties  results  in  approximate 
WDF  W.{t,f)  beinq  aliased  in  both  t  and  f,  with  periods  NA/2  and 

cl  ' 

1/A,  respectively.  The  limitations  on  m  and  j  in  final  result 
(52)  keep  t  and  f  within  the  fundamental  aliasing  interval. 
However,  (52)  contains  all  the  infinite  number  of  overlapping 
aliasing  lobes  centered  at  t  =  nNA/2  and  f  =  k/A  for  n,k  ^  0,0. 

It  is  only  the  satisfaction  of  (41)  and  (42)  that  keeps  all  these 
overlapping  contributions  small  in  the  fundamental  interval 
centered  at  0,0. 
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SUMMARY 

Calculation  of  the  modified  time-frequency  representations, 
X(v,T),  ♦(v,f),  and  W{t,f),  at  selected  discrete  points  in  the 
various  two-dimensional  planes,  can  be  accomplished  without 
aliasing  and  without  losing  any  information,  provided  that  the 
time  sampling  increment  A  satisfies  A  <  1/(F  +  2/D)  and  that  the 
FFT  size  N  satisfies  N  >  2T/A  +  4/(BA).  Also,  it  is  shown  in 
appendix  A  that  calculation  of  an  unaliased  modified  TCF  R(t,T) 
requires  that  these  same  constraints  be  satisfied. 

If  integrals  of  products  of  WDFs  or  CAFs  are  of  interest  [6], 
the  rules  on  sampling  rate  and  FFT  size  given  here  should  suffice 
to  get  accurate  numerical  results.  The  aliasing  lobes  have  been 
kept  out  of  the  regions  of  interest,  thereby  minimizing  possible 
interference  effects,  and  the  information  in  the  functions  has 
been  retained. 

A  summary  of  the  operations  that  must  be  undertaken  on 
available  time  data  samples  {s(kA))  follows:  compute  the 
spectral  quantities  S  in  (33);  use  these  in  (40)  to  get  samples 
of  the  weighted  CAF  x?  eraploy  (46)  to  evaluate  the  modified  SCF 
♦;  and  use  (52)  to  determine  the  smoothed  WDF  w.  All  of  these 
expressions  use  N-point  FFTs. 

Since  the  number  of  substantial  samples  of  s(t)  is  T/A 
according  to  (2),  the  FFT  size  N  in  (33)  is  at  least  twice  this 
large;  see  (37)  and  (42).  Thus,  appioximately  half  of  the  N 
array  locations  input  to  (33)  will  contain  rather  small 
contributions.  If  s(t)  is  sampled  well  beyond  t  =  ±T/2,  say  for 
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|t|  >  T,  these  very  small  values  can  be  "collapsed"  into  the 
available  N  bins  with  no  loss  of  accuracy;  see  [2;  page  5].  A 
program  that  incorporates  all  these  features  above  is  contained 
in  appendix  B.  The  detailed  locations  of  the  aliasing  lobes  of 
this  procedure  are  investigated  in  appendix  C. 

Candidates  for  weighting  v(v,t)  to  be  used  in  (40)  include 
(12)  or  (20)  or  (25).  The  selection  of  values  for  parameters 
B,  D,  r,  and  a  will  have  to  be  made  by  inspection  of  CAF  x(^/T), 
which  is  the  factor  multiplying  weighting  v(v,t)  in  (40).  A 
check  should  then  be  made  of  (41)  and  (42)  to  ensure  that 
aliasing  is  not  significant. 
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APPENDIX  A.  EVALUATION  OF  MODIFIED  TCF  R(t,T) 

The  modified  TCF  R(t,T)  is  given  by  (18)  as  the  Fourier 
transform  on  v  of  Since  will  only  be  available  at 

increment  =  2/{NA),  as  given  by  (40),  we  adopt  as  our 
approximation  the  trapezoidal  form 

Rg(t,T)  =  =  (A-1) 

=  I  dv  exp(i2nvt)  A^  (v)  = 

=  R(t,T)  ©  SnA/2^^^  "  ^ 

The  first  aliasing  lobe  for  n  =  1  is  centered  at  t  =  NA/2 . 

The  t  extent  of  GTFR  R(t,T)  is  ±(T/2  +  1/B),  as  seen  in 
figure  3.  In  order  that  aliasing  be  insignificant  in  (A-2),  we 

must  have  T/2  +  1/B  <  NA/4;  that  is,  FFT  size  N  must  satisfy 

ronstr?’int  (42),  as  before.  In  this  case,  we  have  from  (A-2) 

R^(t,T)  =  R(t,T)  for  |tl  <  -|  ,  all  T  .  {A-3) 

In  particular,  from  (A-1)  and  (A-3),  we  get 

“  nI  ^  exp(i2nkn/N)  for  |k|  <  |  ,  all  t  . 

(A- 4) 


Finally,  in  order  to  use  the  available  quantities  in  (40),  we 
restrict  the  calculations  to  values 
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R(^,mA)  =  ijf  E  exp(i2nkn/N)  x(|f.mA)  for  |k|  <  |  ,  |m|  <  f  . 

(A-5) 

This  procedure  in  (A-5)  yields  unaliased  samples  of  the  GTFR 
R(t,T)  when  (42)  is  satisfied.  It  utilizes  FFT  operations, 
applied  to  the  GTFR  which  is  available  by  the  FFT 

prescription  in  (40).  The  ranges  of  integers  k  and  m  in  (A-5) 
are  sufficient  to  cover  the  ranges  ±NA/4  and  ±NA/2  in  t  and  t, 
respectively.  But  since  NA/2  >  T  +  2/B  by  (42),  the  ranges 
±(T/2  +  1/B)  and  ±(T  +  2/B)  in  t  and  t,  respectively,  are 
adequate  to  fully  cover  the  extent  of  GTFR  R(t,T);  see  figure  3. 

The  time  increment  =  A/2  in  (A-5)  is  fine  enough  to  track 
R{t,T)  in  t,  since  A/2  <  1/(2F)  by  (41),  while  the  v  extent  of 
the  GTFRs  in  figure  3  is  always  less  than  ±F.  Similarly, 
increment  A^  =  A  in  (A-5)  is  fine  enough  to  track  R(t,T)  in  t, 
since  A  <  1/(F  +  2/D)  by  (41),  while  the  f  extent  of  the  GTFRs  in 
figure  3  is  always  less  than  ±(F/2  +  1/D). 
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APPENDIX  B.  PROGRAM  FOR  SMOOTHED  WDF  W(t,f) 

In  this  appendix,  a  program  for  the  procedure  given  in  (33), 
(40),  (46),  and  (52)  is  presented  in  BASIC  for  the  Hewlett 
Packard  9000  computer.  However,  in  order  to  minimize 
computational  effort  and  storage,  some  additional  shortcuts  have 
been  employed  that  take  advantage  of  the  symmetry  properties  of 
the  various  two-dimensional  functions  encountered  here. 

We  begin  by  observing  from  (5)  that  the  SCF  satisfies 

$(-v,f )  =  #*(v,f )  .  (B-1 ) 

Therefore,  we  can  confine  the  calculation  of  $(v,f)  to  v  >  0, 
all  f.  Then,  from  (7b),  the  CAF  satisfies  a  conjugate  symmetry 
through  the  origin; 

X(-v,-T)  =  x*(^»/T)  ,  (B-2) 

which  means  that  x(^/T)  need  be  computed  only  for  v  >  0,  all  t. 

We  now  choose  weighting  v(v,t)  in  (8)  to  possess  this  same 
origin  symmetry  property  as  in  {B-2),  namely 

v(-v,-T)  =  v*(v,T)  ;  (B-3) 

then  it  follows  that  the  modified  CAF  in  (8)  also  satisfies 

X(-v,-T )  =  x*(v,T )  .  (B-4 ) 

Again,  this  allows  us  to  confine  the  calculation  of  to 

V  i  0,  all  T. 

The  modified  SCF  #(v,f)  is  given  by  Fourier  transform  (17). 
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Use  of  (B-4)  reveals  that  i(v,f)  satisfies 

♦(-v,f)  =  ♦*(v,f)  ,  (B-5) 

which  allows  us  to  compute  ♦(\i,f)  only  for  v  i  0,  all  f.  Then 
the  smoothed  WDF,  given  by  (47),  can  be  manipulated  as  follows: 

+00  +00 

W{t,f)  *  J  dv  exp(i2n\)t)  #{v,f)  *  2  Re  J  dv  exp(i2nvt}  #(v,f)  = 

-00  0 

=  2  Re  J  dv  exp(-i2nvt)  ♦*(v,f)  .  (B-6) 

0 

This  calculation  of  smoothed  WDF  W(t,f)  via  a  forward  FFT  must  be 
done  for  all  t,f,  but  it  utilizes  ♦(v,f)  only  for  v  i  0. 

If  needed,  calculation  of  modified  TCF  R(t,T)  can  be  obtained 
from  (18)  according  to 

+00 

R(t,T)  =  J  d^>  exp(i2nvt)  x[^,x)  = 


+00  +00 

=  J  dv  exp(i2nvt)  J  exp(-i2nvt)  X*('^/‘"T)  .  (B-7) 

0  0 

This  calculation  need  only  be  done  for  t  ^  0,  all  t,  since  the 
modified  TCF  satisfies 

R(t,-T)  =  R*{t,T)  ,  (B-8) 

which  follows  from  (B-7)  and  (B-4). 
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In  the  program  listed  below,  the  user  must  input  time  samp- 

V 

ling  increment  h  and  FFT  size  N  in  lines  20  and  30.  The  complex 
data  samples  {s(kA)l  are  entered  via  SUB  Data  in  lines  1210  - 
1360,  which  requires  time  limits  K1  A  and  K2  A  that  guarantee 
small  values  of  s{t)  outside  this  time  interval.  The  particular 
waveform  s{t)  of  interest  is  entered  in  SUB  S  in  lines  1380  - 
1470  and  would  have  to  be  replaced  by  the  user  for  his  particular 
application.  The  complex  waveform  s{t)  should  be  centered  at 
t  =  0  and  f  =  0;  but  even  if  this  is  not  done,  an  aliased  version 
of  W(t,f)  always  appears  in  the  fundamental  t,f  interval  centered 
at  the  origin,  as  discussed  in  the  sequel  to  (52)  and  appendix  C. 
The  particular  example  given  here  has  been  shifted  by  t^  and  f^, 
for  purposes  of  obtaining  a  less  symmetric  example  to  test  the 
routines  for  accuracy.  Also,  linear  frequency  modulation  has 
been  included  in  this  example  in  terms  of  parameter  Alo,  a^;  see 
[4;  (84),  (91),  (93)],  where  we  have  also  taken  a^  *  1,  0^=1. 

Tilted  Gaussian  weighting  v(v,t)  in  (20)  and  figure  4  has 
been  incorporated  in  function  routine  DEF  FNVt  in  lines 
1490  -  1570;  the  user  must  input  choices  for  D,  B,  r  in  lines 
1500  -  1520.  The  result  of  smoothing  operation  (19),  namely  the 
double  convolution  of  WDF  W(t,f)  with  smoothing  function  V(t,f) 
in  (23),  can  be  computed  in  closed  form  for  the  waveform  s(t)  in 
SUB  S  and  the  weighting  v(v,t)  in  DEF  FNVt.  This  result  is 
programmed  in  DEF  FNWdf smooth  and  is  based  upon  [4;  page  J-1]. 

Subroutine  SUB  Fftl4  in  lines  1930  -  2860  can  compute  an 
N'point  FFT  for  values  of  N  up  to  16384.  However,  due  to  storage 
demands  in  the  main  program,  in  particular  line  120  for  the  two- 
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dimensional  arrays  Re  and  Im,  the  maximum  value  of  N  that  can  be 
accommodated  in  our  particular  computer  configuration  is  N  =  128 
However,  another  facility  with  larger  storage  capabilities  can 
handle  N  values  larger  than  128  if  lines  110  -  120  are  increased 
It  should  be  noted  that  this  procedure  in  SUB  Fftl4  uses  zero 
subscripts,  as  encountered  directly  in  the  definition  of  the  FFT 

An  error  check  has  been  performed  on  the  entire  procedure 
programmed  here;  it  is  indicated  in  the  main  program  by  the 
indented  lines.  It  is  included  so  that  a  user  can  check  his 
program  for  accuracy.  In  an  actual  application  to  given  data, 
the  indented  lines  in  the  main  program  should  be  deleted  along 
with  SUB  S  and  DBF  FNWdfsmooth;  also,  SUB  Data  must  be  modified 
or  replaced,  to  suit  the  user. 

The  results  of  this  error  check  are  listed  below  for  several 
choices  of  fundamental  parameters  N  and  A.  It  is  seen  that 
extreme  accuracy  can  be  achieved  for  the  larger  FFT  sizes  N,  if 
increment  A  is  chosen  appropriately. 


N  A  maximum  error  in  smoothed  WDF  W(t,f) 


^o 

8 

.90 

.25 

.  15 

16 

.65 

.016 

.010 

32 

.45 

.  14E-3 

.77E-4 

64 

.35 

.77E-9 

.36E-10 

128 

.25 

.89E-15 

.89E-15 

The  best  choices  for  A  in  the  latter  case,  where  =  0  and 
f^  =  0,  are  1,  .72,  .51,  .36,  .25,  respectively;  the 
corresponding  maximum  errors  are  .078,  .32E-2,  .41E-5,  .86E-11, 
.89E-15,  with  execution  times  .12,  .45,  1.9,  7.8,  33.3  seconds. 
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40 
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€0 
70 
30 
90 
100 
1  10 
120 
130 
140 
1  50 
160 
170 
130 
190 
200 
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220 
230 
240 
250 
260 
270 
280 
290 
300 
310 
320 
330 
340 
350 
360 
370 
330 
390 
400 
410 
420 
430 
440 
4  50 
460 
470 
480 
490 
500 
510 
520 
530 
540 
550 
560 
570 
580 
590 
600 
610 


TR  8785,  APPENDIX  B,  ALIAS-FREE  SMOOTHED  WDF ;  HALF  STORAGE 

Delta=.35  !  TIME  SAMPLING  INCREMENT;  '31> 

N=64  t  FFT  SIZE  <=  128 

PRINT  "Delta  =”;DeUa;"  N  =“|N 

N1=H-1 

H2=N/2 

N3=N2-1 

DOUBLE  H,H1,N2,N3,H£, j£,Ks,Hs, Jn, Jm  !  INTEGERS,  HOT  DOUBLE  PREC. 
RED  I M  Cos  <  0 : N/4  > , Sr  <  0 : N 1 ) , S i <  0 : N 1 ) , Sbr  < -H2 : N2  > , Sb i ( -N2 : N2  > 

REDIM  X<0:N1  >,  Y<0;N1  ■),Re<0!N3,0!Hl),  ltn<0;  N3, 0;  N1  > 

DIM  Co£<32),Sra28>,Si  028)  ,  Sbr(  128>  ,  Sbi  (128) 

DIM  X(  128) ,  Y<  128)  ,Re<:63,  127),  Ifn<63,  127)  !  64  X  128 

A=2. «PI/N 

FOR  Ns=0  TO  H/4 

Cos.a'ls)=COS<:A*Ns)  !  QUARTER-COSINE  TABLE 

NEXT  Ns 

CALL  Data<N,De1ta,Sr<*),Si <*))  !  TIME  DATA 

CALL  Fftl4<N,Co£<*),Sr<»),Si <*))  >  SPECTRUM 

FOR  N£=-N2  to  N2 
Ks=Ns  MODULO  N  ! 


Sbr < Ns ) =Sr < Ks  )  ! 
Sbi CNs)=Si (Ks)  ! 
NEXT  Ns 

Dnu=2.  (N*De  1 1  a)  ! 
Dtau=DeHa  ! 
FOR  H£=0  to  N3  ! 
NAT  X=<0. ) 

MAT  Y=<0. ) 

Jn=N2-N£ 


FOR  Js=-Jn  TO  Jn 
Ks*Js+Ms 
Ms= Js-Ns 
Pr=Sbr<Ks) 

Pi =Sbi (Ks) 

Mr=Sbr<Ms) 

Ni=Sbi (Ms) 

Jm=Js  MODULO  H  ! 

X(.Jm)=Pr»Mr+Pi  »Hi  ! 

Y(  Jrfi)  =  -(.Pi  *Mr-Pr*Mi  )  i 

NEXT  Js 

CALL  Fft 14(N,Co5(*),X(*),Y(*)) 
Nu=Dnu*Hs  ! 

FOR  Ms=-N2  TO  H3 
Jfn=Ms  MODULO  N 

Tau*Dtau*M£  ! 

Vt=FNVt (Nu, Tau)  ! 

Pedis,  Jm)=X(Jm)*Vt 
Im(Ns,  Jin)=-Y(  Jm)*Vt  ! 

NEXT  Ns  ! 

NEXT  Ns  ! 

FOP  H£=0  to  H3 
FOR  Ms=0  TO  Nl 
X ( Ms  >  =Re ( Ns , Ms ) 

Y  (  Ms  )  =  Irri( Ns  ,  Ms  ) 

NEXT  Ms 

CALL  Ff t 14(N,Cos(*),X<*), Y(#)) 
FOP  Js=0  TO  HI 
Pedis,  J£)=X(  Js) 

Im(Hs,Js)*Y(Js) 

NEXT  Js  ! 

NEXT  Ns  ! 


S(f)}  (31) 

NEEDS  Delta;  (33) 

nu  INCREMENT  IN  CAP;  (40) 
tau  INCREMENT  IN  CAF;  (40) 
nu  >=  0;  APPENDIX  B 


t 

S(f+nu/2)  S  (f-nu.-2);  (40) 
CONJUGATE  THE  FFT  INPUT 

!  INTO  nu.tau  DOMAIN 
nu  IN  NEIGHTING  ;  (40) 


tau  IN  WEIGHTING 
WEIGHTING  u"“ 

CONJUGATE  THE  FFT  OUTPUT 
WEIGHTED  COMPLEX  AMBIGUITY  FN. 
NEEDS  Delta/'N;  (40) 


I  INTO  nu,f  DOMAIN 


MODIFIED  SPECTRAL  CORRELATION  FN. 
HEEDS  De  1 1  a«De  1 1  a^'N;  (46) 
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620 

FOR  Js=0  TO  HI 

630 

X(0>=Re<0, Js ) 

640 

Y  <  0 )  =  -  I  rn  ( 0 ,  J  s  > 

650 

FOR  Hs=l  TO  M3 

660 

X ( Ms  >  =  Re ( Ms , Js ) *2 . 

670 

Y<.Ns>  =  -Im(Ns  ,  Js>*2. 

•  CONJUGATE  THE  FFT  INPUT 

680 

NEXT  Ms 

690 

FOR  Ms=M2  TO  Ml 

700 

XOls>=V(Ms>=0. 

!  ZERO  MODIFIED  SCF  FOR  tvj  <  0 

710 

NEXT  Ms 

720 

CALL  Fft  14(.M,  CosC*) , 

X';*),Y<*))  1  INTO  l,f  DOMAIN 

730 

FOR  Ns=0  TO  N3 

740 

Reals,  .Ts)=xais> 

!  SMOOTHED  WDF  FOR  t  >=  0 

750 

NEXT  Ns 

760 

FOR  Ms=N2  TO  Ml 

770 

Imais-M2,  Js  )=X(Ms) 

•  SMOOTHED  WDF  FOR  t  <  0 

7  y  0 

NEXT  Ms. 

•  ARRAY  Y(#>  IS  DISCARDED;  APR. 

790 

NEXT  Js 

!  MEEDS  2.  *DeUa''<:H*M) ;  <52> 

800 

R  =  2,  *Del t  a  '<M*N) 

810 

NAT  Re=Re*<A:' 

!  ONE  FINAL  SCALING 

820 

NAT  I  fri  =  I  rn  (  A  ) 

!  GIVES  SMOOTHED  WDF 

830 

B 1  g  =  0 . 

340 

Dt  =rie  1  t  a-*  .  5 

!  t  INCREMENT  IM  SMOOTHED  WDF; 

350 

Df=l . ' <M*De 1 ta) 

!  f  IMCREMEMT  IM  SMOOTHED  WDF; 

860 

G I  M I T 

870 

PLOTTER  IS  "GRAPHICS 

M 

880 

GRAPHICS  OM 

890 

HIMDOU  -M2, M2, -H2, H2 

900 

LINE  TYPE  3 

910 

MOVE  -N2,0 

920 

DRAW  H2,0 

9  30 

MOVE  0,-M2 

940 

DRAW  0,N2 

950 

PEMUP 

960 

LIME  TYPE  1 

970 

FOR  Js=-M2  TO  M3 

980 

Jn=Js  MODULO  N 

990 

Fs=Df *Js 

!  f  IN  SMOOTHED  WIGMER  DIST,  FM 

1000 

FOR  Ns=-M2  TO  -1 

1010 

Wdfsm=Im<Ms+N2, Jn) 

!  SMOOTHED  WDF  FOP  t  <  0 

1020 

Ts  =  Dt  «-Ns 

•  t  IN  SMOOTHED  WIGMER  DIST.  FM 

10  30 

Error  =  Wdf  sm-FMWdfs 

moot  h  <  Ts , Fs ) 

1040  Ei g=MflX<Bi g, flBS<Error)  ) 

1050  PLOT  Ms, Js+Wdfsm 

1060  MEKT  Ms 

1070  FOR  Ns=0  TO  M3 

1080  Mdf  sfM  =  Re  <M5,  Jn)  !  SMOOTHED  WDF  FOR  t  >=  0 

1090  Ts=Dt*Ms 

1  1  00  Err  or  =lldf  sm-FNWdf  smoot  h  <  Ts ,  Fs  ) 

1110  Biq^MHK^Big.flBSCError)) 

1120  PLOT  Ms.Js+Wdfsm 

11?0  NEXT  Ms 

1140  PEHUP 

1150  NEXT  Js 

1160  PRINT  "Mfl'.'.IMUH  ERROR  =”!B>g  !  MfiXlMOM  ERROR  IM  SMOOTHED  WDF 

1170  PRINT 

1180  P0USE 

1190  END 

1200  ' 
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1210 

8UB  r at DOUBLE  M.RERL  Delta, 

Sr  <  # ) , S i <  * ) ) 

1  220 

DOUBLE  K£,..Is,K1  ,K2 

1 

INTEGERS,  NOT  DOUBLE  PRECISION 

1230 

MRT  Sr=(0.> 

1240 

HAT  Si =<0.  ) 

1250 

Kl=-40 

1 

USER  MUST 

1260 

K2  =  4B 

1 

INPUT  LIMITS 

1270 

FOR  Ks=Kl  TO  K2 

1280 

js=K£  modulo  H 

1 

COLLAPSING 

1290 

T£  =  Del  t  a»Ks. 

1 

TIME  t 

1300 

CALL  SCTs, Sr, SI  ) 

t 

COMPLEX  DATA  WAVEFORM 

1310 

Sr  <  J £.  >  =Sr  <  J £  )  +  Sr 

1 

DATA  IS  STORED  IN  0;N1 

1320 

Si  <.j£>=Si  <.j£)+Si 

1330 

IF  Ks=ia  THEM  PRINT 

"  UR VEFORM 

EDGE  VALUES;  "  ;  SC!R C  Sr ^‘Sr +  S  i  ♦S  i  .) 

1  340 

IF  K5=K2  then  print 

SQR<Sr*Sr+Si*Si ) 

1350 

NEXT  Ks 

1360 

SUBEND 

13  70 

! 

1380 

SUB  SO  s,  Sr,  Si) 

! 

WAVEFORM  £tt);  CENTER  AT  t  =ci,  f 

1390 

Rlo=.92 

! 

LINEAR  FM 

1400 

To=.  1 1 

1 

CENTERED  AT  t=to  AND 

1410 

Fo=.  17 

! 

f=fo  FOR  THIS  EXAMPLE 

1420 

R  =  T£-To 

1430 

B=2. *PI*Fo»Ts+.5»A1o»R*A 

1440 

E=EXP(-. 5*A*R) 

1450 

Sr=E*COS(B) 

! 

COMPLEX 

1460 

Si =E*SIN<B) 

1 

WAVEFORM 

1470 

SUBEND 

1480 

! 

1490 

DEF  FNVt  <  Nu , Tau ) 

t 

ME  1 GHT  I NG  m'v  (,  riu ,  t  au  > 

1500 

D  =  3. 5 

J 

tau  EXTENT,  SECONDS 

1510 

B=1 .  1 

1 

nu  EXTENT,  HERTZ 

1520 

Rs.  =  -.21 

1 

tilt,  |r|  <  1 

1530 

V  =  Nu.^B 

1540 

T=Tau/D 

1550 

fl=V*V+T*T+2. ♦R£*V*T 

1560 

RETURN  EXP(-PI*A) 

! 

(20)  AND  FIGURE  4 

1570 

FNEND 

1580 

) 
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1  590 
1600 
1610 
1620 
1630 
1640 
1650 
1  660 
1670 
1680 
1690 
1700 
1710 
1720 
1730 
1  740 
1750 
1760 
1770 
1780 
1790 
1800 
1310 
1320 
1830 
1840 
1350 
I860 
1870 
1880 
1890 
1900 
1910 
1920 


DEF  FNUdf  =  tnoot.h<Ts, 
fllo=.92 
To=.  1  1 
Fo=.  17 
D  =  3. 5 
B=1 .  1 
Rs=-. 21 
Q2=l . -Rs*R5 
R2=l . +fl1 o*fll o 
Rs=2. *R2 
Bs  =  S.  *PI*F'I 
Rho  =  -R1o/SQR<:R2) 

Cs  =  2.  *PI*B*E-'Q2 
Ds=2. *PI*D*D/Q2 
L  am  =  R  s 

Rl=l . -Rho*Rho 
L 1 = 1 . -Lam*Lam 
Rb=Rs»B£ 

Cd=Cs*D5 
Sa=SOR<Rb) 

Sc=SQR(Cd) 

Rl=Rb*Rl 
Cl=Cd*Ll 

Dc=Rl  +C  1  +Rs  *Ds  +  Bs*C£-2.  *Sa*Sc  *Rho«Lafn 

Nl=Rl*Cs+fls*Cl 

H2=Rl*Ds+Bs»Cl 

M3=flb*Sc*Lam»Rl+Sa*Cd*Rho»Ll 
Fac=4. #PI»B*D*SQR<PI/<Q2«Dc ) ) 

Xs=Ts-To 

Ys=Fs-Fo 

Num=Nl*Xs*Xs+H2»Ys»Ys+2. *N3*Xs*Ys 
RETURN  Fac*EXP<-, 5»Num/Dc ) 

FNEHD 


SMOOTHED  WDF;  TR  8225, 
LI  HERR  FHj  SEE  SUB  S 
CENTERED  RT  l=to  RND 
f=fo  FOP  THIS  EXRMPLE 
tau  EXTENT,  SECONDS 
nu  EXTENT,  HERTZ 
TILT,  |r|  <  1 


page 


J-1 


1 


40 


TR  8785 


1950  SUE  Ff  t  14c;D0IJBLE  M,RERL  Cos <  » >  ,  ♦  )  ,  Y< *  ’  >  !  H <  =2' ■  1  4=  1  E.384  ;  0  SUES 

1940  EOUELE  Lc.g2n ,  N 1 ,  H2 ,  H:3 ,  N4  ,  J  ,  K  '  INTEGERS  <  2 '31  =  2,147,483,648 

1950  DOUBLE  II, 12, 13, 14, 15, 16, 17, 18, 19, 110, Ill, II 2, II 3, 114, L< 0:13) 

I960  IF  N=1  THEN  SUBEKIT 

1970  IF  H;.2  THEN  2050 

1980  fl=X<0)+X<l> 

1990  >;<:  1  )=X<0)-X<  1  ) 

2000  X(0)=fl 

2010  FI  =  Y(0)+Y<1) 

2020  Y( 1 >=Y<0)-Y< 1 ) 

2030  Y(0)=R 

2040  SUBEXIT 

2050  R=L0G<H)/L0G<2. > 

2060  Log2n=R 

2070  IF  RES<R-Log2n)< 1 . E-8  THEN  2100 

2080  PRINT  "N  ="5N;'*IS  NOT  fi  POWER  OF  2;  DISRLLOWED." 

2090  PRUSE 

2100  NI=N/4 

2110  N2=N1+1 

2120  N3=N2+1 

2130  N4=N3+N1 

2140  FOR  11=1  TO  Log2n 

2150  I2=2''<Log2n-1 1) 

2160  13=2*12 

2170  I4=N/I3 

2180  FOR  15=1  TO  12 

2190  16=<I5-1)*I4+1 

2200  IF  I6<=N2  THEN  2240 

2210  fll=-Cos<H4-16-l ) 

2220  R2=-Cos< I6-N1-1) 

2230  GOTO  2260 

2240  fll=Cos<I6-l) 

2250  fl2  =  -Cos<N3-I6-l  ) 

2260  FOR  17=0  TO  N-I3  STEP  13 

2270  18=17*15-1 

2280  19=18+12 

2290  T1=X<I8) 

2300  T2=X<I9) 

2310  T3=Y<I8) 

2320  T4=Y(I9) 

2330  fl3=Tl-T2 

2340  fl4=T3-T4 

2350  X<I8)=T1+T2 

2360  Y(I8)=T3+T4 

2370  X< I9)=fll*R3-fl2*R4 

2380  YM9)=Rl*R4  +  fi2*R3 

2390  NEXT  17 

2400  NEXT  15 

2410  NEXT  II 
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2420 

I  1 =Log2n+ 1 

24:30 

FOR 

12=1  TO 

14 

2440 

L(I2 

-1  )  =  1 

2450 

IF  1 

2  >Log2r( 

THEN  2470 

2460 

L<  12 

-1  ?  =  2'-'(  1 1-I2> 

2470 

NEXT 

12 

2480 

K  =  0 

2490 

FOR 

11  =  1  TO 

L<  13) 

2500 

FOR 

12=11  TO 

L<  12) 

STEP  L<13) 

2510 

FOR 

13=12  TO 

L<1  1) 

STEP  L<12) 

2520 

FOR 

14=13  TO 

L<  10) 

STEP  L<11) 

2530 

FOR 

15=14  TO 

Lt9) 

STEP  LCIO) 

2540 

FOR 

16=15  TO 

L<8) 

STEP  L<9) 

2550 

FOR 

17=16  TO 

L<7) 

STEP  L<8) 

2560 

FOR 

18=17  TO 

Lce) 

STEP  L<7) 

2570 

FOR 

19=18  TO 

L<5) 

STEP  L<6) 

25S0 

FOR 

110=19  TO  L(4) 

STEP  L<5) 

259  '* 

FOR 

111  =  110 

TO  L<3)  STEP  L<4) 

2606 

FOR 

112=11 1 

TO  L<2)  STEP  L<3) 

2610 

FOR 

113=112 

TO  L<1)  STEP  L(2) 

2620 

FOR 

114=113 

TO  L(0)  STEP  LCD 

2630 

J=I 14-1 

2640 

IF  K>J  THEN 

2710 

2650 

R=X(K) 

2660 

X<K) 

=  X<  J) 

2670 

X<  J) 

=  R 

2680 

fl=Y<K) 

2690 

Y  <  K  )  = 

Y<  J) 

2700 

Y  <  J  )  = 

R 

2710 

K  =  K+1 

2720 

NEXT 

114 

2730 

NEXT 

113 

2740 

NEXT 

112 

2750 

NEXT 

1 1 1 

2760 

NEXT 

110 

2770 

NEXT 

19 

2780 

NEXT 

18 

2790 

NEXT 

17 

2800 

NEXT 

16 

2810 

NEXT 

15 

2820 

NEXT 

14 

2830 

NEXT 

13 

2840 

NEXT 

12 

2850 

NEXT 

1 1 

2860 

SUBEND 
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APPENDIX  C.  GENERAL  ALIASING  PROPERTIES 

No  finite-duration  time  function  can  be  exactly  bandlimited 
in  frequency.  Therefore,  all  the  properties  presented  above  are 
approximations,  their  quality  depending  on  the  detailed  temporal 
and  spectral  behaviors  on  the  tails  of  waveform  s(t)  and  spectrum 
S(f),  respectively.  In  this  appendix,  we  will  derive  the  exact 
aliasing  properties  of  the  method  listed  in  appendix  B,  for 
arbitrary  values  of  sampling  increment  A  and  FFT  size  N.  In 
fact,  we  will  not  even  refer  to  a  duration  T  or  band  F,  nor  will 
we  limit  time  function  s(t)  and  spectrum  S(f)  to  be  centered  at 
t  »  0  and  f  ==  0,  respectively.  The  following  results  will 
explain  the  aliasing  properties  of  this  numerical  procedure. 

We  begin  with  ( 1 ) ,  namely 

S(f)  s  J  dt  exp(-i2nft)  s(t)  for  all  f  .  (C-l) 

This  spectrum  can  have  arbitrary  extent  and  lie  anywhere  on  the  f 
scale.  For  time  sampling  of  s(t)  at  increment  A,  define 

S{f)  s  exp(-i2nfAk)  s{kA)  for  all  f  ,  (C-2) 

k 

where  sums  without  limits  are  over  -oo,®.  This  function  has 
period  1/A  in  f  and  can  be  written  as  convolution 

s(f)  =  s(f)  e  =  E  s(f  -  g]  .  (C-3) 

Thus,  no  matter  where  S(f)  is  located,  a  replica  of  it  appears  in 
S(f)  somewhere  in  the  fundamental  ±1/(2A)  frequency  range 
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centered  at  f  =  0.  Of  course,  if  the  frequency  extent  of  S(f) 
exceeds  1/A,  there  will  be  overlapping  spectral  components  in 
S(f)  which  will  cause  distortion;  these  effects  are  included  in 
the  following  analysis. 

As  in  (31),  define  bandlimited  spectrum 

S{f)  s  S(f)  rect(Af)  for  all  f  ,  (C-4) 

where  rect{x)  =  1  for  jxj  <  1/2  and  zero  otherwise.  This 
function  S(f)  has  limited  extent  in  frequency,  namely,  it  is 
nonzero  only  for  [f]  <  1/(2A).  Therefore,  using  {C-2),  we  can 
limit  its  calculation  to  the  values 

^(nz)  ^(nS)  ""  exp(-i2nnk/N)  s(kA)  for  |n|  <  |  .  {C-5) 

k 

The  increment  in  frequency  here  is  A^  *  1/(NA),  where  N  is  an 
arbitrary  integer,  but  generally  large. 

Guided  by  continuous  forms  (7b)  and  (5)  for  the  CAF ,  we 
define  here  approximate  CAF 

X(v,T)  =  Aj  ^  exp(i2njAjT)  s[jA^  +  |]  S*(jAj  -  |]  for  all  v,t  . 

^  (C-6) 

Since  the  product  of  S  functions  in  (C-6)  is  nonzero  only  for 
jjAj  ±  v/2 I  <  1/(2A),  the  infinite  sum  in  (C-6)  can  be  limited  to 
lj|  <  N/2.  Also,  x(''/t)  is  limited  to  |v|  <  1/A  and  has  period 
1/Aj  =  NA  in  T .  In  fact,  we  can  develop  (C-6)  as 
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X(^/T)  “  J  df  exp(i2nfT)  s[f  +  j]  S*[f  -  |]  “ 

T 

=  ®  *nA^^^  ^  L!  -  nNA)  ,  (C-7) 

n 

where  x=.(’^fT)  is  the  CAF  of  S(f).  Thus,  again,  no  matter  where 

Q 

the  waveform  corresponding  to  S(f)  is  located  on  the  time  scale, 
a  replica  of  its  CAF,  x=.('>/T)»  appears  in  x(\>/f)  somewhere  in  the 

a 

interval  |t|  <  NA/2  centered  at  t  =0. 

Since  x(n)/T)  is  periodic  in  t  ,  we  define  the  r-limited  CAF 

X('>»T)  s  X(v,T)  rect[jj|]  for  all  v,t  .  {C-8) 

This  function  is  nonzero  only  for  |v|  <  1/A  and  for  |t|  <  NA/2. 
Accordingly,  using  (C-6),  we  only  calculate  it  for  sample  values 

xliS'H  '  si  C  exp(i2lljni/H)  s(r^) 

for  |n|  <  j  ,  |m|  <  f  •  (C-9) 

Furthermore,  as  noted  under  (C-6),  the  sum  on  j  can  be  limited  to 
|j|  <  N/2,  by  using  the  limited  extent  of  S(f)  in  (C-4).  The 
increments  in  (C-9)  are  A^  =  2/(NA)  and  A^  =  A. 

Now  define  the  weighted  approximate  CAF 

Xb{'»fT)  e  X('>»T)  v(v,T)  for  all  v,t  .  (C-IO) 

This  function  is  nonzero  only  for  |v|  <  1/A  and  (t|  <  NA/2,  in 
which  case  we  limit  its  calculation  to 


45 


TR  8785 

|n|  <  f  /  kl  <  f  ■  (C-11) 

This  result,  combined  with  {C-9),  is  equivalent  to  (40)  in  the 
main  text.  The  subscript  b  explicitly  recognizes  the  approximate 
nature  of  this  weighted  CAF.  In  fact,  use  of  (C-7),  {C-8),  and 
(C-10)  indicates  the  precise  form  of  this  approximation  to  be 

Xb('''T)  =  [Xa('J/T)  ®  (C-12) 

where  is  the  CAF  of  S(f).  If  weighting  v{v,t)  is  chosen 

to  cutoff  in  r  below  (r|  =  NA/2,  then  the  rect  operation  in 
{C-12)  can  be  removed.  But,  in  general,  this  complicated 
expression  in  (C-12)  describes  the  GTFR  in  the  v,t  domain. 

By  combining  (18)  and  (19),  the  smoothed  WDF  can  be  written 
as  a  double  Fourier  transform  of  the  weighted  CAF.  We  therefore 
adopt,  as  our  approximation  for  the  smoothed  WDF, 

Wj^(t,f)  =  \  E  exp(i2n|^t  -  i2nfmA)  ior  all  t,f  . 

nm  '  f  \  j 

(C-U) 

The  function  Wjj(t,f)  has  period  NA/2  in  t  and  period  1/A  in  f; 
therefore  we  only  need  to  calculate 

^bf^'NA)  “  i  ^  exp(i2nnk/N  -  i2nmj/N)  XbUS'”*^) 

for  |k|  |j|  <f-  (C-14 ) 

The  double  sum  can  be  terminated  at  ±N/2,  as  seen  by  reference  to 
(C-10)  and  (C-11).  The  result  in  (C-14)  is  equivalent  to  a 
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combination  of  (46)  and  (52)  in  the  main  text. 

The  doubly  periodic  nature  of  Wj^(t,f)  is  made  apparent  by 
developing  (C-13)  as 


W. 


^(t,f)  *  JJ  dv  dr  exp(  i2nvt-i2nfT ) 


tf 


=  Wjj(t,f)  ®  6 


NA/2 


(t) 


(C-15) 


where  Wjj(t,f)  is  the  WDF  corresponding  to  modified  CAF 
(C-12).  Thus,  regardless  of  where  the  energy  of  waveform  s{t)  is 
located  in  the  t,f  plane,  a  replica  of  the  energy  distribution 
appears  in  Wj^(t,f)  in  the  fundamental  rectangle  ±NA/4  by  ±1/(2A) 
centered  at  t,f  *  0,0;  this  behavior  has  been  verified 
numerically  in  the  program  in  appendix  B. 
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APPENDIX  D-  ROTATION  OF  TWO-DIMENSIONAL  SMOOTHING  FUNCTION 

Let  arbitrary  weighting  function  v(v,t)  be  expressed  in  terms 
of  a  normalized  function  u(x,y)  according  to 

v(v,T)  =  u{v/B,t/D)  ,  (D-l) 

where  B  and  D  are  some  characteristics  locations  on  the  v  and  x 
axes,  respectively.  An  example  of  a  tilted  Gaussian  weighting  is 
given  in  (20)  and  figure  4.  The  remaining  two-dimensional 
functions  related  to  u(x,y)  are  just  as  in  (9)  -  (11),  namely 

U(x,P)  =  J  dy  exp(-i2npy)  u(x,y)  ,  (D-2) 

u{a,y)  =  I  dx  exp(+i2nxa)  u(x,y)  ,  (0-3) 

U(a,P)  =  J  dy  exp(-i2npy)  u(a,y)  = 

=  J  dx  exp(+i2nxa)  U(x,P)  = 

=  Jj  iSx  dy  exp(+i2iTxa-i2npy )  u(x,y)  .  (D-4j 

It  then  follows  that  the  remaining  two-dimensional  functions 
corresponding  to  weighting  v(v,t)  in  (D-l)  can  be  expressed  as 

V(v,f)  =  D  U(v/B,Df)  , 

v(t,r )  =  B  u(Bt,T/D)  , 

V(t,f)  =  BD  U(Bt,Df)  .  (D-5) 

Compare  with  (20)  -  (23)  for  a  specific  example. 
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Now  consider  rotation  of  normalized  weighting  u  by  angle  6 
in  the  v/B,t/D  plane.  Letting  C  =  cos(0)  and  S  *  sin(e),  the 
rotated  weighting  corresponding  to  v  is  then  defined  as 


r(  v,T  )  =  u  4- 


'D 


=1)  = '( 


Cv  + 


S^r 


Ct  - 


si" 


(D-6 


where  we  also  used  (D-1).  The  corresponding  (rotated)  two- 
dimensional  smoothing  function  will  be  shown  below  to  be  given  by 

R(t,f)  =  BD  U(CBt  -  SDf,  CDf  +  SBt )  =  {D-7) 

=  vjct  -  s|f,  Cf  +  s|t]  ,  (D-8) 

where  we  used  (D-5).  Thus,  the  two-dimensional  normalized 
smoothing  function  U  is  rotated  by  angle  -0  in  the  Bt,Df  plane. 
This  rule  holds  regardless  of  the  forms  of  u  or  U. 

The  two  remaining  functions  r(t,T)  and  R(v,f)  are  not 
available  in  closed  form  involving  any  of  the  normalized 
functions,  in  general;  for  example. 


R{v,f)  =  J  dt  exp(-i2nfT)  f(v,T)  = 

=  J  dr  exp{-i2nfT)  +  S^,  Cg  -  S^l  .  {D-9) 


This  latter  integral  requires  a  slice  of  u(::,y)  along  a  line  not 
parallel  to  either  coordinate  axis;  such  a  Fourier  transform  is 
not  given  simply  in  terms  of  U,  u,  or  U.  This  type  of  result 
might  have  been  anticipated  by  looking  at  the  examples  in  (21) 
and  (22)  which  contain  oscillatory  terms. 
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To  derive  (D-7),  we  employ  (D-6)  to  obtain 


R 


(t,f)  *  IJ  dv  dr  exp( i2nvt-i2nfT )  r(v,T) 


JJ  dv  dt  exp(  i2nvt-i2nfT )  -  S^]  •  (D-IO 


Now  let  X  =  Cv/B  +  St/D,  y  =  Ct/D  -  S\)/B;  then  v/B  =  Cx  -  Sy, 
t/D  =  Cy  +  Sx,  for  which  the  Jacobian  is  BD.  Then  (D-10)  becomes 

R{t,f)  =  BD  JJ  dx  dy  exp[i2nBt(Cx-Sy)  -  i2nDf {Cy+Sx ) ]  u(x,y)  = 

=  BD  II  dx  dy  exp[i2n(CBt-SDf )x  -  i2n (CDf+SBt )y ]  u(x,y)  .  (D-11) 

Reference  to  (D-4)  immediately  yields  {D-7).  {As  a  check,  0=0 
yields 

R{t,f)  =  BD  U(Bt,Df)  =  V{t,f)  ,  {D-12) 

where  we  used  {D-5).) 
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ABSTRACT 

The  complex  envelope  of  a  narrowband  waveform  y(t)  typically 
has  logarithmic  singularities,  due  to  discontinuities  in  y{t)  or 
its  derivatives,  which  have  little  physical  significance.  The 
complex  envelope  also  has  a  very  slow  decay  in  time,  due  to  the 
discontinuous  spectrum  associated  with  its  very  definition;  this 
slow  decay  can  mask  weak  desired  features  of  the  complex 
envelope.  In  order  to  suppress  these  undesired  behaviors  of  the 
mathematically  defined  complex  envelope,  a  filtered  version  is 
suggested  and  investigated  in  terms  of  its  singularity  rejection 
capability  and  better  decay  rate.  Finally,  numerical  computation 
of  the  complex  envelope,  as  well  as  its  filtered  version,  by 
means  of  a  fast  Fourier  transfom  (FFT)  is  investigated  and  the 
effects  of  aliasing  are  assessed  quantitatively.  A  program  for 
the  latter  task,  utilizing  an  FFT  procedure  with  collapsing,  is 
furnished  in  BASIC. 
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COMPLEX  ENVELOPE  PROPERTIES,  INTERPRETATION, 

FILTERING,  AND  EVALUATION 

INTRODUCTION 

When  a  narrowband  input  excites  a  passband  filter,  the  output 
time  waveform  y(t)  is  a  narrowband  process  with  low-frequency 
amplitude-  and/or  phase-modulations.  The  evaluation  of  this 
output  process  y(t)  can  entail  an  extreme  amount  of  calculations 
if  the  detailed  behavior  of  the  higher-frequency  carrier  is 
tracked.  A  much  better  procedure  in  this  case  is  to  concentrate 
instead  on  determination  of  the  low-frequency  complex  envelope  of 
the  narrowband  output  process  y(t)  and  to  state  the  carrier 
frequency  associated  with  it.  Then,  the  detailed  nature  of  the 
output  can  be  found  at  any  time  points  of  interest  if  desired, 
although,  often,  the  complex  envelope  itself  is  the  quantity  of 
interest. 

The  complex  envelope  of  output  y(t)  is  determined  from  its 
spectrum  (Fourier  transform)  Yif)  by  suppressing  the  negative 
frequencies,  down-shifting  by  the  carrier  frequency,  and  Fourier 
transforming  back  into  the  time  domain.  For  a  complicated  input 
spectrum  and/or  filter  transfer  function  with  slowly  decaying 
spectral  skirts,  these  ::alculations  can  encounter  a  large  number 
of  data  points  and  require  large-size  fast  Fourier  transforms 
(FFTs)  for  their  direct  realization.  In  this  case,  the  use  of 
collapsing  or  pre-aliasing  (1;  pages  4-5]  can  be  fruitfully 
employed,  thereby  keeping  storage  and  FFT  sizes  small,  without 
any  loss  of  accuracy.  This  procedure  will  be  employed  here. 
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As  will  be  seen,  when  the  complex  envelope  is  re-applied  to 
the  one-sided  carrier  term  and  the  real  part  taken,  the  exact 
narrowband  waveform  y{t)  is  recovered.  However,  if  the  complex 
envelope  itself  is  the  quantity  of  interest,  it  has  some 
undesirable  features.  The  first  problem  is  related  to  the  fact 
that  if  waveform  y(t)  has  any  discontinuities  in  time,  its 
Hilbert  transform  contains  logarithmic  infinities,  which  show  up 
in  the  complex  envelope.  The  second  problem  is  generated  by  the 
operation  of  truncating  the  negative  frequencies  in  spectrum 
y(f);  this  creates  a  discontinuous  spectrum  which  leads  to  a  very 
slow  decay  in  time  of  the  magnitude  of  the  complex  envelope. 

Since  numerical  calculation  of  the  complex  envelope  is 
necessarily  accomplished  by  sampling  spectrum  y(f)  in  frequency  f 
and  performing  FFTs,  this  slow  time  decay  leads  to  significant 
aliasing  and  distortion  in  the  time  domain  of  the  computed 
quantities. 

Because  these  features  in  the  mathematically  defined  complex 
envelope  are  very  undesirable,  there  is  a  need  to  define  and 
investigate  a  modified  complex  envelope  which  more  nearly 
corresponds  to  physical  interpretation  and  utility.  The  time 
discontinuities  in  y(t)  show  up  in  y{f)  as  a  1/f  decay  for  large 
frequencies,  whereas  the  truncation  of  the  negative  frequencies 
of  y{f)  shows  up  as  a  discontinuity  directly  in  f.  Both  of  these 
spectral  properties  can  be  controlled  by  filtering  the  truncated 
spectral  quantity,  prior  to  transforming  back  to  the  time  domain. 
We  will  address  this  filtered  complex  envelope  and  its  efficient 
evaluation  in  this  report. 
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When  the  waveform  y(t)  is  real  and/or  causal,  its  spectrum 
Y{f)  possesses  special  properties  which  enable  alternative 
methods  of  calculation.  Thus,  it  sometimes  suffices  to  have  only 
the  real  (or  imaginary)  part  of  y{f)  and  to  employ  a  cosine  (or 
sine)  transform,  rather  than  a  complex  exponential  transform. 

The  aliasing  properties  of  these  special  transforms,  when 
implemented  by  means  of  FFTs,  will  also  be  addressed  here. 


3/4 
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ANALYTIC  WAVEFORM  AND  COMPLEX  ENVELOPE 

Waveform  y{t)  is  real  with  amplitude  modulation  a{t)  and 
phase  modulation  p(t)  applied  on  given  carrier  frequency 
however,  y(t)  need  not  be  narrowband.  That  is, 

y{t)  *  a(t)  cos[2nf^t  +  p(t)}  =  Re(z(t)  exp(i2nf^t)}  ,  (1) 

where  complex  lowpass  waveform 

2(t)  H  a{t)  exp[ip(t) ]  (2) 

will  be  called  the  imposed  modulation.  The  corresponding 
spectrum  of  imposed  modulation  z{t)  is 

Z(f)  =  J  dt  exp(~i2nft)  z(t)  .  (3) 

(Integrals  without  limits  are  from  -»  to  +®. )  The  magnitude 
of  spectrum  Z(f)  is  depicted  in  figure  1;  it  is  generally  concen¬ 
trated  near  frequency  f  =  0.  The  graininess  of  the  curves  here 
is  due  to  plotter  quantization,  not  function  discontinuities. 

From  (1),  since  waveform 

y(t)  =  ^  z(t)  exp{i2nf^t)  +  ^  z*(t)  exp(-i2nf^t)  ,  (4) 

its  spectrum  can  be  expressed  as  (see  figure  1) 

Y(f)  *  i  +  5  z‘(-f-£o)  :  Y(-f)  =  y*(£)  .  (5) 

It  will  be  assumed  here  that  y(t)  has  no  dc  component;  that  is, 
Y(f)  contains  no  impulse  at  f  =  0. 
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Figure  1.  Spectral  Quantities 
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ANALYTIC  WAVEFORM 


The  single-sided  (positive)  frequency  spectrum  is  defined  as 

Y^(f)  =  2  U(f)  Y(f)  *  U(f)  Z(f-f^)  +  U(f)  Z*(-f-f^)  -  (6) 

=  -  U(-f)  Z(f-fQ)  +  U(f)  for  all  f  .  (7) 

Here,  U(x)  is  the  unit  step  function;  that  is,  U(x)  is  1  for 
X  >  0  and  U(x)  is  0  for  x  <  0.  The  analytic  waveform 
corresponding  to  y(t)  is  then  given  by  Fourier  transform 

y+(t)  =  J  df  exp(i2nft)  .  (8) 

In  order  to  further  develop  (8),  we  define  a  single-sided 
(negative)  frequency  function 


N(f)  =  U{-f)  Z(f-f^) 


0  for  f  >  0 

Z(f-f  )  for  f  <  0 

(,  o 


(9) 


which  can  be  determined  directly  from  the  spectrum  Z(f)  of  the 
imposed  modulation  z(t)  in  (2)  if  f^  is  known.  The  magnitude  of 
N(f),  scaled  to  peak  value  1,  is  sketched  in  figure  1;  it  is 
small  if  f^  is  large,  and  is  peaked  near  f  *  0.  The  complex  time 
function  corresponding  to  (negative  frequency)  function  N(f)  is 

0 

n(t)  =  J  df  exp(i2nft)  N(f)  =  J  df  exp(i2nft)  Z(f-f^)  .  (10) 

With  the  help  of  (9)  and  (10),  the  single-sided  spectrum 
Y^(f)  in  (7)  can  now  be  expressed  as 


7 


TR  8827 


y^{f )  »  zcf-f^)  -  N(f )  +  N*{-f)  ,  (11) 

with  corresponding  analytic  waveform  (8) 

y^{t)  «  exp{i2nf^t)  z(t)  -  n(t)  +  n*(t)  *=  (12) 

=  exp{i2nf^t)  z(t)  -  i  2  Im{n(t)l  .  (13) 

That  is,  the  analytic  waveform  is  composed  of  two  parts,  the 
first  of  which  is  what  we  would  typically  desire,  namely  the 
imposed  modulation  (2)  shifted  up  in  frequency  by  f^.  The  second 
term  in  (13),  which  is  totally  imaginary,  is  usually  undesired; 
it  can  be  seen  from  (10)  and  |N(f)|  in  figure  1  to  be  generally 
rather  small.  There  also  follows  immediately,  from  (13)  and  (2), 
the  expected  result 

Re{y^(t)|  »=  a(t)  cos[2nf^t  +  p(t)]  *=  y(t)  .  (14) 

Since  analytic  waveform  y^(t)  can  also  be  expressed  as 
y+{t)  =  y(t)  +  i  yjj(t)  =  y(t)  +  i  y(t)  ®  ^  '  y(t)  +  ijdu 

(15) 

where  yjj(t)  is  the  Hilbert  transform  of  y(t)  and  ®  denotes 
convolution,  (13)  and  (2)  yield 

yj^(t)  =  a(t)  sin[2iifQt  p(t)l  -  2  Im{n(t)  j  .  (16) 

If  we  define  (real)  error  waveform  e(t)  as  the  difference  between 
the  Hilbert  transform  of  (1)  and  the  quadrature  version  of 
original  waveform  (1),  we  have 
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e{t)  s  sin[2nfQt  +  p(t)J  »  (17) 

=  -  2  Im{n(t)}  *  i  tn(t)  -  n*{t)]  -  (18) 

0 

*  -  2  Im  J  df  exp(i2nft)  Z(f“f^)  »  {19} 

»  -  2  Im  |exp(i2nf^t)  J  df  exp(i2nft)  Z(f)|  ,  (20) 


where  we  used  (16)  and  (10).  The  error  spectrum  is,  from  (18) 
and  ( 9 ) , 


E{f)  =  i  [N{f)  -  N*(-f)]  - 


(21) 


-i  z*(-f-f^)  for  f  >  0 

i  Z(f-f  )  for  f  <  0 

\  o 


(22) 


Then,  E(-f)  »  E*(f).  The  magnitude  of  E(f)  is  displayed  in 
figure  2;  it  is  generally  small  and  centered  about  f  *  0. 
The  total  energy  in  real  error  waveform  e(t)  is 

J  dt  [e(t)]^  '  J  |E(f) » 


«  J  df  N(f)  -  N*(-f)]  [N*(f)  -  N(-f)  » 


=  J  df  [|N(f)|2  +  |N(-f)|2]  -  2  J  df  |N(f)|2  - 

0  -f^ 

=  2  j  df  |Z(f-f^)i2  =  2  J  df  |Z(f)|2  ,  (23) 

^00  —CD 
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Figure  2.  Error  and  Complex  Eijvelope  Spectra 
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where  we  used  (21),  the  single-sided  behavior  of  N(f),  and  (9). 
This  is  just  twice  the  energy  in  the  spectrum  Z(f)  of  imposed 
modulation  z(t)  below  frequency  -f^;  inspection  of  figure  1 
reveals  that  this  quantity  will  usually  be  small. 

COMPLEX  ENVELOPE 

The  complex  envelope  y(t)  of  waveform  y(t)  is  the  frequency 
down-shifted  version  of  analytic  waveform  y^(t): 

Y(t)  =  y^(t)  exp(-i2nfQt)  *  (24) 

=  z(t)  +  i  e(t)  exp(-i2nf^t)  ,  (25) 

where  we  used  (13)  and  (18)  and  chose  to  downshift  by  f^  Hertz, 
the  known  carrier  frequency  in  (1).  Waveforms  z(t)  and  e(t)  are 
lowpass,  as  may  be  verified  from  their  spectra  in  figures  1  and 
2.  The  spectrum  of  the  complex  envelope  is,  from  (25), 

Y(f)  =  Z(f)  +  i  E(f+f^)  .  (26 

Equations  (25)  and  (26)  show  that  the  complex  envelope  and  its 
spectrum  are  each  composed  of  a  desired  component  and  an  error 
term. 

The  magnitudes  of  the  complex  envelope  spectrum  y(f)  and  its 
error  component  are  displayed  in  figure  2;  y(f)  is  discontinuous 
at  f  *  -f^  but  has  zero  slope  as  f  ^  ”^0'  whether  from  above  or 
below.  The  left  tail  of  Z(f)  and  shifted  error  spectrum, 
i  E(f+fj^),  interact  so  as  to  yield  Y(f)  *  0  for  f  <  this  is 

most  easily  seen  from  a  combination  of  (24)  and  (6),  namely 
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Y(f)  =  Y^(f+fo)  =  2  U{f+f^)  *  (27) 

«  U(f+f^)  [Z(f)  +  Z*(-f-2f^)]  .  (28) 

The  results  for  the  error  spectrum  and  energy  in  (22)  and 
(23),  respectively,  were  originally  derived  by  Nuttall  [2); 
however,  we  have  augmented  those  results  here,  to  give  detailed 
expressions  for  the  error  and  complex  envelope  waveforms  and 
spectra.  There  are  no  approximations  in  any  of  the  above 
relations;  they  apply  to  waveforms  with  arbitrary  spectra, 
whether  carrier  frequency  f^^  is  large  or  small. 

EXTRACTED  AMPLITUDE  AND  PHASE  MODULATIONS 

It  is  important  and  useful  to  also  make  the  following 
observations  relative  to  the  amplitude  and  phase  modulations  that 
can  be  extracted  from  the  complex  envelope  y(t).  Define 

A(t)  »  |y(t)|  ,  P(t)  «  arg{y(t))  .  (29) 

Then,  from  (14)  and  (24),  the  original  waveform  can  be  expressed 
in  terms  of  these  extracted  amplitude  and  phase  modulations  as 

y(t)  *  Re{y(t)  exp(i2nf^t))  »  A{t)  cos[2nf^t  +  P(t)]  .  (30) 

However,  complex-envelope  modulations  A{t)  and  P(t)  in  (29)  and 
(30)  are  not  generally  equal  to  imposed  modulations  a(t)  and  p(t) 
in  (1),  as  may  be  seen  by  reference  to  (25).  Namely,  complex 
envelope  y.(t)  is  equal  to  complex  lowpass  waveform  z(t)  in  (2) 
only  if  error  e(t)  is  zero.  But  the  energy  in  waveform  e(t),  as 
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given  by  (23),  is  zero  only  if  imposed  spectrum  Z(f)  in  (3)  is 
zero  for  f  <  -f^.  When  Z(f)  is  not  zero  for  f  <  -Iq/  complex- 
envelope  modulations  A{t)  and  P(t)  do  not  agree  with  imposed 
modulations  a(t)  and  p(t)#  despite  the  ability  to  write  y(t)  in 
the  two  similar  real  forms  (1)  and  (30)  involving  an  amplitude- 
and  phase-modulated  cosine  with  the  same  f^. 

Another  interesting  property  of  form  (30)  is  that  its 
quadrature  version  is  identically  the  Hilbert  transform  of  y(t). 
This  is  in  contrast  with  the  quadrature  version  of  (1)  involving 
imposed  modulations  a(t)  and  p(t);  see  (17)  -  (20).  To  prove 
this  claim,  observe  that  the  quadrature  version  of  the  last  term 
of  (30)  is,  using  (29), 

q(t)  5  A(t)  sin{2nf^t  +  P(t)]  »  (31) 

*  [A(t)  exp{iP(t)  +  i2nf  t)  -  A(t)  exp(-iP(t)  -  i2nf  t)]  = 

=  exp(i2nf^t)  -  Y* {t)  exp(-i2nf^t) ]  .  (32) 

The  spectrum  of  this  waveform  is 

Q(f)  «  Y*{-f)]  = 

r-i  y(f)  for  f  >  0] 

*  i  J  »  -i  sgn(f)  Y(f)  =  Y  (f)  ,  (33) 

[  i  Y(f)  for  f  <  oj 

where  we  used  (27),  the  conjugate  symmetry  of  Y(f),  sgn(x)  =  +1 
for  X  >  0  and  -1  for  x  <  0,  and  (6)  in  the  form 

Y^(f)  =  2  U(f)  Y(f)  =  [1  +  sgn(f)]  Y(f)  =  Y(f)  +  i  Yj^(f)  ,  (34) 
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the  latter  result  following  from  (15).  Thus,  (33)  and  (31)  yield 
the  desired  result 

^  tiT  ®  ^  sin[2nf^t  +  P(t)j  .  (35) 

This  simple  connection  between  (35)  and  (30)  holds  in  general 

when  modulations  A(t)  and  P(t)  are  extracted  from  the  complex 

envelope  according  to  (29);  there  are  no  narrowband  assumptions 

required.  The  more  complicated  connection  between  (16)  and  (1), 

which  is  applicable  for  the  imposed  modulations,  involves  an 

error  term;  this  error  is  zero  if  and  only  if  spectrum  Z(f)  in 

(3)  is  zero  for  f  <  -f  . 

o 

SPECTRUM  Y(f)  GIVEN 

All  of  the  above  results  have  presumed  that  waveform  y(t)  in 
the  form  (1)  was  available  as  the  starting  point.  But  there  are 
many  problems  of  interest  where  spectrum  Y(f)  is  the  initial 
available  quantity,  rather  than  y't).  For  example,  the  output 
spectrum  Y(f)  of  a  linear  filter  L(f)  subject  to  input  spectrum 
X(f)  is  given  by  Y(f)  »=  L(f)  X(f)  and  can  often  be  easily  and 
directly  computed.  In  this  case,  there  are  no  given  amplitude 
and  phase  modulations  a(t)  and  p(t)  as  in  (1);  in  fact,  there  is 
not  even  an  obvious  or  unique  center  frequency  for  a  given 
spectrum  Y(f).  Nevertheless,  many,  but  not  all,  of  the  relations 
above  hold  true  under  appropriate  definitions  of  the  various 
terms . 
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Given  spectrum  Y(f)  with  conjugate  symmetry,  Y{-f)  «  Y*(f), 
we  begin  with  its  corresponding  real  waveform 

y{t)  =  J  df  exp(i2nft)  Y{f)  .  (36) 

The  Hilbert  transform  of  y(t)  and  its  spectrum  are  given  by 

^  ®  y(t)  ,  Yjj{f)  =  -i  sgn{f)  Y{f)  .  {37} 

The  single-sided  spectrum  and  analytic  waveform  are,  respectively 
Y^(f)  =  2  U(f)  Y(f)  =  [1  +  sgn(f)]  Y(f)  =  Y(f)  +  i  Y^(f)  ,  {38} 

CO 

y_^{t)  =  2  J  df  exp{i2nft)  Y(f)  =  y(t)  +  i  y|^(t)  .  {39} 

0 

Up  to  this  point,  all  the  functions  are  unique  and  nothing 
has  changed.  However,  we  now  have  to  choose  a  "center  frequency" 
f  of  Y  {f),  since  none  has  been  specified;  this  {somewhat 

W  ' 

arbitrary)  selection  process  of  f^  is  addressed  in  appendix  A,  to 
which  the  reader  is  referred  at  this  point.  Hence,  we  take  f^  as 
given  and  define  lowpass  spectrum 

Y(f)  *  ^  U(f+f^) 

The  corresponding  complex  envelope  is 

Y(t)  =  y^.(t)  exp(-i2nf^t)  .  {41} 

We  define  the  complex-envelope  amplitude  and  phase 
modulations  as  in  (29): 

A(t)  =  lY(t)|  ,  P{t)  =  arg{jr{t))  =  arg{y_j.(t)}  -  2nf^t  .  (42) 
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Then,  from  (39),  (41),  and  (42),  we  have 

y(t)  =  Re{y^(t)j  =  Re{Y(t)  exp(i2nf^t)}  =  A(t)  cos[2nf^t  +  P(t)]. 

(43) 

Now  when  we  define  the  quadrature  version  of  the  right-hand  side 
of  (43)  in  a  manner  similar  to  (31),  but  now  employing  f^  instead 
of  (unspecified)  f^,  the  same  type  of  manipulations  as  in 
(31)  -  (35)  yield  relations  identical  to  those  given  above: 

Q(f)  =  Yj^{f)  ,  y^(t)  =  q{t)  =  A(t)  sin[2nf^t  +  P{t)]  .  (44) 

Because  the  choice  of  center  frequency  f^  of  single-sided 
spectrum  Y^(f)  is  somewhat  arbitrary  (see  appendix  A),  this  makes 
complex  envelope  its  extracted  phase  P(t)  somewhat 

arbitrary.  However,  the  argument,  2nf^t  +  P(t)  =  argjy^(t)|,  of 
(43)  and  (44)  is  not  arbitrary,  as  seen  directly  from  (41)  and 
the  uniqueness  of  y^.(t)  in  (39).  Furthermore,  extracted 
amplitude  modulation  A(t)  in  (42)  has  no  arbitrariness  since  it 
is  given  alternatively  by  ly^(t)|,  according  to  (41). 

Since  A(t)  and  P(t)  are  lowpass  functions,  we  can  compute 
them  at  relatively  coarse  increments  in  time  t.  Then,  if  we  want 
to  observe  the  fine  detail  of  y(t),  as  given  by  (43),  we  can 
interpolate  between  these  values  of  A(t)  and  P(t)  and  then 
compute  the  cosine  in  (43)  at  whatever  t  values  are  of  interest. 
This  practical  numerical  approach  will  reduce  the  number  of 
computations  of  A{t)  and  P(t)  required;  in  fact,  in  many 
applications,  A(t)  and  P{t)  will  themselves  be  the  desired  output 
quantities  of  interest,  rather  than  narrowband  waveform  y(t)  with 
all  its  unimportant  high-frequency  detail. 
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EXAMPLE 

Consider  the  fundamental  building  block  of  systems  with 
rational  transfer  functions,  namely 

y(t)  =  U(t)  exp(-at)  cos(2nf^t  +  ♦)  ,  a  >  0  ,  f^  >  0  ,  (45) 

where  U(t)  is  the  unit  step  in  time  t.  Let 

w  =  2nf  ,  =  2nf^  ,  c  =  a  -  iw^  .  (46) 

Then,  from  (1)  and  (2),  the  imposed  modulations  are 

a(t)  =  U(t)  exp(-at),  p(t)  =  <^,  z(t)  =  U(t)  exp(i^-at)  ,  (47) 

yielding,  upon  use  of  (3)  and  (46),  spectrum 


Z(f)  = 


T2iif 


(48) 
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Then,  from  (10),  the  corresponding  complex  time  waveform  is 

0  c 

n(t)  .  j  d£  exp(i^t)  I  ^  expitu,  .  ,52, 

-00  c-i® 

For  t  <  0,  let  X  =  |t|u  =  -tu,  to  get 

c  t| 

n(t)  =  ^  exp{-x)  =  ^  exp(i4>-ct)  Ej^(c[t|)  ,  (53) 

c|t  -i® 

where  Ej(z)  is  the  exponential  integral  [3;  5.1.1].  It  is 
important  to  observe  and  use  the  fact  that  the  path  of 
integration  in  the  complex  x-plane  in  (53)  remains  in  the  fourth 
quadrant  and  never  crosses  the  negative  real  x-axis 
[3;  under  5.1.6]. 

Also,  for  t  >  0,  let  x  =  ~tu  in  (52),  to  get 

-ct 

n(t)  =  exp{,i»-ct)  ^exp(-x)  =^exp(i^-ct)  Ej(-ct)  .  (54) 

-ct+i® 

Here,  the  contour  of  integration  remains  in  the  second  quadrant 
of  the  complex  x-plane  and  again  does  not  cross  the  negative  real 
x-axis  [3;  under  5.1.6].  The  combination  of  (53)  and  (54)  now 
yields  complex  time  waveform 

n(t)  =  ^  exp{i<t)-ct)  Ej(-ct)  for  all  t  0  .  (55) 


18 


TR  8827 


Now,  we  use  (18)  to  obtain  real  error  waveform 

e(t)  =  -  ^  Re  lexp(  i<j»-ct )  Ej^(-ct))  for  all  t  0  .  (56) 

(Or  we  could  directly  use  (20)  with  (48).)  The  corresponding 
error  spectrum  follows  from  (22),  (48),  and  (46)  as 


E(f ) 


-i  expl-in 

c  +  iw 


i  exp(i4>) 
c  +  iw 


for  f  >  ol 


► 

for  f  <  0 


(57) 


From  (16),  (17),  (47),  and  (56),  the  Hilbert  transform  of 
y(t)  is 


yjj(t)  *  U(t)  exp(-at)  sin(2nf^t+t)  - 


-  -  Re {exp(  i<|>-ct )  Ej(-ct)}  for  all  t  0. 


(58) 


In  addition,  using  (15)  and  (45),  the  analytic  waveform  is 

y+(t)  =  U(t)  exp(i<^-ct)  -  i  “  Re{exp(i<^-ct)  E^(-ct)! 

for  all  t  0 .  (  59  ) 

The  complex  envelope  follows  from  (25),  \47),  and  (56)  as 

Y(t)  =  U(t)  exp(i<^-at)  -  |  exp(-iw^t)  Relexp(  i^-ct)  E^(-ct)} 

for  all  t  0  .  (60) 

The  corresponding  spectrum  is,  from  (27)  and  (50), 


(61) 
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The  extracted  amplitude  and  phase  modulations  A(t)  and  P(t)  of 
complex  envelope  available  by  applying  (42)  to 

(60).  Since  the  first  term,  by  itself,  in  (60)  has  the  imposed 
amplitude  and  phase  modulations  a(t)  and  p(t)  as  specified  in 
(47),  A(t)  cannot  possibly  equal  a{t),  nor  can  P(t)  equal  p(t). 
This  example  is  an  illustration  of  the  general  property  stated  in 
the  sequel  to  (30).  The  reason  is  that  spectrum  Z(f)  in  (48)  is 
obviously  nonzero  for  f  <  -f^. 

From  (23)  and  (48),  the  energy  in  error  waveform  e(t)  is 


2 

n 


arctan 


(62) 


For  comparison,  the  energy  in  desired  component  2{t)  in  complex 
envelope  x(^)  (25)  is,  from  (47), 


J  dt  |z(t) 1^  =  ^  •  (63) 

^00 
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SINGULAR  BEHAVIOR 

Since  [3;  5.1.11  and  footnote  on  page  228] 

E^(2)  =  -  ln(z)  -  Y  +  Ein(2)  ,  (64) 

where  Ein(2)  is  entire,  the  error  waveform  in  (56)  has  a 
component 

-  ^  Re{-exp( i^-ct)  ln(-ct)j  = 

=  ^  Re  {exp(  i<t>-ct )  (ln{-c  sgn(t))  +  Injtl]  for  t  /  0  ,  (65) 

of  which  the  most  singular  component  is 

^  ln|t|  exp(-at)  cos(a)^t  +  t)  ~  ^  cos{^)  Injtl  as  t  ->  0  .  (66) 

The  only  situation  for  which  this  logarithmic  singularity  does 
not  contribute  an  infinity  as  t  -»  0  is  when  ^  =  -  n/2  (or  n/2). 
That  corresponds  to  the  special  case  in  (45)  of 

y(t)  =  U(t)  exp(-at)  sin(w^t)  for  ^  -  n/2  ,  (67) 

which  is  zero  at  t  =  0;  that  is,  y{t)  is  continuous  for  all  t. 
Hov;ever,  even  for  -  -  n/2  in  the  first  term  of  (66),  the 
product  Injtj  sin(uiQt)  has  an  infinite  slope  at  its  zero  at 
t  =  0,  leading  possibly  to  numerical  difficulties. 

The  spectrum  Y(f)  follows  from  (49)  as 

U) 

Y(f)  =  -2 - - 2  for  ♦  =  -  I  ,  (68) 

a  +  +  i2aw  -  w 

o 
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-  2 

which  decays  as  w  as  w  -♦  ±®;  this  spectral  decay  is  the  key 
issue  for  avoiding  a  logarithmic  singularity  in  e(t),  y^{t), 
y^(t),  and  y(t).  All  values  of  other  than  ±n/2  lead  to 
asymptotic  decay  of  y(f)  in  (49)  according  to  -i  cos{j>)  w 
which  leads  to  a  logarithmic  singularity  in  the  various  time 
functions  considered  here,  including  the  complex  envelope. 

Continuing  this  special  case  of  -  n/2  in  (67)  and  (68), 

we  find,  from  ( 48 ) , 

exp(-at)  for  ^  ^  .  (69) 

Also,  there  follows  from  (56),  (58),  and  (60),  respectively,  the 
error,  the  Hilbert  transform,  and  the  complex  envelope,  as 

e(t)  -  -  ^  Imlexp(-ct)  Ej(-ct))  ,  (70) 

y„(t)  =  -  U(t)  exp (-at)  cos(w  t)  +  e(t)  ,  (71) 

M  O 

Y(t)  =  U(t)  (-i)  exp(-at)  +  i  exp(-iwQt)  e(t)  ,  (72) 

all  for  4i  =  -  n/2. 

The  asymptotic  behavior  of  error  e(t)  at  infinity  is 
available  from  [3;  5.1.51]  as 

e(t)  ~  ^  as  t  ±®  for  *  =  -  |  .  (73) 

°  +  % 

The  origin  behavior  is  available  from  [3;  5.1.11]: 
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e{t)  ~  i 


—  arctan(w  /a)  as  t  -»  0- 
rc  o 


1  -  -  arctan{w^/a)  as  t  -»  0+ 


for  «►  =  -  TT  .  (74  ) 


Observe  that  these  limits  in  (74)  at  t  =  ±0  are  both  finite. 

Also,  note  the  very  slow  decay  in  (73),  namely  1/t,  of  error  e(t) 
at  infinity. 

When  ()>  ^  ±n/2,  the  generalizations  to  (73)  and  (74)  are 
[3;  5.1.51  and  5.1.11] 


e(t)  ~ 


a  cos<|i  -  sin^ 
_ 

a  +  (*)_ 


I 

nt 


—r  as  t  -♦  ±“ 


(75) 


and 


e(t)  ~  in|t|  as  t  0  . 


(76 


Now,  error  e{t)  becomes  infinite  at  the  origin  and  decays  only  as 
1/t  for  large  t.  (If  tan<^  =  a/w^,  then  e(t)  =  0(t~^)  as  t  -> 
this  corresponds  to  Y(0)  =  0  in  (49).) 
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GENERAL  HILBERT  TRANSFORM  BEHAVIOR 

The  example  of  y{t)  in  (45)  (when  <)>  ±n/2)  illustrates  the 

general  rule  that  if  a  time  function  has  a  discontinuity  of  value 
D  at  time  t^,  then  its  Hilbert  transform  behaves  as  D/n  Inlt-t^j 
as  t  t^.  To  derive  this  result,  observe  that 

y(t)  ~  V  +  sgn(t-t^)  as  t  t^  ,  (77) 

when  y(t)  is  discontinuous  at  t^.  Then,  for  t  near  t^,  the 
Hilbert  transform  of  y(t)  is  dominated  by  the  components 


-E 


'  M  ^  5“  sgn(t-t^-u)]  + 


-b 

b 


*  i  I  ^  sgn(t-t^-u) 


(78) 


where  e  is  a  small  positive  quantity  and  the  principal  value 
nature  of  the  Hilbert  transform  integral  has  been  utilized.  The 
integrals  involving  constant  V  cancel;  also,  by  brea)ting  the 
integrals  in  (78)  down  into  regions  where  sgn  is  positive  versus 
negative,  and  watching  whether  t-t^  is  positive  or  negative,  the 
terms  involving  ln(e)  cancel,  leaving  the  dominant  behavior 

yH(t)  -  f  Inlt-t^j  as  t  ->  tp  .  (79) 

(The  example  in  (66)  corresponds  to  a  discontinuity  D  =  cos  ( <j) )  at 
t^  =  0,  as  may  be  seen  by  referring  to  (45).)  When  Hilbert 
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transform  yjj(t)  has  this  logarithmic  singularity  (79)^  then  so 
also  do  y^(t),  and  e(t)  at  the  same  time  location.  Thus, 

the  complex  envelope  corresponding  to  a  discontinuous  y{t)  has  a 
logarithmic  singularity. 

An  alternative  representation  for  Hilbert  transform  yjj(t)  in 
{ 15 )  is  given  by 

yjj(t)  =  J  df  exp(i2nft)  (-i)  sgn{f)  Y(f)  .  (80) 

If  Y{f)  decays  to  zero  at  f  =  ±“  and  if  Y(f)  is  continuous  for 
all  real  f,  then  an  integration  by  parts  on  (80)  yields  (due  to 
the  discontinuity  of  sgn(f))  the  asymptotic  decay 

yH(t)  ~  as  t  ±»  .  (81) 

(Results  (73)  and  (75)  are  special  cases  of  (81),  when  applied  to 

example  (49).)  The  only  saving  feature  of  this  very  slow  decay 

for  large  t  in  (81)  is  that  y(0)  may  be  small  relative  to  its 

maximum  for  f  0.  For  example  (49),  lY(f^)l  =  (2a)~^  for 

a  <<  cJq,  which  is  then  much  larger  than  Y(0)  =  -  sinij>/wQ.  In 

this  narrowband  case,  the  slow  decay  of  (81)  will  not  be  overly 

significant  in  analytic  waveform  y^(t)  until  t  gets  rather  large. 

If  Y(0)  is  zero,  the  dominant  behavior  is  not  given  by  (81),  but 

2 

instead  is  replaced  by  a  1/t  dependence,  with  a  magnitude 
proportional  to  Y'(0). 
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GRAPHICAL  RESULTS 

We  now  take  the  example  in  (45)  with  parameter  values 
a  =  1  sec~^  and  =  100  Hz.  The  error  e(t)  in  (56)  is  plotted 
versus  time  t  in  figure  3  for  three  different  values  of  phase  iji. 

A  time  sampling  increment  of  .02  msec  was  used  to  compute 
(56),  since  these  error  functions  are  very  sharp  in  t,  being 
concentrated  around  t  =  0  where  the  waveform  y(t)  has  its 
discontinuity.  The  period  of  the  carrier  frequency  is  l/f^  =  10 
msec;  however,  the  error  functions  vary  significantly  in  time 
intervals  less  than  1  msec.  These  functions  approach  -®  at 
t  =  0,  according  to  (66),  except  for  ^  =  -n/2. 

The  corresponding  complex  envelope  is  given  by  (72);  its 
magnitude  is  plotted  in  figure  4  over  a  much  wider  time  interval. 
The  straight  line  just  to  the  right  of  the  origin  is  the  desired 
exponential  decay  a(t)  *  exp(-at),  which  dominates  the  error  e(t) 
in  this  region  of  time.  Eventually,  however,  for  larger  t  or 
negative  t,  the  error  e(t)  dominates,  with  its  much  slower  decay 
rate.  It  is  readily  verified  that  the  asymptotic  behavior 
predicted  by  (75)  is  in  control  and  very  accurate  near  both  edges 
of  figure  4. 

At  the  transition  between  the  two  components,  the  random 
vector  addition  in  (72)  leads  to  large  oscillations;  the  period 
of  the  carrier  is  1/fQ  “  10  msec,  meaning  that  the  transition 
oscillations  in  figure  4  have  been  grossly  undersampled  with  the 
time  increment  approximately  40  msec  that  was  used.  The  error 
curve  for  =  0  is  much  smaller  than  the  other  two  examples  over 
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most  of  its  range?  however,  the  magnitude  error  goes  sharply  to  ® 
at  t  =  0. 

From  (72)  and  figure  4,  it  is  seen  that  for  ^  =  -n/2,  the 
phase  P(t)  of  complex  envelope  x^(t)  is  essentially  -n/2  for 
t  >  0,  until  we  reach  the  transition.  To  the  right  of  the 
transition,  the  phase  of  y;(t)  exp(ic*3|^t)  is  essentiall>  n/2 
because  e{t)  >  0  for  t  >  0,  for  this  example.  For  t  <  0,  the 
phase  of  e*P(i‘^Qb)  is  -n/2  because  e(t)  <  0  for  t  <  0.  We 

will  numerically  confirm  these  claims  later  when  we  compute  the 
analytic  waveform  and  complex  envelope  by  means  of  FFTs. 
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Figure  3.  Error  e(t)  for  Various  41 


-20  0  t  (sec)  20 


Figure  4 


Complex  Envelope  for  Various  4 
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FILTERED  COMPLEX  ENVELOPE 

It  was  shown  in  (26)  that  the  spectrum  Y(f)  of  the  complex 
envelope  ®  given  waveform  y(t)  with  complex  imposed 

modulation  2(t)  is  given  by  a  desired  term  Z(f)  plus  an  undesired 
error  term,  namely, 

Y(f)  =  Z(f)  +  i  E{f+f^)  .  (82) 

According  to  figures  1  and  2,  the  major  contribution  of  the  first 
term,  Z(f),  is  centered  around  f  =  0,  while  the  undesired  second 
term  in  (82)  is  centered  about  f  =  -f^.  This  suggests  the 
possibility  of  lowpass  filtering  complex  envelope  spectrum  Y ( f ) 
in  order  to  suppress  the  undesired  frequency  components.  Also, 
this  will  eliminate  or  suppress  the  undesired  logarithmic 
singularities  present  in  the  complex  envelope  j'(t). 


LOWPASS  FILTER 

To  this  aim,  let  H{f)  denote  a  lowpass  filter  with  H(0)  =  1 
and  cutoff  frequency,  f^,  smaller  than  f^.  For  example,  the  Hann 
filter  is  characterized  by 


H(f) 


cos^ j  for  If  I  < 


0  otherwise 


(83) 


The  filtered  complex  envelope  spectrum  is,  in  general. 


G(f)  =  y(f)  H(f)  . 


(84) 
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The  importance  of  having  is  that  filter  H(f)  will  then 

smoothly  cut  off  its  response  before  reaching  the  discontinuity 
at  f  =  of  the  spectrum  Y(f)  of  the  complex  envelope  y(t);  see 
(27).  In  this  way,  we  can  avoid  the  slowly  decaying  behavior  of 
the  complex  envelope  y(t)  fur  large  t,  namely  1/t,  which 
inherently  accompanies  its  discontinuous  frequency  spectrum. 

This  will  prove  important  when  we  numerically  evaluate  the 
filtered  complex  envelope,  by  sampling  (84)  at  equispaced 
frequencies  and  performing  a  Fourier  transform  into  the  t  domain, 
necessarily  encountering  the  unavoidable  aliasing  in  time 
associated  with  such  a  technique. 

Since  the  complex  envelope  y(t)  is  given  by  (2S)  as  the  sum 
of  desired  component  z(t)  and  an  error  term,  the  filtered 
waveform  corresponding  to  spectrum  G(f)  in  (84)  is  given  by 

g(t)  =  Y(t)  ®  h(t)  = 

=  z(t)  ©  h(t)  +  [i  e{t)  exp( -i2nf^t ) ]  ©  h  )  =  (85) 

=  9u(t)  ,  (86) 

where  ©  denotes  convolution,  h(t)  is  the  impulse  response  of 
the  general  filter  H(f)  in  (84),  and  gjj(t)  and  gy{t)  are, 
respectively,  the  desired  and  undesired  components  of  the 
filtered  complex  envelope  g(t).  We  should  choose  filter  H{f)  to 
be  real  and  even;  then  impulse  response  h(t)  is  also  real  and 
even . 

The  Hann  filter  example  in  (83)  could  be  replaced  by  a  filter 
with  a  flatter  response  about  f  =  0  and  a  sharper  cutoff 
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behavior.  The  major  features  that  filter  H(f)  should  have  are  a 
fairly  flat  response  in  the  Z(f)  frequency  range  near  f  =  0,  but 
cut  off  significantly  before  getting  into  the  major  frequency 
content  of  error  term  E(f+fQ),  which  is  centered  about  f  =  -f^^. 

If  the  given  waveform  y(t)  in  (1)  is  not  really  narrowband,  there 
may  not  be  any  good  choice  of  cutoff  frequency  fj^;  that  is,  it 
may  be  necessary  to  sacrifice  some  of  the  higher  frequency 
content  of  z(t)  or  to  allow  some  of  the  error  e(t)  to  pass. 

EXAMPLE 

We  again  consider  the  example  given  in  (47)  and  (48),  along 
with  the  Hann  filter  in  (83).  In  order  to  evaluate  the  filtered 
complex  envelope  g(t)  in  (86),  we  define  an  auxiliary  function 

E(z)  =  exp(z)  Ej(z)  ,  (87) 

where  E2^(z)  is  the  exponential  integral  [3;  5.1.1].  Then,  when 
we  use  the  fact  that  (83)  can  be  expressed  as 

H(f)  "  J  J  exp(inf/fj^)  +  exp{ -inf/f  )  for  |f|  <  f^^  ,  (88) 

we  encounter  the  following  two  integrals.  First,  we  need  the 
result 

( -1 ) ^  r  . 

^^^jJ-[exp(-iUjt)E(u^)-exp(  iw^t)E(Vj^)  j  , 

(89) 


J 


^  exp(  iwt+iuyin/f ,  ) 

jr  Z  X 


df 


a  +  i2uj  +  iu 
o 
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where  co  “  2nf,  n  is  an  integer,  and  we  defined 

=  -(a  +  i2w^  -  ito^)(t  +  ^n/fj)  , 

Vj^  =  -(a  +  i2u3Q  +  iwj)(t  +  ^n/f^)  .  (90) 

To  derive  this  result,  we  let  x  =  -(a  +  i2u)^  iw)(t  +  isn/f^)  in 
(89)  and  used  [3;  5.1.1],  along  with  the  important  fact  that 
ff  <  which  guarantees  no  crossing  of  the  negative  real  axis 
of  the  resulting  contour  of  integration  in  the  complex  x-plane. 
Also,  when  we  define 

u^  H  u^(f^=0)  =  -(a  -  iwj){t  +  ^n/fj)  , 

-n  "  '^n(^o"°^  ^  +  |n/fj)  ,  (91) 


then  for  *  0/  we  find  the  second  integral  result  required, 
namely, 


exp(  iwt+iu>in/f .  ) 


a  +  10) 


=  Izil^ 

i2n 


[exp(-iwjt)E(Uj^)-exp(io>jt)E(v^)  j  + 


+  U(t  +  jn/f^)  exp  (-at  -  •^an/f^  )  . 


2  1 


(92) 


The  extra  term  in  the  second  line  of  (92)  is  due  to  a  crossing  of 
the  negative  real  axis  in  the  complex  x-plane  by  the  contour  of 
integration  when  we  make  the  substitution 
x  =  -  (a+io})(t  +  isn/fj)  in  the  integral  of  (92). 

The  desired  component  of  the  filtered  complex  envelope  is 
given  by  the  first  term  of  (85)  and  (86),  in  the  alternative  form 
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g^{t)  =  j  df  exp(i2nft)  Z(f)  H(f) 


.  J  df  exp(i2nft) 
-*1 

exp( i*) 
a  +  iw 

I7] 

S 

(93) 

'  *  2£j 

1 

)  *  - 

2f  J 

”p(  277)1  * 

-  5  E(Uj) 

-  i  E(u  . 

i>l- 

-  exp(ia)^t)  [e(Vq) 

-  1  ^(Yi) 

-  5  E(Y  - 

i>])) 

(94) 

Here,  we  also  used  (48),  (88),  and  (92).  Since  the  factor 
multiplying  exp(i^)  in  (93)  has  conjugate  symmetry  in  frequency 
f,  the  time  function  multiplying  exp(i^)  in  (94)  is  purely  real 
for  all  time  t. 

The  undesired  spectral  component  in  (82)  is  given  by 


i  E(f+f  )  =  Z*(-f-2f„)  for  f  >  -f  , 
'  o'  '  o  o 


(95) 


where  we  used  (22).  Therefore,  using  restriction  fj^  <  f^,  the 
undesired  time  component  in  the  filtered  complex  envelope  in 
(86)  is  given,  upon  use  of  (89),  by 


9„(t) 


=  J  d£  exp(i2n£t)  „  f:) 

-£l 


[exp(-la.iti  [E(Up)  -  i  E(Uj)  -  i  E(u_j)  - 


-  exp(iwj^t)  [e(Vq)  -  I  E(v^)  -  I  E(v_^)]]  .  (96) 
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In  contrast  with  (94),  the  time  function  multiplying  phase  factor 
exp(-i^)  in  (96)  is  complex.  The  total  time  waveform  at  the 
filter  output,  g(t),  namely  the  filtered  complex  envelope,  is 
given  by  (94)  plus  (96),  and  depends  on  In  fact,  since  the 

magnitude  of  total  output  g(t)  depends  on  if>,  we  will  look  at 
plots  of  the  magnitudes  of  components  |g|j^(t)|  and  !g^j(t)|, 
neither  of  which  depend  on  4». 

For  comparison,  the  complex  envelope  itself  is  given  by  (25) 
in  the  form  ”  z(t)  +  i  e(t)  exp( -i2nf^t ) .  Since  these  two 

(unfiltered)  components  depend  differently  on  phase  f ,  we  shall 
also  consider  only  their  magnitudes  |z(t)|  and  |e(t)|  and  compare 
them  with  filtered  components  |gjj(t)|  and  |g^(t)|,  respectively. 
In  particular,  from  (48),  the  desired  component  of  the  complex 
envelope  Y^(t)  for  the  example  at  hand  is 

z(t)  =  exp(i<j>  -  at)  U(t)  for  all  t  ,  97) 

while  the  undesired  portion  is  given  by  (56)  and  (87)  as 

e(t)  =  -  •^Re|exp(i<^  -  ct)  Ej(-ct)j  =  -  ^Relexp(  i<)) )  E(-ct)l  (98) 

for  t  0,  where  c  =  a  -  iw^*  The  magnitude  of  complex  waveform 
z(t)  is  independent  of  <p,  but  the  magnitude  of  real  error 
waveform  e(t)  still  depends  on  see  figure  3. 

The  magnitudes  of  z(t)  and  g^jCt)  for  a  =  1  sec"^  and 
fj  =  40  Hz  are  displayed  in  figure  5  on  a  logarithmic  ordinate. 
The  filtered  complex  envelope  component,  g^(t),  drops  very 
quickly  to  the  left  of  t  =  0  and  is  indistinguishable  from  z(t) 
for  t  >  0;  compare  with  figure  4.  Thus,  the  passband  of  the  Hann 
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filter  H(f)  in  (83)  has  been  taken  wide  enough  to  pass  the 
majority  of  the  frequency  components  of  desired  function  Z(f)  in 
this  example.  The  darkened  portion  of  the  plot  just  to  the  left 
of  t  =  0  corresponds  to  a  weak  amplitude-modulated  40  Hz 
component,  which  is  the  cutoff  frequency  f^  of  filter  H(f). 

The  magnitudes  of  gy{t)  and  error  eft)  are  displayed  in 
figure  6  for  the  additional  choice  of  parameters  f^  *  100  Hz  and 
^  «  -n/2  rad.  The  peak  values  of  these  undesired  components  at 
t  *=  0  differ  by  over  a  factor  of  10,  through  this  process  of 
filtering  the  complex  envelope.  At  the  same  time,  the  skirts  of 
filtered  version  g^ft)  are  down  by  several  Ciders  of  magnitude 
relative  to  e(t).  The  thick  plot  of  jg^ft)!  is  again  a  40  Hz 
component,  which  has  been  sampled  at  a  time  increment  =  .002 
sec. 

For  phase  ^  »  0  instead,  original  waveform  y(t)  in  (45)  is 
discontinuous  at  t  =  0,  giving  rise  to  a  Hilbert  transform  which 
has  a  logarithmic  infinity  there;  see  (77),  (78),  and  (79). 
Therefore,  the  magnitude  of  error  e(t)  in  figure  7  has  an 
infinity  at  t  *  0,  whereas  the  filtered  quantity  gy(t)  is  finite 
there;  in  fact,  lg^(t)|  is  independent  of  f.  Although  e(t)  is 
significantly  reduced  in  value,  away  from  the  origin,  relative  to 
figure  6,  it  is  still  larger  than  the  filtered  quantity  g^(t). 
Since  the  energy  in  error  waveform  e{t)  is  independent  of  (see 
(62)),  smaller  skirts  in  e(t)  can  only  be  accompanied  by  a  larger 
peak;  in  fact,  this  latter  case  for  e(t)  in  figure  7  has  an 
infinite  (integrable)  peak  at  t  =  0.  By  contrast,  the  energy  in 
the  filtered  undesired  component  g^(t)  is,  from  (82)  and  (84), 
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J  df  |E(f+f^)|^  |H{f)|2  ,  (991 

which  can  be  considerably  less  than  the  error  energy,  when  filter 
H(f)  significantly  rejects  the  displaced  error  spectrum  E{f+t^l- 
This  example  points  out  that  considerable  reduction  of  the 
undesired  error  term  in  the  complex  envelope  can  be  achieved 
through  the  use  of  lowpass  filtering  with  an  appropriate  cutoff 
frequency,  and  that  the  undesired  singularities  can  be  signif¬ 
icantly  suppressed.  Furthermore,  the  desired  component  of  the 
complex  envelope  can  be  essentially  retained.  These  conclusions 
follow  if  the  bandwidth  of  the  imposed  modulation,  2(t)  in  (1) 
and  (2),  is  small  relative  to  the  carrier  frequency  f^. 


Figure  5.  Filtered  Complex  Envelope;  Desired  Terms 
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TRAPEZOIDAL  APPROXIMATIONS  TO  ANALYTIC  WAVEFORM, 

COMPLEX  ENVELOPE,  AND  FILTERED  COMPLEX  ENVELOPE 

In  this  section,  we  address  methods  of  evaluating  the 
analytic  waveform  and  the  complex  envelope  by  means  of  FFTs. 

We  start  by  repeating  the  results  in  (6)  and  (8)  for  the 
analytic  waveform,  that  is, 

y^{f)  =  2  U(f)  Y(f)  ,  (100) 

OD 

y+(t)  *  J  df  exp{i2nft)  Y_j.(f)  =  J  df  exp(i2nft)  2  Y(f)  .  {101) 

0 

The  trapezoidal  approximation  to  (101)  is  obtained  by  sampling 
with  frequency  increment  A  to  get 

CO 

y+(t)  s  A  YIZ  exp(i2nnAt)  2  Y(nA)  =  (102) 

n=0  " 

00 

=  J  df  exp(i2nft)  2  Y{f)  A  &^(f)  « 

0 

=  y+(t)  ®  6i/^(t)  =  ZZ  y+(t  -  ,  (103) 

where  sequence  =  h  and  =  1  for  nil,  and  summations 
without  limits  are  from  -<»  to  +«. 

Notice  that  approximation  y^(t)  is  a  continuous  function  of 
time  t  and  has  period  1/A  in  t.  The  desired  term  in  (103)  is 
that  for  n  *  0,  namely  analytic  waveform  y^{t).  Because  y^{t) 
can  contain  a  slowly  decaying  Hilbert  transform  component,  the 
aliasing  at  separation  1/A  in  (103)  can  lead  to  severe  distortion 
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in  approximation  y^{t)  defined  in  (102). 

Since  y^(t)  has  period  1/A  in  t,  we  can  confine  its 
computation  to  any  interval  of  length  1/A.  In  particular,  if  we 
divide  this  interval  into  N  equally-spaced  points  (where  integer 
N  is  arbitrary),  we  can  compute,  from  (102), 


^  .  °° 

y+iNAj  ^  ^n  exp(i2nnk/N)  2  Y(nA) 


( 104 


n=0 

for  any  N  contiguous  values  of  k.  If  we  choose  the  range 
0  i  k  1  N-1,  and  if  we  collapse  the  infinite  sequence  in  the 
summand  of  (104)  according  to 


=  2A  ^  Y(nA  +  jNA)  for  0  <  n  1  N-1  , 


then  (104)  can  be  written  precisely  as 


N-1 


(  105 


y+(i^l  =  HZ  exp(i2nnk/N)  z 
n=0 


(106) 


This  last  result  can  be  accomplished  by  means  of  an  N-point  FFT 
if  N  is  highly  composite.  This  is  a  very  efficient  method  of 
computing  the  aliased  version  of  the  analytic  waveform  as  defined 
by  (102). 
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COMPLEX  ENVELOPE 

The  center  frequency  of  single-sided  spectrum  Y+(f)  in 
{lOOj  can  be  found  by  the  method  described  in  appendix  A.  Then 
the  complex  envelope  spectrum  and  waveform  are,  respectively, 

Y(f)  =  Y^(f+fc)  /  (107) 

y(t)  =  J  df  exp(i2nft)  Y(f)  = 

=  J  df  exp(i2nft)  Y^(f+f^)  =  exp{-i2nf^t)  y^{t)  .  (108) 

The  approximation  to  complex  envelope  ^(t)  is  achieved  by 
relating  it  to  that  for  analytic  waveform  y^(t)  according  to 

Y(t)  s  exp(-i2nf^t)  y^(t)  =  (109) 

<o 

=  exp(-i2nf  t)  A  Y  ]  t  exp(i2nnAt)  2  Y(nA  )  /  (110) 

n=0  ^ 

where  we  used  (108)  and  (102).  The  continuous  function 
exp(i2nf^t)  2(t),  which  is  just  y^.{t),  has  period  1/A  in  t,  which 
simplifies  its  calculation.  Using  (109),  (103),  and  (108),  there 
follows,  for  the  approximation  to  the  complex  envelope, 

J(t)  =  exp(-i2nf^t)  YIZ  y+(t  ~  S)  ^  "  S)  exp( -i2nf^n/A )  . 

(Ill) 

The  desired  term  in  (111),  for  n  =  0,  is  complex  envelope  y{t). 
The  n-th  term  has  a  time  delay  (aliasing)  of  n/A  and  a  phase 
shift  of  n2nf^/A  radians,  which  is  arbitrary  because  frequency 
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sampling  increment  A  in  (102)  is  unrelated  to  centei  frequency 
of  y^.  (  f )  in  ( 100 )  . 

Sample  values  of  complex  envelope  approximation  t>e 

obtained  from  (110)  as 

^  exp(-i2nf^  j;j|]  A  exp(i2nnk/N)  2  y{nA)  .  (112) 

Again,  the  infinite  sum  in  (112)  can  be  collapsed  and  realized 
as  an  N-point  FFT;  see  (104)  -  (106).  The  phase  factor 
Pj^  =  exp{ -i2nf^k/( NA )  )  can  be  computed  via  recurrence 
Pk  "  Pk-1  exp(-i2nf^/(NA) ) . 


FILTERED  COMPLEX  ENVELOPE 

The  spectrum  of  the  filtered  complex  envelope  is  given  by 
(84)  as  G(f)  =  y(f)  H(f).  The  filtered  complex  envelope  waveform 
is 

g(t)  =  J  df  exp(i2nft)  G(f)  =  (113) 

and  has  low  sidelobes  and  rapid  decay  in  t,  when  filter  H(f)  is 
chosen  appropriately. 

The  approximation  to  g(t)  adopted  here  will  be  generalized 
slightly  in  order  to  allow  for  frequency-shifted  sampling. 
Specifically,  we  define 
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ga(t)  *  J  df  exp(i2nft)  G(f)  A  6^(f  -  a)  =  (114) 

=  A  )  exp(i2n[nA  +  a]t)  G(nA  +  a)  .  (115) 

n 

The  function  exp(-i2nat)  ^^(t)  has  period  1/A  in  t,  which  allows 
us  to  confine  its  calculation  to  any  convenient  period. 

The  behavior  of  approximation  gjjj{t)  in  (114)  follows  as 

ia(t)  =  g(t)  ®  [exp(i2nat)  = 

=  g(t)  ®  y  !  exp{i2nan/A)  = 

=  !>  '  exp(i2nan/A)  91^  ~  Tj  ♦  (115) 

This  is  the  aliased  version  of  the  filtered  complex  envelope. 

The  desired  terra,  for  n  =  0,  is  the  filtered  complex  envelope 
g(t),  independent  of  the  choice  of  frequency  shift  a.  Shift  a 
is  arbitrary  and  could  be  taken  as  if  desired. 

Samples  of  ^^(t)  are  available  from  (115)  according  to 

^oInI)  “  ^  exp[i2na  exp(i2nnk/N)  G(nA  +  a)  ,  (117) 

which  we  can  limit  to  0  S  k  S  N-1  due  to  the  periodicity  of 
g^(t).  Again,  the  infinite  sum  on  n  can  be  converted  to  an 
N-point  FFT  without  error,  by  collapsing  into  the  finite  sequencre 

=  A  )  !  G(nA  +  a  +  jNA)  for  0  l  n  1  N-1  .  (118) 
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The  remaining  phasor  exp( i2nak/(NA) )  in  (117)  can  be  quickly 
obtained  via  recursion  on  k. 


GRAPHICAL  RESULTS 

The  same  fundamental  example  introduced  in  (45)  will  be 
used  here,  again  with  a  =  1  sec"^  and  =  100  Hz.  For  phase 
^  =  -n/2,  FFT  size  N  =  1024,  and  a  frequency  increment  of 
A  =  1/80  Hz,  the  magnitude  of  namely  A{t),  is  displayed  in 

figure  8  over  the  1/A  *  80  sec  period  centered  at  t  =  0.  This 
selection  of  the  time  period  has  been  purposely  made  the  same  as 
that  used  in  figure  4,  for  easy  comparison  of  results.  The  major 
difference  between  the  ^  =  -n/2  result  in  figure  4  and  figure  8 
is  that  the  aliasing  in  the  latter  case  causes  the  curve  to  have 
a  jagged  behavior  and  to  droop  in  the  neighborhood  of  t  -  ±40 
sec.  However,  other  examples  could  well  have  the  aliasing 
increase  near  the  edges  of  the  period.  A  total  of  88,000  samples 
of  Y(f)  at  frequency  increment  A  were  taken  in  computation  of 
(104);  the  collapsing  in  (106)  resulted  in  storage  of  only 
N  =  1024  complex  numbers  and  the  ability  to  use  a  single 
relatively  small  N-point  FFT.  A  program  for  the  evaluation  of 
the  complex  envelope  by  means  of  an  FFT  with  collapsing  is 
furnished  in  appendix  B;  the  FFT  uses  a  zero-subscripted  array  in 
direct  agreement  with  the  mathematical  definition  of  the  FFT. 

The  corresponding  phase,  P(t)  =  arg{x(t)),  of  the  aliased 
complex  envelope  is  given  in  figure  9.  The  phase  is 
approximately  -n/2  for  0  5  t  1  10  sec,  as  expected,  since  in 
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this  limited  time  interval,  the  error  is  not  the  dominant  term. 
However,  over  the  rest  of  the  period,  the  error  term  does 
dominate  and  it  has  an  expt-iw^t)  behavior,  where  =  100; 
see  (25)  and  figure  3.  Thus,  the  time  sampling  increment 
=  1/(NA)  =  .078  sec  is  grossly  inadequate  to  track  this 
high-frequency  term,  and  we  get  virtually  random  samples  of  the 
phase  of  the  complex  exponential  exp(-iw^t). 

To  confirm  the  phase  behavior  outside  the  (0,10)  sec 
interval,  we  have  plotted  the  phase  of  y_(t)  exp(iujQt)  =  y^(t)  in 
figure  10  as  found  by  the  FFT  procedure  above.  To  the  right  of 
t  10,  the  phase  is  approximately  n/2,  in  agreement  with  the 
fact  that  e(t)  is  real  and  positive  for  t  >  0;  see  figure  3  and 
(25).  For  time  t  <  0,  the  phase  is  -n/2  because  e(t)  <  0  for 
t  <  0.  The  oscillatory  behavior  at  both  edges  of  the  period, 
namely,  for  30  <  jt)  <  40,  is  due  to  aliasing  from  adjacent  lobes 
indicated  by  (103)  and  (111). 

When  is  changed  to  0  and  everything  else  is  kept  unchanged, 
the  result  for  the  magnitude  of  complex  envelope  aliased  version 
y(t)  is  plotted  in  figure  11.  Comparison  with  the  exact  results 
in  figure  4  reveals  a  very  dramatic  increase  in  aliasing,  in 
fact,  by  two  orders  of  magnitude.  The  reason  for  this 
considerable  increase  can  be  seen  from  figure  3  and  (75);  namely, 
the  error  e(t)  is  unipolar  for  4=0  and  it  decays  very  slowly. 
Whereas  for  figure  8,  the  alternating  character  of  the  over¬ 
lapping  aliased  error  lobes  led  to  a  cancellation  near  t  =  ±40 
sec,  the  opposite  situation  occurred  in  figure  11,  leading  to  a 
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considerable  build-up  of  the  aliasing  effect. 

The  corresponding  phase  of  i{t),  P(t),  is  plotted  in  figure 
12.  Its  value  is  zero  in  the  region  0  i  t  i  10,  as  expected, 
since  the  desired  term,  exp(-at),  dominates  here.  Outside  this 
region,  the  situation  is  the  same  as  explained  above  with  respect 
to  figure  9.  We  have  not  plotted  the  counterpart  to  figure  10 
because  one  error  lobe  dominates  anywhere  on  the  time  scale; 
the  result  is  a  phase  plot  that  looks  random  over  the  entire 
period  of  (-40,40)  sec. 

When  the  complex  envelope  spectrum  is  filtered  according  to 
the  Hann  filter  in  (83)  -  (86),  the  results  for  the  sampled 
filtered  complex  envelope  waveform,  obtained  by  means  of  the 
collapsed  FFT  in  (117)  and  (118)  with  a  =  0,  are  given  in  figures 
13  and  14.  There  were  6400  frequency  samples  taken  of  G(f)  with 
increment  A  =  1/80  Hz  and  an  FFT  size  of  N  =  1024  was  utilized; 
see  appendix  B.  A  comparison  of  the  magnitudes  in  figures  13  and 
5  reveals  virtually  identical  results;  namely,  the  error  and  its 
inherent  accompanying  aliasing,  that  was  present  in  figure  8,  is 
absent  from  figure  13. 

The  corresponding  phase  plot  of  the  FFT  output  is  displayed 
in  figure  14.  In  the  region  0  i  t  1  24  sec,  where  the  desired 
exp (-at)  term  dominates,  the  FFT  output  phase  is  equal  to  the 
value  of  =  -n/2  for  this  example.  When  this  example  was  rerun 
for  4i  =  0,  similar  high  quality  results  were  obtained,  except 
that  the  FFT  output  phase  was  zero.  The  benefits  of  filtering 
the  complex  envelope  spectrum  are  well  illustrated  by  the  results 
of  figures  13  and  14. 
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Figure  8.  Magnitude  of  Complex  Envelope  via  FFT,  <t>  =  -n/2 


Figure  9.  Phase  of  Complex  Envelope  via  FFT,  <^=-n/2 
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M 


i«sv|^3 


0^  =  I  5tc'', 

=  ioo  Hz 

N  -  1024  ; 

A  =  fD  Hi  . 


4nrhiasiiion 


tnU'asing 
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Figure  12.  Phase  of  Complex  Envelope  via  FFT,  4'  =  0 
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ALIASING  PROPERTIES  OF  COSINE  AND  SINE  TRANSFORMS 

If  a  time  function  is  causal,  it  can  be  obtained  : rom  its 
Fourier  transform  either  by  a  cosine  or  a  sine  transform. 

However,  when  these  integral  transforms  are  approximated,  by 
means  of  sampling  the  frequency  function  and  using  some 
integration  rule  like  trapezoidal,  the  "alias-free"  interval  in 
the  time  domain  is  approximately  halved,  as  shown  below.  This 
does  not  necessarily  mean  that  these  transform  alternatives 
should  be  discarded,  because  a  more  rapidly  decaying  integrand 
can  be  useful,  but  it  does  point  out  a  cautionary  feature  in 
their  use  and  the  need  to  consider  the  tradeoff  between  aliasing 
and  truncation  error. 

GENERAL  TIME  FUNCTION 

In  general,  complex  time  function  y{t)  is  obtained  from  its 
Fourier  transform  Y{f)  according  to 

y(t)  =  J  df  exp(i2nft)  Y(f)  =  (119) 

=  J  df  cos{2nft)  Y(f)  +  i  J  df  sin(2nft)  Y(f)  =  (120) 

=  ye(t)  +  for  all  t  ,  (121) 

where  complex  functions  y^{t)  and  y„(t)  are  the  even  and  odd 

G  O 

parts  of  function  y(t),  respectively. 
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CAUSAL  COMPLEX  TIME  FUNCTION 

Now  suppose  that  y(t)  is  causal,  but  possibly  complex;  then 

y(t)  =0  for  t  <  0  .  (122) 

Then,  letting  t  =  -a,  a  >  0,  we  have,  from  (122)  and  (121), 

0  =  y(-a)  =  yg{-a)  +  yQ(-a)  =  y^ia)  -  y^(a)  for  a  >  0  .  (123) 
That  is, 

Yoi^)  =  for  a  >  0  .  (124) 


Therefore,  from  (121)  and  (120),  we  have  two  alternatives  for  a 
causal  complex  time  function  y(t): 

y(t)  =  2  J  df  cos{2rtft)  Y(f)  for  t  >  0  ,  (125) 

and 

y(t)  =  i2  J  df  sin{2nft)  Y(f)  for  t  >  0  .  (126) 


We  need  complex  function  Y(f)  for  negative  as  well  as  positive 
frequency  arguments  f,  in  order  to  determine  causal  complex 
function  y(t),  but  we  can  utilize  either  a  cosine  or  a  sine 
transform. 
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NONCAUSAL  REAL  TIME  FUNCTION 

Now  suppose  instead  that  y{t)  is  real,  but  noncausal.  Then, 
since  spectrum  Y(-f)  =  Y*(f),  we  can  express  (119)  as 

OD 

y{t)  =  2  Re  J  df  exp(i2nft)  Y(f)  =  (127) 

0 

00  00 

=  2J  df  cos(2nft)  Y^(f)  -  2J  df  sin(2nft)  y^(f)  for  all  t.  (128) 
0  0 

The  first  term  in  (128)  is  even  part  yg(t),  while  the  second  term 
in  (128)  is  odd  part  yQ(t);  see  (121).  In  this  case  of  a  real 
time  function  y(t),  we  need  complex  function  Y(f)  only  for  f  >  0. 


CAUSAL  REAL  TIME  FUNCTION 

Now  let  y(t)  be  both  causal  and  real.  Then  using  property 
y(-f)  =  Y*(f)  in  (125)  and  (126),  we  obtain 


and 


y(t)  »  4  J  df  cos(2nft)  Y^(f)  for  t  >  0  , 

0 


y(t)  =  -4  J  df  sin(2nft)  Yj^(f)  for  t  >  0  . 
0 


(129) 


(130) 


Here,  we  need  either  Yj^(f)  or  Y^(f),  and  then  only  for  positive 
frequency  arguments  f.  Also,  a  cosine  or  a  sine  transform  will 
suffice  for  determination  of  y(t). 
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ALIASING  PROPERTIES 

The  above  relations  have  all  assumed  that  spectrum  Y(f)  is 
available  for  all  continuous  f.  Now  we  will  address  the  effects 
of  only  having  samples  of  y{f)  available  at  frequency  increment 
A.  We  begin  with  the  trapezoidal  approx ime*- ion  to  (119): 


y.(t)  =  A  X]  exp(i2nnAt)  Y(nA) 
n 

for  all  t  . 

(131) 

The  approximation  y2(t)  is  periodic  in 

can  be  expressed  exactly  as 

t  with  period  1/A. 

It 

yi(t)  =  J  df  exp(i2nft)  Y(f) 

A  &^(f)  * 

(132) 

'  y(t)  e  =  E  y{t  -  f) 

for  all  t  . 

(133) 

That  iS/  approximation  y2(t)  is  an  aliased  version  of  desired 
waveform  y(t),  with  displacements  1/A  in  time.  This  result  holds 
for  any  complex  waveform  y(t)  and  has  been  used  repeatedly  in  the 
analyses  above. 

The  second  approximation  of  interest  is  obtained  from  the 
cosine  transform  in  (125),  which  applies  for  causal  complex  y(t) 
in  the  form 

y2  (t)  s  2A  cos(2nnAt)  Y(nA)  for  all  t  .  (134) 

n 

y2c(t)  also  has  period  1/A  in  t  and  can  be  developed  as  follows: 
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y2^(t)  =  A  Y1  [exp(i2n:nAt)  +  exp(-i2nnAt)  ]  Y(nA)  « 
n 

“  J  df  [exp(i2iift)  +  exp(-i2nft)]  Y(f)  A  &^(f)  = 

=  [y(t)  +  y(-t)]  e  =  2  y^{t)  ®  = 

“  E  [y(t  -  f)  +  y(f  -  tj]  for  all  t  .  (135) 

That  is,  sampling  of  the  cosine  transform  in  (125)  results  in 
aliasing  of  y(t)  plus  its  mirror  image  y(-t),  even  when  y(t)  is 
causal.  This  will  restrict  useful  results  in  y2c^^)  ^  region 

approximately  half  as  large  as  that  given  by  (131)  and  (133), 
where  the  sampled  exponential  transform  was  used.  Even  when  we 
restrict  calculation  of  approximation  y2c(^)  region 

{0,1/A),  we  are  contaminated  by  the  mirror  image  lobe  y(l/A  -  t) 
and  by  the  usual  lobe  y(t  +  1/A)  extending  from  t  =  -1/A  into  the 
desired  region. 

A  similar  situation  exists  for  using  a  sampled  version  of  the 
sine  transform  for  causal  complex  y{t)  in  (126);  namely,  consider 
the  approximation 

y2s(t)  2  i2A  Y1  sin(2nnAt)  Y(nA)  for  all  t  .  (136) 


Then 
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^  Z]  [exp(i2nnAt)  -  exp( -i2nnAt ) ]  y(nA)  = 
n 

=  J  df  texp(i2nft)  -  exp{-i2nft)]  Y(f)  A  i^(f)  » 


=  [y(t)  -  y(-t)]  e  =  2  y^(t)  ®  = 


=  E[y(t  -  j]  -  y(f  -  t)]  for  all  t  .  (137) 

Here,  for  the  approximate  sine  transform,  twice  the  odd  part  of 
causal  complex  y(t)  is  aliased  with  separations  1/A  in  time, 
thereby  again  leading  to  a  clear  region  only  about  half  that 
attainable  from  (131)  and  (133).  We  will  return  to  these 
apparently  undesirable  transfoirm  properties  below  and  find  them 
useful  when  we  consider  a  causal  real  time  function. 

The  next  approximation  is  for  the  noncausal  real  waveform 
result  in  (127);  namely,  letting  ^  and  =  1  for  nil,  we 

have  trapezoidal  approximation 


=  2  Re  A  >  ;  E^  exp(i2nnAt)  Y(nA)  for  all  t  .  (138) 

n=0 


Then 


y3(t)  »  2  Re  J  df  exp(i2iift)  Y(f)  A  6^(f)  == 

0 

=  J  df  exp(i2nft)  Y(f)  A  fi|^(f)  *  E  y[t  ~  ^  r  (1^^) 
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just  as  in  (133).  Thus,  the  combination  of  the  cosine  and  sine 
transforms  in  (128)  does  not  additionally  damage  the  aliasing 
behavior  associated  with  sampling.  In  practice,  we  would  use  the 
real  part  of  the  exponential  transform  as  given  by  (127).  The 
same  result,  (139),  follows  when  the  cosine  and  sine  transforms 
in  (128)  are  individually  directly  approximated  by  the 
trapezoidal  rule  and  the  results  added  together. 

The  two  final  approximations  of  interest  come  from  sampling 
the  results  for  causal  real  y(t)  in  (129)  and  (130);  from  (129), 
define  approximation 


y.^(t}  =  4A  )  '  cos(2nnAt)  Y  (nA)  for  all  t  ,  (140 


which  has  period  1/A  in  t.  Now  we  develop  (140)  as 


y4c<^)  =  2A  X]  cos(2nnAt)  Yj.(nA)  = 

=  2  J  df  cos(2nft)  Y^{f)  A  &^(f)  = 

=  2  J  df  exp(i2nft)  Y^{f)  A  = 

=  I  df  exp(i2nft)  [Y(f)  +  Y*(f)]  A  S^{f)  = 


=  y{t)  ®  +  y  (-t)  ®  6i/^(t) 


1/A' 


=  E  y(t  -  f)  +  E  y(f  -  =  2  y^ct)  ®  &i/^(t)  for  all  t,  (141 
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where  we  used  the  real  character  of  y{t). 

This  end  result  is  identical  to  (135);  however,  approximation 
y^c^^)  in  (140)  uses  only  the  real  part  Y^(f)  of  the  complex 
function  Y(f),  whereas  (134)  requires  the  complete 

complex  function  Y(f)  for  a  causal  complex  y(t).  Since  it  is 
possible  to  have  complex  functions  Y(f)  which  have  rapidly 
decaying  real  parts  and  slower  decaying  imaginary  parts,  (140) 
affords  the  possibility  of  getting  a  smaller  truncation  error 
than  (134),  when  y(t)  is  causal  real  and  when  both  sums  are 
carried  out  to  the  same  frequency  limit,  because  both  sums  must 
be  terminated  in  practice.  Whether  the  reduction  in  the  usable 
"alias-free"  region,  dictated  by  (HI),  can  be  traded  off  against 
a  smaller  truncation  error  associated  with  use  of  only  the  real 
part  Y^(f)  in  (140),  depends  on  the  particular  example  under 
investigation.  In  any  event,  (140)  affords  an  alternative  to 
consider  for  causal  real  y(t). 

The  final  approximation  comes  about  by  sampling  (130): 

00 

y.^(t)  =  -4A  >  '  sin(2nnAt)  Y.(nA)  for  all  t  ,  (142) 

n=l 

which  has  period  1/A  in  t.  In  the  usual  fashion,  we  find 
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y4g(t)  =  -2A  Y1  sin(2nnAt)  Y^(nA)  =* 

=  -2  J  df  sin(2nft)  Y^(f)  A  A^{f)  * 

=  i2  J  df  exp{i2nft)  Y^(f)  A  &^{f)  “ 

=  J  df  exp(i2nft)  (Y{f)  -  Y*(f)]  A  6^{f)  = 

=  y{t)  ©  -  y*(-t)  ©  =  2  y^{t)  ©  = 

=  E  y(t  -  5)  -  H  y(S  -  t)  ^ 

Here,  we  used  the  real  character  of  y(t). 

The  end  result  in  (143)  is  identical  to  (137);  however, 
y^s(t)  in  (142)  only  requires  knowledge  of  the  imaginary  part 
Y^(f)  of  complex  function  Y(f),  whereas  y2s(t)  (136)  requires 
the  complete  complex  function  Y{f)  for  a  causal  complex  y(t). 

This  is  due  to  the  fact  that  (129)  and  (130)  apply  only  to  causal 
real  y(t),  whereas  (125)  and  (126)  apply  to  causal  complex  y(t). 
Since  there  exist  complex  functions  Y(f)  which  have  more  rapidly 
decaying  imaginary  parts  than  real  parts,  the  opportunity  arises 
to  reduce  the  truncation  error  by  employing  (142)  instead  of 
(136),  when  y(t)  is  causal  and  real.  The  comments  in  the  sequel 
to  (141),  regarding  the  trade-off  between  truncation  error  and  a 
reduced  alias-free  region,  are  again  applicable. 
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This  procedure,  of  using  only  the  imaginary  part  of  a  Fourier 
transform  because  it  decays  faster  than  the  real  part,  was 
utilized  to  advantage  in  [4;  pages  4-6]  and  was  based  upon  an 
earlier  result  in  [5;  (15)].  The  very  rapid  decay  of  the 
imaginary  part  far  outweighed  the  aliasing;  see  [4;  page  6]. 


EVALUATION  BY  MEANS  OF  FFTs 


If  periodic  function  y^(t)  in  (131)  is  evaluated  at  the 
equally  spaced  time  points  k/(NA)  for  k®0  to  N-1,  which  suffice 
to  cover  one  period,  we  obtain 


yi 


_k' 

,NA, 


=  XI  exp{i2nnk/N)  Y(na)  = 
n 


N-1 

=  A  )  !  exp(i2nnk/N)  z  , 

n=0  " 


(144) 

(145) 


where  0  i  n  1  N-1,  is  the  collapsed  version  of  sequence 

{Y(nA)},  <  n  <  a>.  No  approximations  are  involved  in  this 

collapsing  procedure  from  (144)  to  (145).  Relation  (145)  can  be 
accomplished  by  means  of  an  N-point  FFT  if  N  is  highly  composite. 

In  a  similar  fashion,  (140)  yields  samples  of  the  cosine 
transform  as 


I 
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y4c(sl)  °  S  'n  cos(2”nl‘/N)  ' 

CD 

=  4A  Re  )  '  exp(i2nnk/N)  £  Y  (nA)  =  (146) 

n=0  ”  ^ 

N-1 

*  4A  Re  ) '  exp(i2nnk/N)  ,  (147) 

/N*  n 

n=0 

where  0  i  n  i  N-1,  is  the  collapsed  version  of  sequence 

{£j^  Y^(nA)  },  0  i  n  <  00. 

Since  (147)  will  likely  be  realized  as  the  real  part  of  an 
FFT  output,  the  question  arises  as  to  the  interpretation  and 
utility  of  the  total  complex  FFT  output  in  (147).  To  this  aim, 
we  rewrite  in  (146)  {in  its  continuous  time  version)  as 

00 

y4c(t)  =  Re  4  J  df  exp(i2nft)  Yj.(f)  A  6^(f)  = 

0 

=  Re{Zj(t)  9  *i/^{t))  ,  (148) 

where  we  define,  for  all  t,  Fourier  transform 

00 

Zj(t)  =  4  J  df  exp(i2nft)  Y^{f)  = 

0 

00 

=  J  df  exp(i2nft)  (2Y(f)  +  2Y*{f)]  « 

0 

=  y+(t)  +  y*(-t)  =  [y.(t)  +  y*(-t)3  exp(i2nf^t)  = 

=  y(t)  +  y(-t)  +  i{yj^(t)  -  yjj(-t)]  .  (149) 
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That  is,  y4j,(t)  is  the  real  part  of  the  aliased  version  of 
which  itself  is  composed  of  the  analytic  waveform  y^(t)  and  its 
mirror  image.  Thus,  not  only  is  Zj(t)  aliased  according  to 

(148) ,  but  in  addition,  Zj(t)  contains  terms  which  will  further 
overlap  and  thereby  confuse  the  values  of  y^^{t)  in  the 
fundamental  range  (0,1/A).  (Of  course,  the  real  part  of  2j(t)  in 

(149)  for  t  >  0  is,  as  expected,  just  y(t)  for  this  causal  real 
case. ) 

Finally,  sampling  the  sine  transform  of  Yj^(f)  in  (142)  yields 


4s 


=  -  4A  ^  sin(2nnk/N)  y.(nA)  = 


4A  Im  )  exp{i2nnk/N)  Y.(nA)  = 
n=l 


N-1 

=  -  4A  Im  )  !  exp(i2nnk/N)  z  , 

n=0  " 


( 150) 


(151) 


where  (z^),  0  1  n  1  N-1,  is  the  collapsed  version  of  sequence 
jYj^(nA),  1  <  n  <  «.  Relation  (151)  can  be  realized  as  an  N-point 
FFT  of  which  only  the  imaginary  part  is  kept  for  0  1  k  i  N-1. 

As  above,  the  interpretation  of  the  complete  complex  output 
of  the  FFT  in  (151)  is  furnished  by  returning  to  the  continuous 
version  of  the  sampled  y4g(t)  in  (150).  We  express  it  as 


y4s(^)  =  -  Im  4  J  df  exp(i2nft)  Y^(f)  A  &^{f)  = 

0 


=  Im{Z2(t)  ©  *i/A(t) !  , 


(  152 


62 


TR  8827 


where  we  define,  for  all  t,  Fourier  transform 

00 

Z2{t)  =  -  4  J  df  exp(i2nft)  Y^{f)  » 

0 

GO 

=  i  J  df  exp{i2nft)  I2y(f)  -  2Y*(f)}  = 

0 

=  i[y+(t)  -  y*(-t)]  =  i[y(t)  -  y*{-t)]  exp(i2nf^t)  =  (153) 

=  i[y(t)  -  y(-t)]  -  yjjlt)  -  .  (154) 

Again,  the  aliasing  of  Z2(t)  in  (152)  and  the  mirror  image  of  the 
analytic  waveform  and  complex  envelope  in  (153)  will  serve  to 
confuse  the  usefulness  of  Z2(t).  The  imaginary  part  of  Z2{t)  in 
(154)  for  t  >  0  is  just  y(t),  as  expected,  for  this  causal  real 
waveform. 
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DISPLACED  SAMPLING 


If  displaced  samples  of  a  waveform  are  desired,  such  as  at 
time  locations  {k+p)/{NA)  in  (145),  where  0  <  p  <  1,  we  can 
obtain  them  via  an  N-point  FFT  as  follows:  from  (131), 


yi 


*  A  X]  exp(i2nnk/N) 
'  ‘  n 

N-1 

=  A  )  '  exp(i2nnk/N)  z 

n=0  ” 


exp(i2nnp/N)  y(nA)  = 


for  0  1  k  i  N-1  , 


(155) 


(156) 


where  {Zj^l/  0  ^  <  N-1,  is  the  collapsed  version  of  sequence 

jexp(  i2nnp/N )  Y(nA)J,  -<»  <  n  <  That  is,  we  have  to  load  up 
the  arrays  containing  (z^j  with  phase-shifted  versions  of  the 
original  sequence  (Y(nA)l  and  then  perform  the  N-point  FFT. 
Calculation  of  phasor  p^^  =  exp(i2nnp/N)  in  (155)  can  take 
advantage  of  recursion  p^^  «  pj^_j  exp(i2np/N). 
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SUMMARY 

The  advantages  of  filtering  the  complex  envelope  spectrum  by 
means  of  a  suitable  lowpass  filter  are  significant  in  some 
instances.  The  singular  behavior  of  the  complex  envelope 
waveform  is  eliminated  by  utilizing  a  filter  which  cuts  off  at 
finite  frequencies,  while  the  slow  decay  in  the  time  domain  of 
the  complex  envelope  is  circumvented  by  using  a  filter  with  a 
smoothly  tapered  cutoff  that  prevents  any  discontinuities  in  the 
complex  envelope  spectrum  from  contributing. 

The  use  of  an  FFT  to  evaluate  the  filtered  complex  envelope 
is  then  an  attractive  efficient  approach  because  the  inherent 
time  aliasing  associated  with  frequency  sampling  has  been  greatly 
suppressed.  Also,  the  very  rapidly  varying  singular  components 
of  the  complex  envelope  have  been  eliminated,  allowing  for  a 
lower  time-sampling  rate,  that  is,  smaller  FFT  sizes. 

When  two  waveforms,  each  with  its  own  imposed  amplitude-  and 
phase-modulations,  are  convolved,  such  as  encountered  in  the 
narrowband  excitation  of  a  passband  filter,  the  output  complex 
envelope  is  given  exactly  by  the  convolution  of  the  individual 
complex  envelopes.  Although  the  convolution  of  the  two  (complex) 
imposed  modulations  is  often  a  good  approximation  to  the  output 
complex  envelope,  it  has  an  error  term.  This  analysis  is 
presented  in  appendix  C. 
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APPENDIX  A.  DETERMINATION  OF  CENTER  FREQUENCY 

Suppose  we  are  given  spectrum  Y(f)  of  (narrowband)  real 
waveform  y(t),  but  the  center  frequency  of  Y(f}  is  not  obvious  or 
is  unknown.  The  analytic  waveform  is  still  uniquely  given  by 

OD 

y+(t)  =  J  df  exp(i2nft)  Y^{f)  *  2  J  df  exp(i2nft)  Y{f)  .  (A-1) 

0 

Make  a  guess  at  initial  frequency  near  the  center  of  Y_^(f). 
Then  compute  the  initial  down-shifted  waveform 

Of 

y^(t)  s  exp{-i2nf^t)  y^(t)  =  2  J  df  exp(i2nft)  Y(f+f^)  .  (A-2) 

'^i 

Compute  initial  phase  Pj^(t)  =  arg{yj^(t)}  and  then  unwrap  P^(t). 
Select  time  t  in  the  interval  T  of  interest  and  fit  a  straight 
line  a  +  pt  to  the  unwrapped  phase  P^(t)  over  T.  Compute 
frequency 

this  is  the  center  frequency  of  y^.(t)  for  t  e  T.  Another 
selection  of  a  different  time  interval  could  lead  to  a  somewhat 
different  center  frequency;  there  is  no  unique  center  frequency 
of  an  arbitrarily  given  spec  urn  y(f). 

The  complex  envelope  is  then 

y(t)  *  exp{-i2nf^t)  y^(t)  .  (A-4) 

The  "physical"  envelope  or  extracted  amplitude  modulation  is 
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A(t)  =  (Y(t)l  =  iy^(t)|  =  |y.(t)|  ,  (A-5) 

which  is  independent  of  the  choice  of  f^  or  f^.  The  extracted 
phase  of  complex  envelope  y.(t)  is 

P(t)  =  arg|y(t)l  **  arg{y^(t)  exp(-i2nf^t)  |  =  P^{t)  -  pt  ,  {A-6) 

where  we  used  (A-4)  and  (A-2).  Functions  y^{t)  and  P^(t)  have 
already  been  computed  and  can  be  used  to  evaluate  the  envelope 
A(t)  and  phase  P(t).  The  real  waveform  is 

y(t)  =  Re{y_^(t)j  =  Re{Y(t)  exp(i2nf^t))  =  A(t)  cos[2nf^t  +  P(t)], 

(A-7) 

in  terms  of  chosen  center  frequency  f  and  amplitude  and  phase 
modulations  A{t)  and  P{t),  respectively.  Although  f  and  P(t) 

w 

are  not  unique,  the  argument  of  the  cosine  and  the  waveform  y(t) 
in  (A-7)  are  unique,  as  may  be  seen  by  the  first  equality  in 
(A-7).  All  of  these  relations  hold  for  time  t  e  T. 

If  the  fit  of  the  straight  line  a  -*■  pt  to  initial  unwrapped 
phase  P^(t)  over  interval  T  is  via  minimum  error  energy,  then  we 
find 


p  = 


^o^  -  ^1^0 

2  ' 

^0^2  -  ^1 


J  dt  t"™  , 

=  1  dt  t"  P.(t)  .  (A-8) 

T 

T 

There  is  no  need  to  explicitly  compute  a,  although  it  should  be 
included  in  the  error  energy  minimization  in  order  to  afford  a 
better  fit. 
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APPENDIX  B.  PROGRAM  FOR  FILTERED  COMPLEX  ENVELOPE  VIA  FFT 


The  program  listed  below  actually  computes  the  unfiltered 

complex  envelope  by  means  of  an  FFT.  In  order  to  convert  it  to 

one  which  will  compute  the  filtered  complex  envelope,  remove 

lines  220  -  320  and  replace  them  by  the  following  lines; 

220  Fl=40.  !  CUTOFF  FREQUENCY  <  Fo 

230  H1=.5*PI/F1 

240  Ml=M*Fl/Fo 

250  FOR  Ms=-Ml  TO  Ml  i  -FI  <  F  <  Fl 

260  J=MS  MODULO  N  !  COLLAPSING 

270  F=Df*Ms  I  FREQUENCY  f 

280  CALL  Y(F+Fo,Al,Wo,Cp,Sp,Yr,Yi)  ISHIFTED  FREQUENCY  FtJNCTIOtJ 
290  Cos=COS(Hl*F) 

300  H=Cos*Cos  !  REAL  LOWPASS  HANN  FILTER 

310  X( J)=X{ J)+Yr*H 

320  Y( J)=Y( J)-Yi*H  I  CONJUGATE  INPUT  INTO  FFT 


10  !  COMPLEX  ENVELOPE  VIH  SHIFTED  FREQUENCY  FUNCTION 

20  Fl)  =  l  !  DRNPINO  ALPHA 

30  Fo=100  !  CARRIER  FREQUENCY 

40  Phl=-PI/2  1  PHASE 

50  M=S000  !  NUMBER  OF  SAMPLES  FOR  F  <  0;  LINE  270 

SO  N=1024  !  SIZE  OF  FFT 5  ZERO  SUBSCRIPT 

70  R E  D  I M  C oi  <:  0 !  N •  4  ;■ ,  X  ( 0 :  N - 1  >  ,  Y  <  0 ;  N - 1  > 

SO  D I M  Cof.  (  1  024 ) ,  X  <  4096  > ,  Y  (4096  > 

90  DOUBLE  M,N,H2,  J,Ms  !  INTEGERS,  NOT  '  'JUBLE  PRECISION 

100  N2  =  N  '2 

110  H  =  2.»PL'N 

120  FOR  J=0  TO  N/4 

130  Coi  <  J  >  =C0S  ( A*  J  >  !  ClUARTER-COS  I NE  TABLE  IN  Ccii(*> 

140  he;:t  j 

150  Cp=CQS(Ph1> 

160  Sp=SINvPhi> 

170  Wo  =  2*PI*Fc. 

ISO  Df=Fo'M  !  FREQUENCY  INCREMENT 

190  Dt =1 .  '(N*Df >  !  TINE  INCREMENT  ON  COMPLEX  ENVELOPE 

200  MAT  X=':0.  :> 

210  MAT  Y=(0. > 

220  Mi=-H 

230  J=Mi  MODULO  N 

240  CALL  Y  ( 0 .  ,  A  1  ,  Wo ,  Cp ,  Sfj ,  Yr  ,  V 1  >  !  Y  ( 0 9 

250  X  1: -  J  .  5*  Yr 

260  V<J>=-.5*Yi  !  CONJUGATE  INPUT  TO  FFT 

270  FOR  Mi  =  -N+1  TO  M*10  !  NOTICE  UPPER  LIMIT  ON  FREQUENC'i' 

230  J=M=  MODULO  N  !  COLLAPSING 

290  F=Df*M£  !  FREQUENCY  f 

300  CALL  'i' F  +  Fo ,  A  1  ,  Wo  ,  Cf, ,  Sp ,  Yr  ,  Y  i  >  !  SHIFTED  FREQUENCY  FUNC  T  I  ON 

310  > ! '  J  ^  =  X ( J  >  +  Y  r 

32v3  I'CJ  •  =  (<.;> -Vi  !  CONJUGATE  INPUT  TO  FFT 

330  NEX;T  Hi 
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540 

MAT  X=X»(2.*Df) 

350 

M  A  T  Y  =  Y  *  t  2 .  *  D  f  ) 

*  * 

COHJUGATE 

360 

CALL  F  f  t  1  4  i,  H ,  C  o  s  C  *  )  ,  X.'  ,  Y  <'  *  )  j‘ 

!  y  '  t  > 

OF  COMPLEX 

370 

G I H I  T 

1 

EHVELOPE 

380 

PLOTTER  IS  "GRAPHICS" 

390 

GRAPHICS  OH 

4  00 

WIMDOH  -H2,N2,-8,Q 

!  CENTER 

PLOT  AT  time  t 

410  LI  HE  TYPE  3 

420  GRID  H,  8,  1 

430  LINE  TYPE  4 

440  MOVE  0,0 

450  Ti  =  Dt-^H'4 

460  IiRflW  M.  4,  LGTCEKPOPI  *T£>  :> 

470  PEHLIP 

4S0  LINE  TYPE  1 

490  FOR  Ni=-N2  TO  H2 

500  J=M;  MODULO  H 

510  X  = 

520  V  =  Y(.  .J> 

530  T=>;*;;+Y*v  i  mpghitude  squfired  comple;:  ehvelope 

540  IF  T/0.  THEM  570 

550  PE HUP 

560  GOTO  580 

570  PLOT  M£  ,  LGT':  T  )*.  5  !  HRGHITUriE  OF  COMPLEX  EHVELOPE 

580  HE XT  Mi 

590  PEHUP 

600  PfiUSE 

610  GCLERR 

620  GRAPHICS  OH 

630  WIHDOW  -H2,H2, -PI ,PI 

64  0  LI  HE  TYPE  3 

650  GRID  H.  8,PI-2 

660  LI  HE  TYPE  1 

670  FOR  Ms=-H2  TO  H2  !  PLOT  COMPLEX  EHVELOPE  PHh8E 

6S0  .J  =  Mi  MODULO  H 

690  PLOT  Ms  ,  FHHr  9'  X(  J  >  , 'Y'  J  >  >  !  COH.TIJGflTE  THE  FFT  rillTPIIT 

700  HE XT  Ms 

710  PEHUP 

720  PAUSE 


7  30 

GCLEAR 

740 

GRAPHICS  OH 

750 

LIME  TYPE  3 

760 

GRID  H.  S,PI.'2 

770 

LIME  TYPE  1 

780 

FOR  Ms=-H2  TO  H2 

790 

J=Mi  modulo  H 

300 

Ti=Ms*Dt 

!  T I  ME  t 

S  1  0 

C  o  i  =  C  0  S  ■;  H  o  *  T  s  > 

!  SHIFT  PHASE  THE 

8  0 

Si  n  =  SIH';H.;.*Ts:' 

'  COMPLEX  EHVELOPE  DY  Wo  Ts 

830 

X  =  Xv  J  ) 

840 

Y  =  -  Y  t  J  > 

!  COHJUGATE  THE  FFT  OUTPUT 

350 

PLOT  Ms,  FHAr  q'.  X»Cos-' 

1*  *  i  r“i , ! *  o  1  ri  +  Y  *  C o  s  * 

860 

HEXT  Ms 

870 

PEHUP 

380 

PAUSE 

390 

EHD 

900 

1 
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■310  DEF  FNfIrgOl.Y)  !  PRIHCIPftL  ftRG(Z> 

■320  IF  K  =  0.  THEN  RETURN  .  5*P I  *SGN<; Y ) 

930  l=l  =  ftTN'::  Y/X> 

940  IF  X>0.  THEN  RETURN  fi 

950  IF  V<0.  THEN  RETURN  R-PI 

960  RETURN  fl  +  PI 

970  FNEND 

980  ! 

990  SUE  Y<F,Fll  ,l.Jo,C(:.,Sp,Yr  ,  Yi  )  !  SPECTRRL  FUNCTION 

1000  W=2.*PI*F 

1010  T=W-Wo 

1020  D  =  R1*R1+T-»T 

1030  R  1  =  V  C  p  *  R 1  +  S  p  *  T  )  ■'  D 

1040  1  1  =  ':  Sp*fl  1  -C:p*T  >  D 

1050  T  =  W  +  Wo 

1060  ri=Rl*fl}+T*T 

1070  R2= Cp*-fl  1 -Sp'^T  >  ■  D 

1080  12='-' -Sp*R1 -Cp*T  )  'D 

1090  Yr=. 5»<R1+R2> 

1100  Yi =. 5*< 1 1  +  12) 

1110  SUEENE 

1120  ! 

1130  SUE  Fftl4aiOUBLE  N,RERL  CosC*)  ,  X(*) ,  YC*)  )  !  N<  =2  1  4=  1  6384  ;  O  SUE 
1140  HuUELE  Log2ri,Nl,N2,N3,N4,  J,K  !  INTEGERS  <  2'^31  =  2,147,483,64 

1150  nOUELE  11,12,  13,  14,  15,  16,17,  18,  19,  110,111,112,  113,  I  14,  L-  O:  13:^ 

1160  IF  N=1  THEN  SUEEXIT 

1170  IF  N>2  THEN  1250 

1180  R=X<0)+X<1) 

1190  X(i  >=x<:0>-x< I ) 

1200  X<0)=R 

1210  R=Y<0>+Y<1) 

1220  Y<  1  >=Y<0>-Y''  I  ) 

1230  Y<0>=R 

1240  SUEEXIT 

1250  R  =  LOG<N)/LOG<2.  ) 

1260  Log2n=R 

1270  IF  fiBS<R-Lc>g'2rv)<  1 .  E-8  THEN  1300 

1280  PRINT  "N  =";N5"IS  NOT  R  POWER  OF  2;  DISRLLOWED." 

1290  PAUSE 

1300  Nl=N'4 

1310  N2=H1+1 

1320  N3=N2+1 

1330  N4=N3+N1 

1340  FOR  11=1  TO  Log2n 

1350  1 2  =  2  ( Log2n- 1 1  > 

1360  13=2*12 

1370  I4=N'I3 

1380  FOR  15=1  TO  12 

1 390  16= '  I  5-  1  )  *  I  4+ 1 

1400  IF  I6<=N2  THEN  1440 

14  10  Hl=-Coi<:N4-I6-l  ) 

1420  R2  =  -Cos< I6-N1-1  ) 

1430  GOTO  1460 

1440  R  1  =i;  os  c  I  6- 1  ) 

1450  R£;=-Cos'N3“I6~1) 

1460  FOR  17=0  TO  N-I3  STEP  13 

1470  18=17+15-1 

148u  19=18+12 
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1490 

1500 

1510 

1520 

15  30 
1540 
1550 
1560 
1570 
1580 
1590 
1600 
1610 
1620 

16  30 
1  640 
1650 
1660 
1670 
1  680 
1690 
1  700 
1710 
1  720 
1  730 
1740 
1750 
1  760 
1770 
1780 
1790 
1800 
1810 
1  820 
1830 
1  840 
1850 
1860 
1870 
1  880 
1890 
1  900 
1910 
1  920 
1  930 
1  940 
1950 
1  960 
1970 
1  980 
1  990 
2000 
20  1  0 
2020 
2030 
2040 
2050 
:  060 


T1=KUS> 
T2=:';<:  I9> 
T  3  =  V  < 18) 
T4  =  YU9) 
R3=T1-T2 
fi4  =  T  3~T 4 


X  a  s 

)=T1+T2 

V  (18 

)  =  T3  +  T4 

K  ( 1 9 

R2*fl4 

Y  (  I  9 

>=Rl*fl4+fl2*fl3 

NEXT 

17 

NEXT 

15 

NEXT 

1 1 

I  l=Log2fi+l 

FOR 

12=1  TO 

14 

L(  12 

-  1  )  =  1 

IF  I 

2  >Log2ri 

THEN  1670 

L  <  I  2 

-r.<=2  n-12  ) 

NEXT 

12 

K  =  0 

FOR 

11=1  TO 

L  <  1  3 ) 

FOR 

12=11  TO 

L(12)  STEP  L<13) 

FOR 

13=12  TO 

LC  ID  STEP  L<;i2) 

FOR 

14=13  TO 

L<10)  STEP  LCID 

FOR 

15=14  TO 

L<:9>  STEP  L<10) 

FOR 

16=15  TO 

L(8>  STEP  L<9) 

FOR 

17=16  TO 

Lc?)  STEP  L<8) 

FOR 

18=17  TO 

1(6)  STEP  L<7) 

FOR 

19=18  TO 

L<5)  STEP  LCS) 

FOR 

110=19  TO  L(4)  STEP  L<5> 

FOR 

111  =  110 

TO  L<3)  STEP  L<4) 

FOR 

112=111 

TO  L<2>  STEP  L<3) 

FOR 

113=112 

TO  LCD  STEP  L<2) 

FOR 

114=113 

TO  L<0)  STEP  L<1> 

J=I  14-1 

IF  K 

>J  THEN 

1910 

K ) 

X  <  K.  > 

=  X(.  J  > 

X<  J> 

=fl 

14  =  Yv 

K  ) 

Y  C  K  ) 

=  Y<  J) 

Y  (  J ) 

=  fl 

K  =  K+1 

NEXT 

114 

NEXT 

113 

NEXT 

112 

NEXT 

I  1  1 

NEXT 

110 

NEXT 

19 

NEXT 

18 

NEXT 

17 

NEXT 

16 

NEXT 

15 

NEXT 

14 

NEXT 

13 

NEXT 

12 

NEXT 

I  i 

SUEEND 
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APPENDIX  C.  CONVOLUTION  OF  TWO  WAVEFORMS 

Suppose  real  waveform  x(t)  excites  passband  filter  H(f)  with 
real  impulse  response  h{t).  Then,  the  output  is 

Y(f)  =  H(f)  X(f)  ,  y{t)  =  h{t)  e  x(t)  .  (C-1) 

The  single-sided  output  spectrum  is 

Y^(f)  =  2  U{f)  Y(f)  =  2  U(f)  H(f)  X(f)  =  I  H^(f)  X^{f)  -  (C-2) 

The  corresponding  output  analytic  waveform  is  exactly 

y+(t)  =  ^  h^(t)  ©  x^(t)  ,  (C-3) 

which  is  just  (one-half  of)  the  convolution  of  the  individual 
analytic  waveforms. 

If  the  center  frequency  of  Y^(f)  is  f^  (see  appendix  A),  then 
the  spectrum  of  the  output  complex  envelope  is,  using  (C-2), 

Y(f)  =  Y^(f+f^)  =  i  H^(f+f^)  X^{f+f^)  »  ^  H(f)  X(f)  ,  (C-4) 

where  we  have  taken  the  same  center  frequency,  f^,  for  H^(f)  as 
well  as  X_^(f).  This  relation  in  (C-4)  is  exact;  it  involves  no 
narrowband  approximations .  The  output  complex  envelope 
corresponding  to  (C-4)  is  then  exactly 

I(t)  =  I  h(t)  ©  x(t)  .  (C-5) 

That  is,  the  complex  envelope  of  the  convolution  of  any  two 
waveforms  is  equal  to  (one-half  of)  the  convolution  of  the  two 
individual  complex  envelopes,  irrespective  of  their  frequency 
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contents . 

Now  suppose  that  x{t)  is  given  in  terms  of  some  complex 
imposed  modulation  Xj^(t)  according  to 

x{t)  =  ReiXj^(t)  exp(i2nf^t))  ,  {C-6) 

which  allows  for  amplitude-modulation  as  well  as  phase- 
modulation,  The  spectrum  of  x(t)  can  then  be  expressed  as 

X(f)  =  ^  [X.(f-f^)  +  X*(-f-f^)]  .  (C-7) 

Also,  suppose  that  filter  impulse  response  h(t)  is  expressible  in 
a  similar  form  according  to 

h(t)  =  Re{h^(t)  exp(i2nf^t))  ,  (C-8) 

with  corresponding  transfer  function 

H(f)  =  ^  H*(-f-f^)3  .  (C-9) 

The  filter  output  spectrum  then  follows  from  (C-l),  {C-7), 
and  (C-9)  as 

Y(f)  =  i  [H.(f-f^)  X.(f-f^)  +  H*(-f-f^)  X*(-f-f^)  + 

+  H*(-f-f^)  X.{f-f^)  +  H.{f-f^)  X*(-f-f^)  ]  .  (C-10) 

By  inverse  Fourier  transforming  the  individual  terms,  the 
corresponding  waveform  to  (C-10)  is  found  to  be  exactly 

y(t)  =  Re{exp(i2nf^t)  [y3(t)  +  yjj(t)])  ,  (C-11) 

where 
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y^(t)  =  j  h.(t)  ®  x^{t)  ,  (C-12) 

and 

y^{t)  =  j  [h*(t)  exp(-i4nf^t))  ®  x.(t)  .  {C-13) 

Relation  (C-12)  states  that  component  ygC*-)  of  output  y(t) 
in  (C-11)  is  just  the  convolution  of  the  two  complex  imposed 
modulations  h^(t)  and  x^(t).  However,  (C-11)  and  (C-13j  reveal 
that  there  is  an  additional  term  in  y{t),  which  requires  the 
convolution  of  a  relatively  high-frequency  component,  namely 
exp( -i4nf^t)  .  Since  this  latter  term,  y||^(t),  will  often  be 
small  due  to  this  oscillatory  integrand,  we  may  neglect  it  in 
many  circumstances. 

A  good  way  of  assessing  the  importance  of  the  yjj(t)  term  in 
(C-11)  is  to  observe  that  it  is  due  to  the  second  line  of  the 
spectrum  in  (C-10);  the  first  line  in  (C-10)  corresponds  to 
y^(t).  Since  H-(f)  and  X-(f)  are  generally  lowpass  functions  of 

a  X  i. 

frequency,  the  function  H^(-f-f^)  in  (C-10)  is  centered  around 
f  *  “f,,/  while  the  x.(f-f  )  term  peaks  near  f  =  f  .  The 
separation  of  these  two  functions  is  approximately  2f  on  the  f 
axis;  if  this  separation  is  somewhat  greater  than  the  bandwidths 
of  Hj^  and  X^,  then  there  is  inconsequential  overlap  of  any  of  the 
frequency  components  in  the  second  line  of  (C-10).  This  leads  to 
a  small  value  for  y^^Ct)  for  all  t  and  we  can  neglect  its  effect 
relative  to  y^(t)  in  (C-11). 
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